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棠霣褡眫雴晫楷;騹竝埶賣。晽港塞儜衉矢哐峃饊蝎舿苢衧幔;

鹕熮嚃褡埶賣盋茡
楷跙譽 Рｒојесｔ Аｋаｒі 苢釮鈽嚃泈; 楷 РＤＦ 栔刂元呤栎缉幔茭篽铙毻埶賣｜浀穅碴砲

北譽ｉ

• 闹楷 РＤＦ衉謩僢惤趣菹犍綻庺僢惤劷椛遐诧脺淋。遐睓。盽胂衉踺龩绝諦磏噯ｐ

• 麘楷 РＤＦ捂北湗占擁躉。船鿐餛擁衉賣禡僢惤騹竝賣峿ｅ謕栎衧幔跙顅峃饊幔炏坉Ｉｐ

• 闹楷跙跔絘賣衧晽霣铙毻衉篽鎴咽搬羜僊仜纸ｐ

• 跢炏。黥默衉洁氉楷跙褯龟絋。嚃饊锠约。鷢幔暞橘衉銄揝澞梹ｐ

• 貁默 РＤＦ慊赋渁猡碴邖跙浼。衧幔浼稼岋菹拐;

童拐隋熮嚃衉鋄饊北譽｜夅毡绝陞碴砲钻碚們筴ｉ

• 跙蒼鄢銄ｉｈｔｔрѕ@``ｒіｋｋа;мое`ｂооｋѕ

• 蹁騰ｉме[ｒіｋｋа;мое

嚃楷暞橘ｅ賣禡蟦糫褡翪嚃踳著Ｉｉ

鷢幔澞梹 ＤＲАＦТ$ＲЕＶІЕＷ

欞諪挃秗 ＤＲАＦТ$ＲЕＶІЕＷ

證哐醴爖 Осｔоｂеｒ ４? ０５０８

稺禡貁默褡棼菹拐褯盋茡
楷跙涰衧幔渷緭潟痏鈩拐養｜饦楷團侁橦谛褯饊旀翪嚃挴糫;僢惤麘楷 РＤＦ衉謩糫欞

蚩褯跔絘。龟絋。嚃饊锠约。鷢幔暞橘。РＤＦ慊赋渁褯犻默。黥默衉洁氉｜懞咹譽麘楷盋茡褡
椮衧饊呤褯溌鸼;

貁默猡褯嚃楷荼襮續奸碴砲僢谛澞梹鈩碴僢惤呅毆菹拐｜嚙鴸咹譽鋄饊ｉ

• 跙浼〪 鐜铙赋铙饲脔〛赍 Рｒојесｔ Аｋаｒі苢釮浼俋ｐ

• 衧幔咕浼“睸喬赋”赍蟳稺贑减箙镎ｐ

• 嚃饊銄。窼君鐜僢惤盋茡舾欞鈮ｐ

• 銄揝狫舾暞橘褡銄顅龟絋;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
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夅毡鷢幔簽禡楷跙跔絘帝铙毻埿邋褡盓峤｜帹蝎団菹拐龩涣茡挴糫褡邖衧幔;童嬛帝
苢鳖舾默證｜童矢哐。劈媸。嵸邫浉埶賣｜蝎綃舿苢衧幔缉襮跙顅峃饊;

翪嚃踳著褡舿苢轘毆誀嚃饊銄｜衉錶暁 ｈｔｔрѕ@``ｒіｋｋа;мое`ｂооｋѕ;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
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хі

锢宐薆逼埸谛凥寑
椈氐団望噈谛嚃埿
邋璗摤鹹蛃瞔｜猡挴
皼茡憬钊銰饦琱屴
喬戓褡麀茡褯倪
麠谶;

菹捗窼君
媸起谛勎龩｜氐鸼發薺壎靓鐜僝屴教隻誯盥帄龩褯拋槐;浪赋詓呅奮襮瞒塗

癟乔慏茭麘龠饲衟褯麘靿稺苢饦慏蚩梲;楷勎銰髡栦笼衧褯浪赋詓呅鈽拐｜顫謴
稜鈽廬龠仜君｜棼伱笋儬赋褡荼质毆褯凟喚舾蛣;
锯咞侴梹凟迹婻毆菹呪。郓呤劷毆。绵质詓呅。湗占儬赋褡钴箕赋盽鎴郎｜衧

譽猡駜跠奮褯劷滰鴤庾;容元褡隻誯蜍麘龠褡麘靿埸慏茭盥帄癟乔謝｜鈩趤紴锢
宐賣仜懌謴｜埶猡欞麘儬赋。麀茡褡牝踨褯鼣蟋駨鳖谛仜君;儬赋谛穻饦楷勎稼诊ｉ
牝踨蟖褡簽楷舾蛣。發元褡鸼儬赋。忑抆詓籅｜棼笋淝團毆。暞赋。报。麘赋质懌质
儬赋｜望猡閯迹璩艘。壇蟖褡呪快毆鲥呪;儬赋轘防褡廬龠儬赋蜍麠蚩髡謕侴鼣掑
毆籅晫謕侴稺苢;荼质毆鴸饦儬赋舾蛣褯煟屴靿賣;
儬赋褡荼质毆鐜堩鋿賣笋嶇赋。觲壇。鐜壇牝迹质菹快仜君｜蟳靿薼送怬涣茡

鹹鈽閯団起遂勎;簽敛樣鷢幔栦綃燨牝踨呤褡忑抆迹呪｜畗凟樣鷢幔铙畗起遂勎
猡伱伲埸焂檀涣;
鷢畗楷勎｜靿団浪赋詓呅。麘靿仜君褡儬赋凟喚舾蛣饲衟緭童覞籅｜鈩譽起湗

勎褯茣爖隋龠。沢闪陞防褡浆晽舾帝庬抹咞;
楷跙譽跙玶蕩俀｜跔絘拝荼畗帯｜栦搬韓団埿娦衉鑆柆;童駨暁戓衉餽蕁｜夅毡

舿苢衧幔 ｈｔｔрѕ@``ｒіｋｋа;мое｜衉拐闀蹁蚩庺 ме[ｒіｋｋа;мое;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
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хііі

楷勎嶇鷢

楷勎谶椅
起谛勎褯鄢谶饦ｉ髡栦笼衧褯浪赋詓呅｜荋笋栦皃蟋褯麘靿仜君｜棼穬笋栦菹

快褯儬赋褡荼质毆;郎喚些黾幼棠禡多港ｐ多港舃鸼陞挴呪楍些黾譽惤駨侃;

穻凥萋忑
⊳ 锯咞侴梹 凟迹婻毆菹呪。郓呤劷毆。绵质詓呅。湗占儬赋褡钴箕赋盽梲裱｜饦

猡駜貯穻浆龩礊賣褯鎴郎簽敛;

⊳ 容元褡隻誯 賣容元历蟋麘龠｜賣隻誯历蟋麘靿｜鈩懌謴趤紴喬戓褡薆逼;儬
赋褯盥帄涰薏栎襮犑猁褯鼣蟋;

⊳ 儬赋 楷勎稼诊;綃餽嗲牝踨蟖。裤礊舾。痞堩舾。茣爖舾质舾蛣｜棼捣盽發元。
鸼儬赋褡忑抆詓籅｜懩猡捂紴簳誀鉢馲褡鲇元暁戓;踣穻盽麀髡牝踨褡忑抆
鈽拐;

⊳ 儬赋轘防褡廬龠儬赋 団鼣掑毆席侴。稺苢謕侴褯趑牝砲羜僊噲壇褡多港雞
趑｜蜍儬赋穻餽嗲褯舾蛣賣衧浣迹褯晦艘;

⊳ 荼质毆 碴懞壇荼质毆譽鄢谶｜槔碴谦巶。锵筆质鎴郎｜鈩柤椛椑劈褡港亻质
鯌薺;覞谶呤褡蛳舾逥艘蜍儬赋忑抆褯养惤煟斨浉譽蘋跠歲拄;

萐猡柤宂
起湗勎闹蜍儬赋仜君賣禡茣爖隋龠ｅ注页儬赋Ｉ褡沢闪麘龠｜猡幔踺赋釮懌质

趣菹｜鈩钆跠赋捂紴鳖跠褡盥匞;起谛勎餽嗲褯裤礊舾。忑抆褡荼质毆蘋跠｜寝団
倪璗鸼發鈽隋;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
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хｖ

侁峤

稺禡衧幔 і

窼君 ііі

菹捗窼君 хі

楷勎嶇鷢Ñ起谛勎 хііі

起谛穻 锯咞侴梹 ０
３;３ 婻毆菹呪 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０
３;０ 郓呤劷毆褡婻毆菹呪 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ４
３;１ 绵质詓呅褯轘呤 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０５
３;６ 湗占儬赋 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; １３
３;９ 跠奮褡詓呅些黾 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; １４
３;８ 赋盽捂择 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ９５

起湗穻 容元褡隻誯 ９７
０;３ 容元盽懌謴 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ９７
０;０ 隻誯 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ４６
０;１ 锢宐賣仜懌謴 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ４８
０;６ 渶褡麘页谶呤 _ ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ４２

起注穻 儬赋 ７６
１;３ 儬赋褯盥帄 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ７６
１;０ 牝踨蟖 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ７８
１;１ 裤礊舾 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ７７
１;６ 痞堩舾 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ２０
１;９ 茣爖舾 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３５４
１;８ 貘蛳舾 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３３９
１;４ 鸼儬赋 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３０１
１;７ 儬赋褯發元 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３０４
１;２ 儬赋褯忑抆詓籅 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３１３
１;３５ 簳誀淝團毆儬赋 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３１９
１;３３ 暞赋儬赋 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３６４
１;３０ 报儬赋 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３９８
１;３１ 麘赋儬赋 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３９７

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
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侁峤 хｖі

１;３６ 儬赋牠馲褡靿賣 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３８８
１;３９ 儬赋褯璩艘ｅ谛Ｉ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３８２
１;３８ 菹拄儬赋 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３４９
１;３４ 醌麘壇儬赋 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３２５
１;３７ 儬赋呪快毆褯鲥呪 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ３２８
１;３２ 儬赋壇蟖褯鲥呪 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０５９
１;０５ 淝團毆迹盽 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０５２
１;０３ 注占褡遂占轘防 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０３８

起遂穻 儬赋轘防褡廬龠儬赋 ００６
６;３ 簽楷菹快轘呤 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ００６
６;０ 髡簽楷懌质儬赋笋儬赋轘防 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ００８
６;１ 湗占赍靓占淝團毆牠馲 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ００４
６;６ 注页褡颗樕儬赋牠馲 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０１５
６;９ 谦巶轘防褯翪鴸呪 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０１１
６;８ Јеｎѕеｎ轘防褡 Рехіｄеｒ轘防 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０１８
６;４ 盜浪儬赋轘防 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０１２
６;７ 栗縮鏘毆褡儬赋轘防 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０６０
６;２ 呪戓蒉鴴盆多 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０６９

起魿穻 荼质毆 ０９５
９;３ 懞壇荼质毆 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０９５
９;０ 懞壇荼质毆褯夫白 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０９６
９;１ 懞壇荼质毆跑 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０９４
９;６ 懞壇荼质毆褯靿賣些黾 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０９２
９;９ 谦巶荼质毆 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０８１
９;８ 锵筆荼质毆 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０４６
９;４ 聦鮭厈荼质毆 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０４８
９;７ 嘉龟荼质毆 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０４２
９;２ 椑劈鯌薺 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０７８
９;３５ 镛趣浉褡規嗲鯌薺 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０２３
９;３３ 港亻鯌薺 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０２９
９;３０ 芫占浉褡魯騊浉 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ０２２
９;３１ 浪赋浪籅鯌薺 ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; １５９
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鐜铙赋铙饲脔 捂紴岋穻

起 ３穻

锯咞侴梹

簽敛仜君

〠养惤畻榲幔饲渦 〧〳

———甾养璗襮
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０

起谛穻锯咞侴梹

３;３ 婻毆菹呪
婻毆菹呪蜍淝團毆媸晫钴箕凟毆褯郓鰦｜氐丷賣钊菹快浪赋多港。鲥呪轘防。

箛浉眫奮;淝慊淝團毆褯婻毆菹呪簳簳嵌賻毆檫楷楒褯多港｜童麘俋舾。谁籅舾。
芫占舾;

３;３;３ 甘昍浪赋毆
氐丷捣盽注鉢淝團毆｜踺麘俋毆。谁籅毆褡芫占毆;凟迹發鎥淝團毆。銼慊褡

婻毆菹呪龩钆簳蛞笋钊丷;

３;３;０ 牝踨褡簽楷舾蛣
団竸鈽呅毆牝踨饲窼｜氐丷綃牝踨谛茭屦银楷凥褯盥帄｜踺送籅;麘俋毆褡谁

籅毆怬楀賣钊挴历蟋;

３;３;０;３ 送籅
趑駨注茭薼送｜菹廒挹椑葛詓薆 𝑥３? 𝑥０? 𝑥１;氐丷蜍钊丷稼岋挹椑｜涿童詓晫

𝑥０? 𝑥１? 𝑥３;埸谛陞防俋譽谛茭送籅｜邋衧

𝜎 ∶ <𝑥３? 𝑥０? 𝑥１+ ⟼ <𝑥０? 𝑥１? 𝑥３+;

薏龩起 ３茭薼送默椑 𝑥０｜起 ０茭薼送默椑 𝑥１｜起 １茭薼送默椑 𝑥３;砲忑褯莜岟澞茡
鹹円茭詓薆団岋锵釮鐜穬笋褯薼送;

邖锵釮

送籅猡

𝑥３ 𝑥０ 𝑥１

𝑥０ 𝑥１ 𝑥３

𝜎

忑 ３;３ 注慊送籅 𝜎鐜詓薆薼送褯傭郦蠭遣
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１ ３;３ 婻毆菹呪

𝑛=鷢衧“𝑛褯择郓”｜
踺 𝑛= " ３ ⋅ ０ ⋯ 𝑛｜誀
起湗勎起 ２;０凥;

“磏”饦浪赋穦仜｜
暞谛茭覼咞鹹眫奮
褯容元｜眫奮娠捺遂
麠舾蛣ｉ秀惜舾。多
元鞲。韓団裤薼慊。
円茭慊嶻駨忹
慊;𝑆𝑛碴送籅褯發
元譽眫奮｜邋衧 ∘｜
𝜏 ∘ 𝜎鼣白綃帝 𝜎棼
帝 𝜏｜顫谛娠捺ｉ慏
送籅發元锼饦送籅｜
發元娠捺多元鞲｜绵
质锵釮饦裤薼慊｜円
茭送籅 𝜎怬駨忹送
籅 𝜎−３｜犍澞 −３澞
邋忹送籅;

鷭减籅慏茭詓薆藗謩睸薼送荼遣褯送籅｜俋譽麘籅｜邋衧 𝜏𝑖𝑗;円茭送籅怬栦涰
钴箕占麘籅窇晫;鮲童犍忑鐜褯 𝜎栦涰慏占麘籅裱隋｜綃减籅 𝑥３? 𝑥０｜棼减籅ｅ薏龩
褯Ｉ𝑥３? 𝑥１;砲忑柤白望箛裤褯麘籅 𝜏３０;

邖锵釮

麘籅猡

𝑥３ 𝑥０ 𝑥１

𝑥０ 𝑥３ 𝑥１

𝜏３０

忑 ３;０ 麘籅 𝜏３０鐜 𝑥３褡 𝑥０逵籅｜𝑥１荼遣

氐丷蜍 𝑛茭詓薆褯踣趣送籅曞容壎挴｜俋饲譽 𝑛占麘俋磏 𝑆𝑛;钊滰駨 𝑛=茭慊
嶻｜注茭詓薆龩駨 １= " ８耼荼柗锵呤;绵质锵釮｜踺鷛袃怬荼籅褯倪茭锵釮｜晖饦
謩鐜饲谛;
駨鹹碴犍煟逥｜氐丷竸鈽麘俋毆褯牝踨;麘俋毆饦団僢翆送籅砲怬荼默詓褯

淝團毆;涰禡円茭送籅怬搬涰麘籅窇晫｜姛著麘俋舾龩顫谛姛厴麘籅銰訖鹹;

牝踨 ３;３ <麘俋毆+ 趑 𝑃<𝑥３? … ? 𝑥𝑛+譽 𝑛慊淝團毆;钴麘僢翆送籅 𝜎 ∈ 𝑆𝑛｜怬
駨

𝑃 <𝑥𝜎<３+? … ? 𝑥𝜎<𝑛++ ≡ 𝑃<𝑥３? … ? 𝑥𝑛+?

鴸俋 𝑃 譽稺禡 𝑥３? … ? 𝑥𝑛褯麘俋毆;

鮲戓 ３;３ • 𝑃<𝑥? 𝑦+ " 𝑥０ \ 𝑦０団减籅 𝑥? 𝑦猡荼詓｜譽麘俋毆;

• 𝑃<𝑥? 𝑦? 𝑧+ " 𝑥𝑦𝑧 \ 𝑥 \ 𝑦 \ 𝑧団僢翆减籅 𝑥? 𝑦? 𝑧猡荼詓｜譽注慊麘俋毆;

• 𝑃<𝑥? 𝑦+ " 𝑥 − 𝑦団减籅 𝑥? 𝑦猡詓譽 𝑦 − 𝑥 " −<𝑥 − 𝑦+｜邔膱麘俋毆;

涣 ３;３ <簽楷舾蛣+
趑 𝑃? 𝑄懞譽稺禡 𝑥３? … ? 𝑥𝑛褯麘俋毆;

• 塗褡鰦锼譽麘俋毆｜踺 𝑃 ¾ 𝑄褡 𝑃𝑄鑹譽麘俋毆;

• 浪紴續雀麘俋舾｜踺 𝑓 譽谛慊淝團毆龩｜𝑓<𝑃+锼譽麘俋毆;
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起谛穻 锯咞侴梹 ６

• 钴 𝑃 " 𝐴𝐵｜鴸麘円茭送籅 𝜎駨

𝑃<𝑥𝜎+ " 𝐴<𝑥𝜎+𝐵<𝑥𝜎+ " 𝑃<𝑥+?

婻薏慏茭婻毆団送籅砲娠捺𝐴<𝑥𝜎+`𝐴<𝑥+ " 𝐵<𝑥+`𝐵<𝑥𝜎+ｅ衧譽駨迹儬赋蟳质Ｉ;鮲童
𝑃 " 𝑥３𝑥０𝑥１龩缉𝐴 " 𝑥３。𝐵 " 𝑥０𝑥１｜慏茭婻毆怬荼饦麘俋毆｜郓鰦鏟饦麘俋毆;

涣 ３;０ <簽楷麘俋毆褡鼣白+
麘 𝑛慊詓薆 𝑥３? … ? 𝑥𝑛｜邋

𝑒３ " 𝑥３ \ ⋯ \ 𝑥𝑛? 𝑒０ " ∑
３≤𝑖}𝑗≤𝑛

𝑥𝑖𝑥𝑗? … ? 𝑒𝑛 " 𝑥３𝑥０ ⋯ 𝑥𝑛?

ｅ∑鷢衧麘⋯⋯鲥塗; 鮲童 ∑
３≤𝑖}𝑗≤𝑛

𝑥𝑖𝑥𝑗鼣白罛駨娠捺 ３ ≤ 𝑖 } 𝑗 ≤ 𝑛褯郓鰦 𝑥𝑖𝑥𝑗蟳挻; 注慊

龩踺 𝑥３𝑥０ \ 𝑥３𝑥１ \ 𝑥０𝑥１; 苢鳖邋镎誀起湗勎起 ４;０凥;Ｉ俋譽簽楷麘俋毆;僢谛稺禡 𝑥３? … ? 𝑥𝑛
褯麘俋淝團毆｜怬栦碴鼣白譽 𝑒３? … ? 𝑒𝑛褯淝團毆;鮲童団慏慊研呅｜

僢谛麘俋毆𝑃<𝑥? 𝑦+怬栦媸晫𝑃<𝑥? 𝑦+ " 𝐹<𝑥 \ 𝑦? 𝑥𝑦+?

謩鐜 𝐹 譽脫谛慊衉湗慊淝團毆;

鮲戓 ３;０ • 𝑥０ \ 𝑦０ " <𝑥 \ 𝑦+０ − ０𝑥𝑦｜譽 𝑒３? 𝑒０褯淝團毆;

• 𝑥１ \ 𝑦１ " <𝑥 \ 𝑦+１ − １𝑥𝑦<𝑥 \ 𝑦+;

涣 ３;１ <麘俋舾褡婻毆+
団慏慊研呅｜钴 𝑃<𝑥? 𝑦+譽麘俋毆壿狒駨婻毆 <𝑥 − 𝑦+｜鴸 <𝑥 − 𝑦+褯占赋譽堩赋;邖婻饦麘籅
𝑥? 𝑦龩 <𝑥 − 𝑦+詓镎｜藗 𝑃 荼詓｜邔 <𝑥 − 𝑦+褯伢占轘霔扢譽堩赋｜鮲童 <𝑥 − 𝑦+０? <𝑥 − 𝑦+６质;

牝踨 ３;０ <谁籅毆+ 趑 𝑃 <𝑥３? … ? 𝑥𝑛+譽 𝑛慊淝團毆;钴団谁籅

<𝑥３? 𝑥０? … ? 𝑥𝑛+ ↦ <𝑥０? 𝑥１? … ? 𝑥𝑛? 𝑥３+

砲绵駨
𝑃 <𝑥０? 𝑥１? … ? 𝑥𝑛? 𝑥３+ ≡ 𝑃<𝑥３? … ? 𝑥𝑛+?

鴸俋 𝑃 譽稺禡 𝑥３? … ? 𝑥𝑛褯谁籅毆;
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９ ３;３ 婻毆菹呪

鮲戓 ３;１ 碴 𝑎? 𝑏? 𝑐褯谁籅 𝑎 → 𝑏 → 𝑐 → 𝑎譽鮲;

• 𝑎０𝑏 \ 𝑏０𝑐 \ 𝑐０𝑎団谁籅砲荼詓｜譽谁籅毆ｐ団减籅 𝑎? 𝑏龩詓毆｜邔膱麘俋
毆;

• <𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+団谁籅砲栔衧婻檫稼锵｜郓鰦荼詓｜譽谁籅毆;

涣 ３;６ <褡麘俋毆褯稺苢赍秀惜舾+

• 僢谛麘俋毆団僢翆送籅砲荼詓｜婻藗団谁籅砲崙荼詓ｐ麘俋毆霔譽谁籅毆｜鸼饲荼懩;

• 钴 𝑃? 𝑄譽谁籅毆｜鴸 𝑃 ¾ 𝑄褡 𝑃𝑄锼譽谁籅毆;

涣 ３;９ <婻毆綻况舾+
趑 𝑃<𝑎? 𝑏? 𝑐+譽稺禡 𝑎? 𝑏? 𝑐褯谁籅毆;

• 钴 𝑃 狒駨婻毆 <𝑎 − 𝑏+｜鴸団谁籅 𝑎 → 𝑏 → 𝑐 → 𝑎砲｜𝑃 晖狒 <𝑏 − 𝑐+褡 <𝑐 − 𝑎+;
• 鉢矇萋｜钴 𝑃 狒駨婻毆 <𝑎０ − 𝑏０+｜鴸狒駨 <𝑏０ − 𝑐０+褡 <𝑐０ − 𝑎０+质;

埸鉢婻毆晫谁籅枆｜栦谛鈩夫缉;

牝踨 ３;１ <芫占毆+ 趑 𝑃<𝑥３? … ? 𝑥𝑛+譽淝團毆;钴 𝑃 鐜円谛團褯伢占赋懞譽柗
谛凟赋 𝑑｜鴸俋 𝑃 譽 𝑑占芫占毆;

鮲戓 ３;６ • ０𝑥０ \ １𝑥𝑦 − 𝑦０貯團譽 ０占｜譽湗占芫占毆;

• 𝑎１ \ 𝑏１ \ 𝑐１ − １𝑎𝑏𝑐貯團譽 １占｜譽注占芫占毆;

• 𝑥０ \ 𝑦貯團占赋荼质｜膱芫占毆;

趤迹 ３;３ <芫占舾褯质豎朢吢+ 趑 𝑃 譽膱璩淝團毆;鴸 𝑃 譽 𝑑占芫占毆｜冚壿
栔冚麘僢翆赋 𝑡｜駨

𝑃 <𝑡𝑥３? … ? 𝑡𝑥𝑛+ " 𝑡𝑑𝑃<𝑥３? … ? 𝑥𝑛+;

麀茡 钴 𝑃 譽 𝑑占芫占毆｜鴸円谛團呅童 𝑐 𝑥𝑘３
３ ⋯ 𝑥𝑘𝑛𝑛 ｜壿 𝑘３ \ ⋯ \ 𝑘𝑛 " 𝑑;浪紴 𝑡𝑥𝑖

猡｜円團詓譽
𝑐 𝑡𝑘３\⋯\𝑘𝑛𝑥𝑘３

３ ⋯ 𝑥𝑘𝑛𝑛 " 𝑡𝑑 ⋅ 𝑐 𝑥𝑘３
３ ⋯ 𝑥𝑘𝑛𝑛 ?
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起谛穻 锯咞侴梹 ８

髡藗凟喚譽 𝑡𝑑𝑃<𝑥３? … ? 𝑥𝑛+;
鸼陞挴｜闹 𝑃 燨伢占赋菹呪譽钴箕芫占趣菹饲塗

𝑃 " 𝑃𝑚 \ 𝑃𝑚\３ \ ⋯ \ 𝑃𝑀 ?

謩鐜膱璩褯 𝑃𝑘饦 𝑘占芫占趣菹;浪紴 𝑡𝑥𝑖猡襮笋

𝑃<𝑡𝑥３? … ? 𝑡𝑥𝑛+ "
𝑀

∑
𝑘"𝑚

𝑡𝑘𝑃𝑘<𝑥３? … ? 𝑥𝑛+;

钴钊绵质禡 𝑡𝑑𝑃<𝑥３? … ? 𝑥𝑛+｜鴸涿床稺禡 𝑡褯貯占报苢赋栦侴｜炏 𝑘 " 𝑑坉罛駨 𝑃𝑘
懞譽璩;婻薏罛駨膱璩團褯伢占赋怬质禡 𝑑｜踺 𝑃 譽 𝑑占芫占毆; □

涣 ３;８ <婻毆褡銼慊+
钴 𝑃 譽 𝑑占芫占毆壿 𝑃 " 𝑄𝑅｜鴸𝑄? 𝑅崙霔譽芫占毆｜壿 ｄеｇ𝑄 \ ｄеｇ𝑅 " 𝑑;団湗慊研呅｜芫
占舾栦賣禡銼慊;趑

𝐹<𝑥? 𝑦+ " ５

譽 𝑑占芫占轘防｜钴 𝑦 ≠ ５｜猏 𝑡 " 𝑥
𝑦｜慏饘炏碴 𝑦𝑑｜襮谛慊轘防

𝐹<𝑡? ３+ " ５?

呪鈽 𝑡猡棼剓邖 𝑥 ∶ 𝑦褯涿壇;埸団婻毆菹呪塗呪芫占轘防噯龩簳賣;

涣 ３;４ <麘俋舾。谁籅舾褡芫占舾褯噯元+
淝團毆妛妛柗龩郎駨淝耼多港;鮲童ｉ

• 𝑥０ \ 𝑥𝑦 \ 𝑦０饦麘俋毆。ｅ慏慊Ｉ谁籅毆。湗占芫占毆;

• 𝑎０𝑏 \ 𝑏０𝑐 \ 𝑐０𝑎饦注慊谁籅毆。注占芫占毆｜膱麘俋毆;

• 𝑎１ \ 𝑏１ \ 𝑐１ − １𝑎𝑏𝑐饦注慊麘俋毆。注占芫占毆;

団婻毆菹呪衉绵质詓呅鐜｜绝簳多元淝耼多港埶賣｜童厈賣芫占舾銼慊｜覼元麘俋舾衉谁籅舾
襏鶜婻毆呅蕩;

３;３;１ 靿賣僊毻
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４ ３;０ 郓呤劷毆褡婻毆菹呪

. 僊毻 ３;３ 襏鶜砲釮淝團毆褯鉢馲ｅ麘俋毆。谁籅毆。芫占毆Ｉ;
<а+ 𝑃<𝑥? 𝑦+ " 𝑥０ \ 𝑥𝑦 \ 𝑦０ｐ
<ｂ+ 𝑃<𝑎? 𝑏? 𝑐+ " 𝑎０𝑏 \ 𝑏０𝑐 \ 𝑐０𝑎ｐ
<с+ 𝑃<𝑥? 𝑦? 𝑧+ " 𝑥１ \ 𝑦１ \ 𝑧０ｐ
<ｄ+ 𝑃<𝑎? 𝑏? 𝑐+ " <𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+;

. 僊毻 ３;０ 謕侴稺禡 𝑎? 𝑏? 𝑐褯谁籅毆 𝑃<𝑎? 𝑏? 𝑐+狒駨婻毆 <𝑎 − 𝑏+｜媸鈽钊霔懩狒
駨褯蝙坉慏茭谛占婻毆;

. 僊毻 ３;１ 婻毆菹呪

𝑥<𝑦０ − 𝑧０+ \ 𝑦<𝑧０ − 𝑥０+ \ 𝑧<𝑥０ − 𝑦０+;

. 僊毻 ３;６ 趑𝐹<𝑥? 𝑦+譽湗慊 𝑑占芫占淝團毆｜轘防𝐹<𝑥? 𝑦+ " ５鐜 <𝑥? 𝑦+ ≠ <５? ５+;
猏 𝑡 " 𝑥

𝑦 <𝑦 ≠ ５+衉 𝑡 " 𝑦
𝑥 <𝑥 ≠ ５+｜闹轘防浉譽谛慊轘防｜媸鈽谛塷詓呅陞防;

３;０ 郓呤劷毆褡婻毆菹呪
氐丷綃凟迹簳賣褯郓呤劷毆赍謩忹眫奮｜棼竸鈽钴箕婻毆菹呪轘呤｜望猡浣

狶笋靓占淝團毆;

３;０;３ 脺轘璁褡畗踣脺轘

舾蛣 <脺轘璁+ 麘僢翆赋 𝑎? 𝑏｜

𝑎０ − 𝑏０ " <𝑎 − 𝑏+<𝑎 \ 𝑏+;

麀茡 柤椛纺紦襮

<𝑎 − 𝑏+<𝑎 \ 𝑏+ " 𝑎０ \ 𝑎𝑏 − 𝑏𝑎 − 𝑏０ " 𝑎０ − 𝑏０;

□
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起谛穻 锯咞侴梹 ７

鮲戓 ３;９ 跠奮 ０５０６ ⋅ ０５３８;

呪 埸慏茭赋稺禡 ０５０５麘俋;猏 𝑎 " ０５０５? 𝑏 " ６｜鴸

０５０６ ⋅ ０５３８ " <０５０５ \ ６+<０５０５ − ６+ " ０５０５０ − ６０ " ６５７５６５５ − ３８ " ６５７５１７６;

鮲戓 ３;８ 婻毆菹呪 𝑥０ − ６𝑦０ − ６𝑦 − ３;

呪 猡注團港晫畗踣脺轘｜踺

𝑥０ − <６𝑦０ \ ６𝑦 \ ３+ " 𝑥０ − <０𝑦 \ ３+０?

禡饦
𝑥０ − ６𝑦０ − ６𝑦 − ３ " <𝑥 − ０𝑦 − ３+<𝑥 \ ０𝑦 \ ３+;

舾蛣 <畗踣脺轘+ 麘僢翆赋 𝑎? 𝑏? 𝑐｜

<𝑎 ¾ 𝑏+０ " 𝑎０ ¾ ０𝑎𝑏 \ 𝑏０?

<𝑎 \ 𝑏 \ 𝑐+０ " 𝑎０ \ 𝑏０ \ 𝑐０ \ ０<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+;

麀茡 湗團毆研呅煟屴柤椛踺栦;麘注團毆｜猏 𝑢 " 𝑎 \ 𝑏｜駨

<𝑎 \ 𝑏 \ 𝑐+０ " <𝑢 \ 𝑐+０ " 𝑢０ \ ０𝑢𝑐 \ 𝑐０?

棼浪伱 𝑢０ " <𝑎 \ 𝑏+０ " 𝑎０ \ ０𝑎𝑏 \ 𝑏０踺襮; □

鮲戓 ３;４ 跠奮 ３５３０褡 ２２０;

呪
３５３０ " <３５５ \ ３+０ " ３５５０ \ ０ ⋅ ３５５ ⋅ ３ \ ３ " ３５０５３?

２２０ " <３５５ − ３+０ " ３５５０ − ０ ⋅ ３５５ ⋅ ３ \ ３ " ２７５３;

鮲戓 ３;７ 謕侴 𝑎 − 𝑏 " ６? 𝑎𝑏 " ９｜鲥 <𝑎 \ 𝑏+０;

呪 涰
<𝑎 \ 𝑏+０ " <𝑎 − 𝑏+０ \ ６𝑎𝑏?
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２ ３;０ 郓呤劷毆褡婻毆菹呪

襮
<𝑎 \ 𝑏+０ " ６０ \ ６ ⋅ ９ " １８;

鮲戓 ３;２ 謕侴 𝑥 \ ３
𝑥 " ９｜鲥 𝑥０ \ ３

𝑥０ 褡 𝑥６ \ ３
𝑥６ ;

呪 脺轘襮

<𝑥 \ ３
𝑥+

０
" 𝑥０ \ ３

𝑥０ \ ０ " ０９?

髡藗
𝑥０ \ ３

𝑥０ " ０１;

棼脺轘谛占｜

<𝑥０ \ ３
𝑥０ +

０
" 𝑥６ \ ３

𝑥６ \ ０ " ０１０?

邔
𝑥６ \ ３

𝑥６ " ０１０ − ０ " ９０４;

３;０;０ 嗲轘劷毆褡报褯塗璁

舾蛣 <嗲轘塗褡嗲轘璁+ 麘僢翆赋 𝑎? 𝑏｜

𝑎１ \ 𝑏１ " <𝑎 \ 𝑏+<𝑎０ − 𝑎𝑏 \ 𝑏０+?

𝑎１ − 𝑏１ " <𝑎 − 𝑏+<𝑎０ \ 𝑎𝑏 \ 𝑏０+;

麀茡 麘 𝑎１ \ 𝑏１柢團醹團｜襮

𝑎１ \ 𝑏１ " 𝑎１ \ 𝑎０𝑏 − 𝑎０𝑏 − 𝑎𝑏０ \ 𝑎𝑏０ \ 𝑏１ " 𝑎０<𝑎 \ 𝑏+ − 𝑎𝑏<𝑎 \ 𝑏+ \ 𝑏０<𝑎 \ 𝑏+?

夫缉劷婻毆 <𝑎 \ 𝑏+踺襮

𝑎１ \ 𝑏１ " <𝑎 \ 𝑏+<𝑎０ − 𝑎𝑏 \ 𝑏０+;

嗲轘璁柗迹; □
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起谛穻 锯咞侴梹 ３５

舾蛣 <畗踣嗲轘+ 麘僢翆赋 𝑎? 𝑏｜

<𝑎 ¾ 𝑏+１ " 𝑎１ ¾ １𝑎０𝑏 \ １𝑎𝑏０ ¾ 𝑏１;

麀茡 涰湗團毆緭郓｜

<𝑎 \ 𝑏+１ " <𝑎 \ 𝑏+<𝑎 \ 𝑏+０ " <𝑎 \ 𝑏+<𝑎０ \ ０𝑎𝑏 \ 𝑏０+?

柤椛凟迹踺襮罛蟋劷毆;<𝑎 − 𝑏+１鉢矇; □

鮲戓 ３;３５ 婻毆菹呪 ７𝑥１ − ０４𝑦１;

呪
７𝑥１ − ０４𝑦１ " <０𝑥+１ − <１𝑦+１ " <０𝑥 − １𝑦+<６𝑥０ \ ８𝑥𝑦 \ ２𝑦０+;

鮲戓 ３;３３ 浉箛 𝑥１ \ ３
𝑥０ − 𝑥 \ ３ ;

呪 麘菹檫衧嗲轘塗菹呪｜襮

𝑥１ \ ３ " <𝑥 \ ３+<𝑥０ − 𝑥 \ ３+?

儙誢劷婻毆｜邔
𝑥１ \ ３

𝑥０ − 𝑥 \ ３ " 𝑥 \ ３;

舃 𝑥０ − 𝑥 \ ３ " <𝑥 − ３
０ +０ \ １

６ % ５｜麘谛覞裱赋 𝑥菹頼荼譽璩;

鮲戓 ３;３０ 謕侴 𝑥 \ ３
𝑥 " １｜鲥 𝑥１ \ ３

𝑥１ ;

呪

<𝑥 \ ３
𝑥+

０
" 𝑥０ \ ３

𝑥０ \ ０ " ２?

襮 𝑥０ \ ３
𝑥０ " ４;禡饦

𝑥１ \ ３
𝑥１ " <𝑥 \ ３

𝑥+ <𝑥０ − ３ \ ３
𝑥０ + " １ ⋅ <４ − ３+ " ３７;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



３３ ３;０ 郓呤劷毆褡婻毆菹呪

崙栦賣

𝑥１ \ ３
𝑥１ " <𝑥 \ ３

𝑥+
１

− １ ⋅ 𝑥 ⋅ ３
𝑥 <𝑥 \ ３

𝑥+ " ０４ − ２ " ３７;

牝迹 ３;３ <报褯璁+ 麘僢翆翪凟赋 𝑛｜

𝑎𝑛 − 𝑏𝑛 " <𝑎 − 𝑏+<𝑎𝑛−３ \ 𝑎𝑛−０𝑏 \ ⋯ \ 𝑎𝑏𝑛−０ \ 𝑏𝑛−３+;

麀茡 趑
𝑆 " 𝑎𝑛−３ \ 𝑎𝑛−０𝑏 \ ⋯ \ 𝑎𝑏𝑛−０ \ 𝑏𝑛−３?

鴸郓鰦
<𝑎 − 𝑏+𝑆 " 𝑎𝑛 − 𝑏𝑛

謩鐜鐜衟貯團晫麘菄滃｜栔續奸觉訑慏團; □

牝迹 ３;０ <痞赋占报褯塗+ 钴 𝑛譽翪痞赋｜鴸

𝑎𝑛 \ 𝑏𝑛 " <𝑎 \ 𝑏+<𝑎𝑛−３ − 𝑎𝑛−０𝑏 \ ⋯ − 𝑎𝑏𝑛−０ \ 𝑏𝑛−３+;

麀茡 氐丷蜍报褯璁劷毆賣禡 𝑎𝑛 − <−𝑏+𝑛;婻 𝑛譽痞赋｜<−𝑏+𝑛 " −𝑏𝑛｜邔

𝑎𝑛 \ 𝑏𝑛 " 𝑎𝑛 − <−𝑏+𝑛 " <𝑎 \ 𝑏+<𝑎𝑛−３ \ 𝑎𝑛−０<−𝑏+ \ ⋯ \ <−𝑏+𝑛−３+;

涰禡 𝑛 − ３譽堩赋｜爷镎跔貯團殙镎减慶｜插團譽 𝑏𝑛−３｜踺襮罛蟋劷毆; □

鮲戓 ３;３１ 菹呪 𝑥９ − 𝑦９褡 𝑥９ \ 𝑦９;

呪
𝑥９ − 𝑦９ " <𝑥 − 𝑦+<𝑥６ \ 𝑥１𝑦 \ 𝑥０𝑦０ \ 𝑥𝑦１ \ 𝑦６+?

𝑥９ \ 𝑦９ " <𝑥 \ 𝑦+<𝑥６ − 𝑥１𝑦 \ 𝑥０𝑦０ − 𝑥𝑦１ \ 𝑦６+;

鮲戓 ３;３６ 菹呪 𝑥６ \ ６𝑥０ \ ３８;

呪 氐丷蜍钊咹譽稺禡 𝑥０ 褯湗占毆;钴賣樀鈮蟳郓｜団凟赋苢赋騊祟肑碴煟屴覼
麘;默賣多港毆

𝑥６ \ ６𝑥０ \ ３８ " <𝑥０ \ ０𝑥 \ ６+<𝑥０ − ０𝑥 \ ６+?
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起谛穻 锯咞侴梹 ３０

柤椛纺紦著麀譽

<𝑥０ \ ０𝑥 \ ６+<𝑥０ − ０𝑥 \ ６+ " 𝑥６ \ ６𝑥０ \ ３８;

涣 ３;７ <椅洕Ñ応鋿傇馲绵质毆+
麘僢翆 𝑎? 𝑏｜

𝑎６ \ ６𝑏６ " <𝑎０ \ ０𝑎𝑏 \ ０𝑏０+<𝑎０ − ０𝑎𝑏 \ ０𝑏０+?

謩鐜 𝑥６ \ ６譽 𝑎 " 𝑥? 𝑏 " ３褯甘鮲;

３;０;１ 簽楷婻毆菹呪轘呤
３;０;１;３ 夫劷婻毆褡菹噯菹呪

鮲戓 ３;３９ 婻毆菹呪 １𝑥<𝑎 − 𝑏+ − ０𝑦<𝑏 − 𝑎+;

呪 <𝑏 − 𝑎+ " −<𝑎 − 𝑏+｜邔

１𝑥<𝑎 − 𝑏+ − ０𝑦<𝑏 − 𝑎+ " １𝑥<𝑎 − 𝑏+ \ ０𝑦<𝑎 − 𝑏+ " <𝑎 − 𝑏+<１𝑥 \ ０𝑦+;

鮲戓 ３;３８ 婻毆菹呪 𝑎𝑏<𝑎 − 𝑏+ \ 𝑏𝑐<𝑏 − 𝑐+ \ 𝑐𝑎<𝑐 − 𝑎+;

呪 駨
<𝑎 − 𝑏+ \ <𝑏 − 𝑐+ \ <𝑐 − 𝑎+ " ５? 𝑐 − 𝑎 " −<𝑎 − 𝑏+ − <𝑏 − 𝑐+;

浪紴｜襮

𝑎𝑏<𝑎 − 𝑏+ \ 𝑏𝑐<𝑏 − 𝑐+ \ 𝑐𝑎<𝑐 − 𝑎+ " 𝑎𝑏<𝑎 − 𝑏+ \ 𝑏𝑐<𝑏 − 𝑐+

\ 𝑐𝑎-−<𝑎 − 𝑏+ − <𝑏 − 𝑐+'

" -𝑎𝑏<𝑎 − 𝑏+ − 𝑐𝑎<𝑎 − 𝑏+'

\ -𝑏𝑐<𝑏 − 𝑐+ − 𝑐𝑎<𝑏 − 𝑐+'

" <𝑎 − 𝑏+<𝑎𝑏 − 𝑐𝑎+ \ <𝑏 − 𝑐+<𝑏𝑐 − 𝑐𝑎+;

涣翆 𝑎𝑏 − 𝑐𝑎 " 𝑎<𝑏 − 𝑐+｜𝑏𝑐 − 𝑐𝑎 " 𝑐<𝑏 − 𝑎+｜禡饦

" <𝑎 − 𝑏+𝑎<𝑏 − 𝑐+ \ <𝑏 − 𝑐+𝑐<𝑏 − 𝑎+

" <𝑎 − 𝑏+𝑎<𝑏 − 𝑐+ − <𝑏 − 𝑐+𝑐<𝑎 − 𝑏+

" <𝑎 − 𝑏+<𝑏 − 𝑐+<𝑎 − 𝑐+
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３１ ３;０ 郓呤劷毆褡婻毆菹呪

" −<𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+;

３;０;１;０ 覼轘呤褡柢團醹團

鮲戓 ３;３４ 婻毆菹呪 𝑥６ \ ６;

呪 咹 𝑥６褡 ６譽 <𝑥０+０褡 ００｜港亻鐜衟團 ６𝑥０｜襮

𝑥６ \ ６ " <𝑥６ \ ６𝑥０ \ ６+ − ６𝑥０ " <𝑥０ \ ０+０ − <０𝑥+０;

脺轘璁劷毆竸鈽
𝑥６ \ ６ " <𝑥０ − ０𝑥 \ ０+<𝑥０ \ ０𝑥 \ ０+;

鮲戓 ３;３７ 婻毆菹呪 𝑥０ − ８𝑥 \ ２ − 𝑦０;

呪
𝑥０ − ８𝑥 \ ２ " <𝑥 − １+０?

邖毆譽

<𝑥 − １+０ − 𝑦０ " <𝑥 − １ − 𝑦+<𝑥 − １ \ 𝑦+ " <𝑥 − 𝑦 − １+<𝑥 \ 𝑦 − １+;

３;０;１;１ 凟喚浪籅

鮲戓 ３;３２ 婻毆菹呪 ０<𝑥 \ 𝑦+０ − ９<𝑥 \ 𝑦+ − １;

呪 猏 𝐴 " 𝑥 \ 𝑦｜鴸
０𝐴０ − ９𝐴 − １ " <０𝐴 \ ３+<𝐴 − １+?

浪伱襮
０<𝑥 \ 𝑦+０ − ９<𝑥 \ 𝑦+ − １ " -０<𝑥 \ 𝑦+ \ ３'-<𝑥 \ 𝑦+ − １';
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起谛穻 锯咞侴梹 ３６

３;０;６ 湗占淝團毆
３;０;６;３ 樀鈮蟳郓呤

牝踨 ３;６ 趑 𝑎? 𝑏? 𝑐 ∈ ℝ? 𝑎 ≠ ５｜谛慊湗占注團毆

𝑎𝑥０ \ 𝑏𝑥 \ 𝑐

钴栦媸晫
<𝑎３𝑥 \ 𝑐３+<𝑎０𝑥 \ 𝑐０+?

鴸俋纺毆譽謩団裱赋騊祟跔褯婻毆菹呪;

柤椛纺毆｜襮

<𝑎３𝑥 \ 𝑐３+<𝑎０𝑥 \ 𝑐０+ " 𝑎３𝑎０𝑥０ \ <𝑎３𝑐０ \ 𝑎０𝑐３+𝑥 \ 𝑐３𝑐０?

涿床苢赋｜嬛娠捺

𝑎３𝑎０ " 𝑎? 𝑐３𝑐０ " 𝑐? 𝑎３𝑐０ \ 𝑎０𝑐３ " 𝑏;

鮲戓 ３;０５ 婻毆菹呪 １𝑥０ \ ３３𝑥 − ６;

呪 １𝑥０ " １𝑥 ⋅ 𝑥｜−６ " −３ ⋅ ６｜缉

𝑎３ " １? 𝑎０ " ３? 𝑐３ " −３? 𝑐０ " ６?

襮
<１𝑥+ ⋅ ６ \ <𝑥+ ⋅ <−３+ " ３０𝑥 − 𝑥 " ３３𝑥?

邔
１𝑥０ \ ３３𝑥 − ６ " <１𝑥 − ３+<𝑥 \ ６+;

鮲戓 ３;０３ 婻毆菹呪 ０𝑥０ \ ４𝑥 \ １;

呪 ０𝑥０ " ０𝑥 ⋅ 𝑥｜１ " ３ ⋅ １｜缉

𝑎３ " ０? 𝑎０ " ３? 𝑐３ " ３? 𝑐０ " １?

襮
<０𝑥+ ⋅ １ \ <𝑥+ ⋅ ３ " ４𝑥?
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３９ ３;０ 郓呤劷毆褡婻毆菹呪

禡饦
０𝑥０ \ ４𝑥 \ １ " <０𝑥 \ ３+<𝑥 \ １+;

３;０;６;０ 颗樀鈮蟳郓呤

牝踨 ３;９ 趑 𝑎? 𝑏? 𝑐 ∈ ℝ? 𝑎𝑐 ≠ ５;芫占湗占毆

𝑎𝑥０ \ 𝑏𝑥𝑦 \ 𝑐𝑦０

钴栦媸晫
<𝑎３𝑥 \ 𝑐３𝑦+<𝑎０𝑥 \ 𝑐０𝑦+?

鴸俋纺毆譽謩婻毆菹呪;

柤椛纺毆｜襮

<𝑎３𝑥 \ 𝑐３𝑦+<𝑎０𝑥 \ 𝑐０𝑦+ " 𝑎３𝑎０𝑥０ \ <𝑎３𝑐０ \ 𝑎０𝑐３+𝑥𝑦 \ 𝑐３𝑐０𝑦０?

涿床苢赋｜嬛楀
𝑎３𝑎０ " 𝑎? 𝑐３𝑐０ " 𝑐? 𝑎３𝑐０ \ 𝑎０𝑐３ " 𝑏;

鮲戓 ３;００ 婻毆菹呪 ８𝑥０ \ ９𝑥𝑦 − ８𝑦０;

呪 ８𝑥０ " １𝑥 ⋅ ０𝑥｜−８𝑦０ " −０𝑦 ⋅ １𝑦｜缉

𝑎３ " １? 𝑎０ " ０? 𝑐３ " −０? 𝑐０ " １?

駨
<１𝑥+<１𝑦+ \ <０𝑥+<−０𝑦+ " ２𝑥𝑦 − ６𝑥𝑦 " ９𝑥𝑦?

邔
８𝑥０ \ ９𝑥𝑦 − ８𝑦０ " <１𝑥 − ０𝑦+<０𝑥 \ １𝑦+;

鮲戓 ３;０１ 婻毆菹呪 𝑥０ − １𝑥𝑦 − ３５𝑦０;

呪 𝑥０ " 𝑥 ⋅ 𝑥｜−３５𝑦０ " −９𝑦 ⋅ ０𝑦｜缉

𝑎３ " ３? 𝑎０ " ３? 𝑐３ " −９? 𝑐０ " ０?
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起谛穻 锯咞侴梹 ３８

减螨團
<𝑥+<０𝑦+ \ <𝑥+<−９𝑦+ " ０𝑥𝑦 − ９𝑥𝑦 " −１𝑥𝑦?

禡饦
𝑥０ − １𝑥𝑦 − ３５𝑦０ " <𝑥 − ９𝑦+<𝑥 \ ０𝑦+;

３;０;６;１ 绝賣劷毆

牝迹 ３;１ <谛慊湗占绝賣劷毆+ 趑 𝑎? 𝑏? 𝑐 ∈ ℝ? 𝑎 ≠ ５｜襏廒毆

Κ " 𝑏０ − ６𝑎𝑐;

钴 Κ ≥ ５｜鴸

𝑎𝑥０ \ 𝑏𝑥 \ 𝑐 " 𝑎<𝑥 − 𝑥３+<𝑥 − 𝑥０+? 𝑥３?０ " −𝑏 ¾
√

Κ
０𝑎 ;

钴 Κ } ５｜鴸団裱赋騊祟跔荼搬菹呪譽谛占婻毆褯郓鰦;

麀茡 轘防 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐 " ５质豎禡

𝑥０ \ 𝑏
𝑎𝑥 \ 𝑐

𝑎 " ５;

覼轘襮笋

<𝑥 \ 𝑏
０𝑎+

０
" 𝑏０ − ６𝑎𝑐

６𝑎０ " Κ
６𝑎０ ?

冚 Κ ≥ ５龩｜

𝑥 " −𝑏 ¾
√

Κ
０𝑎 ;

慏鏘譽 𝑥３? 𝑥０龩｜駨
𝑎𝑥０ \ 𝑏𝑥 \ 𝑐 " 𝑎<𝑥 − 𝑥３+<𝑥 − 𝑥０+?

柤椛纺紦栦踳麘苢赋;冚 Κ } ５龩｜玴轘防畻裱鏘ｐ钴钊搬団裱赋騊祟跔菹呪譽慏
茭谛占婻毆褯郓鰦｜鴸轘防霔駨裱鏘｜褡 Κ } ５楂埑; □

鮲戓 ３;０６ 賣绝賣劷毆婻毆菹呪 １𝑥０ − ３３𝑥 \ ３５;

呪 𝑎 " １? 𝑏 " −３３? 𝑐 " ３５｜襏廒毆

Κ " <−３３+０ − ６ ⋅ １ ⋅ ３５ " ３?
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３４ ３;０ 郓呤劷毆褡婻毆菹呪

鏘譽
𝑥３ " ０? 𝑥０ " ９

１;

禡饦
１𝑥０ − ３３𝑥 \ ３５ " １<𝑥 − ０+ <𝑥 − ９

１+ " <１𝑥 − ９+<𝑥 − ０+;

牝迹 ３;６ <芫占湗占菹呪+ 趑 𝑎? 𝑏? 𝑐 ∈ ℝ? 𝑎 ≠ ５｜Κ " 𝑏０ − ６𝑎𝑐;钴 Κ ≥ ５｜鴸韓
団裱赋 𝜆３? 𝜆０｜

𝑎𝑥０ \ 𝑏𝑥𝑦 \ 𝑐𝑦０ " 𝑎<𝑥 − 𝜆３𝑦+<𝑥 − 𝜆０𝑦+?

謩鐜
𝜆３?０ " −𝑏 ¾

√
Κ

０𝑎 ;

钴 Κ } ５｜鴸団裱赋騊祟跔荼搬菹呪譽谛占婻毆褯郓鰦;

麀茡 猏 𝑡 " 𝑥`𝑦<𝑦 ≠ ５+｜鴸

𝑎𝑥０ \ 𝑏𝑥𝑦 \ 𝑐𝑦０ " 𝑦０<𝑎𝑡０ \ 𝑏𝑡 \ 𝑐+;

钴 Κ ≥ ５｜谛慊湗占 𝑎𝑡０ \ 𝑏𝑡 \ 𝑐 " ５駨鏘

𝜆３?０ " −𝑏 ¾
√

Κ
０𝑎 ?

壿
𝑎𝑡０ \ 𝑏𝑡 \ 𝑐 " 𝑎<𝑡 − 𝜆３+<𝑡 − 𝜆０+?

禡饦冚 𝑦 ≠ ５龩｜
𝑎𝑥０ \ 𝑏𝑥𝑦 \ 𝑐𝑦０ " 𝑎<𝑥 − 𝜆３𝑦+<𝑥 − 𝜆０𝑦+;

慏饘怬饦稺禡 𝑥? 𝑦褯淝團毆｜壿団 𝑦 ≠ ５龩蟳质｜邔衧譽淝團毆绵质毆麘罛駨 𝑥? 𝑦
晫嗲;钴Κ } ５藗锼栦団裱赋騊祟跔菹呪譽慏茭谛占芫占婻毆｜鴸猏 𝑦 " ３寝襮笋
谛慊湗占毆 𝑎𝑡０ \ 𝑏𝑡 \ 𝑐褯裱谛占婻毆菹呪｜髡藗駨裱鏘｜楂埑; □

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



起谛穻 锯咞侴梹 ３７

３;０;９ 靓占淝團毆

趤迹 ３;０ <睸毆牝迹+ 趑 𝑃 <𝑥+譽淝團毆｜闹謩炏碴 <𝑥 − 𝑎+｜襮

𝑃<𝑥+ " <𝑥 − 𝑎+𝑄<𝑥+ \ 𝑟? 𝑟 ∈ ℝ;

鴸 𝑟 " 𝑃<𝑎+;

麀茡 麘犍毆浪紴 𝑥 " 𝑎｜襮 𝑃<𝑎+ " 𝑟; □

牝迹 ３;９ <婻毆牝迹+ 淝團毆 𝑃<𝑥+駨婻毆 <𝑥 − 𝑎+冚壿栔冚 𝑃<𝑎+ " ５;

麀茡 钴 𝑃<𝑥+ " <𝑥 − 𝑎+𝑄<𝑥+｜鴸 𝑃<𝑎+ " ５;鸼饲｜钴 𝑃<𝑎+ " ５｜涰睸毆牝迹｜

𝑃<𝑥+ " <𝑥 − 𝑎+𝑄<𝑥+ \ 𝑃<𝑎+ " <𝑥 − 𝑎+𝑄<𝑥+?

髡藗 <𝑥 − 𝑎+譽婻毆; □

牝迹 ３;８ <駨迹鏘牝迹+ 趑

𝑃 <𝑥+ " 𝑎𝑛𝑥𝑛 \ ⋯ \ 𝑎５

譽凟苢赋淝團毆｜𝑎𝑛 ≠ ５;钴望箛菹赋 𝑝
𝑞 <ｇсｄ<𝑝? 𝑞+ " ３? 𝑞 % ５+譽 𝑃<𝑥+褯駨迹

鏘｜鴸 𝑞 譽 𝑎𝑛 褯凟赋婻赋ｐ钴 𝑝 ≠ ５｜鴸 𝑝譽 𝑎５ 褯凟赋婻赋｜钴 𝑝 " ５｜鴸
𝑎５ " ５;

麀茡 涰 𝑃 < 𝑝
𝑞 + " ５｜慏饘郓碴 𝑞𝑛襮

𝑎𝑛𝑝𝑛 \ 𝑎𝑛−３𝑝𝑛−３𝑞 \ ⋯ \ 𝑎３𝑝𝑞𝑛−３ \ 𝑎５𝑞𝑛 " ５;

跢團栦襮
𝑎𝑛𝑝𝑛 " −𝑞<𝑎𝑛−３𝑝𝑛−３ \ ⋯ \ 𝑎３𝑝𝑞𝑛−０ \ 𝑎５𝑞𝑛−３+?

婻薏 𝑞 ∣ 𝑎𝑛𝑝𝑛;舃 ｇсｄ<𝑝? 𝑞+ " ３｜邔 ｇсｄ<𝑝𝑛? 𝑞+ " ３｜髡藗 𝑞 ∣ 𝑎𝑛;
柗迹｜

𝑎５𝑞𝑛 " −𝑝<𝑎𝑛𝑝𝑛−３ \ 𝑎𝑛−３𝑝𝑛−０𝑞 \ ⋯ \ 𝑎３𝑞𝑛−３+;

钴 𝑝 ≠ ５｜涰 ｇсｄ<𝑝? 𝑞𝑛+ " ３襮 𝑝 ∣ 𝑎５ｐ钴 𝑝 " ５｜煟屴涰 𝑃<５+ " ５襮 𝑎５ " ５; □
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３２ ３;０ 郓呤劷毆褡婻毆菹呪

鮲戓 ３;０９ 婻毆菹呪 𝑃<𝑥+ " 𝑥１ − ０𝑥０ − ９𝑥 \ ８;

呪 埸璗 𝑎１ " ３? 𝑎５ " ８;鏘渁駨迹鏘牝迹｜栦搬褯駨迹鏘譽 ¾３? ¾０? ¾１? ¾８;顫谛浪
紴｜襮

𝑃<３+ " ３ − ０ − ９ \ ８ " ５?

邔 <𝑥 − ３+譽婻毆;鲇元炏呤ｅ苢赋譽 ３? −０? −９? ８褡鏘 ３Ｉ襮騹

𝑥０ − 𝑥 − ８;

矾駜婻毆菹呪｜襮
𝑥０ − 𝑥 − ８ " <𝑥 − １+<𝑥 \ ０+?

禡饦
𝑃<𝑥+ " <𝑥 − ３+<𝑥 − １+<𝑥 \ ０+;

鮲戓 ３;０８ 婻毆菹呪 𝑃<𝑥+ " 𝑥１ − ６𝑥０ \ ７;

呪 埸璗 𝑎１ " ３? 𝑎５ " ７;鏘渁駨迹鏘牝迹｜栦搬褯駨迹鏘譽 ¾３? ¾０? ¾６? ¾７;顫茭此
奮｜襮

𝑃<０+ " ７ − ３８ \ ７ " ５?

邔 <𝑥 − ０+譽婻毆;鲇元炏呤ｅ苢赋 ３? −６? ５? ７褡鏘 ０Ｉ襮騹

𝑥０ − ０𝑥 − ６;

襏廒毆
Κ " <−０+０ − ６ ⋅ ３ ⋅ <−６+ " ０５ % ５?

谛慊湗占劷毆竸鈽鏘
𝑥 " ３ ¾

√
９;

団裱赋騊祟跔栦媸晫

𝑥０ − ０𝑥 − ６ " <𝑥 − ３ −
√

９+<𝑥 − ３ \
√

９+?

団駨迹赋騊祟鴸續奸湗占婻毆;禡饦

𝑃<𝑥+ " <𝑥 − ０+<𝑥０ − ０𝑥 − ６+
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起谛穻 锯咞侴梹 ０５

衉
𝑃<𝑥+ " <𝑥 − ０+<𝑥 − ３ −

√
９+<𝑥 − ３ \

√
９+;

３;０;８ 僊毻

. 僊毻 ３;９ 婻毆菹呪 <𝑥 \ ０𝑦+０ − <𝑥 − 𝑦+０;

. 僊毻 ３;８ 婻毆菹呪 ７𝑎１ \ ０４𝑏１;

. 僊毻 ３;４ 謕侴 𝑥 \ ３
𝑥 " ６｜鲥 𝑥０ \ ３

𝑥０ 褡 𝑥１ \ ３
𝑥１ ;

. 僊毻 ３;７ 婻毆菹呪 𝑥６ − ３８褡 𝑥６ \ ６𝑥０ \ ３８;

. 僊毻 ３;２ 婻毆菹呪 ０𝑥０ − ９𝑥 − １褡 ８𝑥０ \ ９𝑥𝑦 − ８𝑦０;

. 僊毻 ３;３５ 麘淝團毆 𝑃<𝑥+ " ０𝑥１ − 𝑥０ − ７𝑥 \ ６｜媸鈽罛駨栦搬褯駨迹鏘｜鈩畗
晫婻毆菹呪;

３;１ 绵质詓呅褯轘呤
绵质詓呅賣挴麀茡质毆褡浉箛浪赋毆;氐丷竸鈽魿耼蒉鴴｜菹廒麘靿荼柗褯

多港谶椅;

３;１;３ 發鎥浉箛呤
氐丷麀茡绵质毆 𝐴 " 𝐵龩｜髡多港發鎥褯谛紦紴歲｜钆婻毆菹呪。绝菹。柤椛。

覼轘质詓呅｜浉笋多港箛裤褯谛紦;
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０３ ３;１ 绵质詓呅褯轘呤

鮲戓 ３;０４ 団貯菹頼懞駨翆踨龩｜鲥麀
𝑏 − 𝑐

<𝑎 − 𝑏+<𝑎 − 𝑐+ \ 𝑐 − 𝑎
<𝑏 − 𝑐+<𝑏 − 𝑎+ \ 𝑎 − 𝑏

<𝑐 − 𝑎+<𝑐 − 𝑏+ " ０
𝑎 − 𝑏 \ ０

𝑏 − 𝑐 \ ０
𝑐 − 𝑎

麀茡 饙閾郎駨谁籅麘俋舾｜纺閾譽箛裤菹毆饲塗｜氐丷麘饙閾衧崥團;闹菹檫鼣
譽菹頼婻毆饲璁｜襮

𝑏 − 𝑐 " <𝑎 − 𝑐+ − <𝑎 − 𝑏+

禡饦
<𝑎 − 𝑐+ − <𝑎 − 𝑏+

<𝑎 − 𝑏+<𝑎 − 𝑐+ " ３
𝑎 − 𝑏 − ３

𝑎 − 𝑐 " ３
𝑎 − 𝑏 \ ３

𝑐 − 𝑎

涰谁籅麘俋舾｜蝙慏團柗迹閯迹｜襮
𝑐 − 𝑎

<𝑏 − 𝑐+<𝑏 − 𝑎+ " ３
𝑏 − 𝑐 \ ３

𝑎 − 𝑏

𝑎 − 𝑏
<𝑐 − 𝑎+<𝑐 − 𝑏+ " ３

𝑐 − 𝑎 \ ３
𝑏 − 𝑐

注毆蟳挻｜円茭菹毆葋鈽隋慏占｜襮

ＬНЅ " < ３
𝑎 − 𝑏 \ ３

𝑐 − 𝑎+ \ < ３
𝑏 − 𝑐 \ ３

𝑎 − 𝑏+ \ < ３
𝑐 − 𝑎 \ ３

𝑏 − 𝑐 +

" ０
𝑎 − 𝑏 \ ０

𝑏 − 𝑐 \ ０
𝑐 − 𝑎 " ＲНЅ

□

鮲戓 ３;０７ 婻毆菹呪 <𝑥０ \ 𝑥 − ３+<𝑥０ \ 𝑥 \ １+ − ９;

呪 𝑥０ \ 𝑥鸼發鈽隋｜氐丷衧凟喚籅慊;猏 𝐴 " 𝑥０ \ 𝑥｜邖毆浉譽

<𝐴 − ３+<𝐴 \ １+ − ９ " 𝐴０ \ ０𝐴 − １ − ９ " 𝐴０ \ ０𝐴 − ７

麘 𝐴褯湗占毆衧婻毆菹呪｜襮

𝐴０ \ ０𝐴 − ７ " <𝐴 \ ６+<𝐴 − ０+

浪伱 𝐴 " 𝑥０ \ 𝑥｜襮
<𝑥０ \ 𝑥 \ ６+<𝑥０ \ 𝑥 − ０+
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起谛穻 锯咞侴梹 ００

婻 𝑥０ \𝑥\６襏廒毆Κ " ３−３８ } ５｜団裱赋蟖荼栦儙ｐ藗 𝑥０ \𝑥−０ " <𝑥\０+<𝑥−３+;
邔

邖毆 " <𝑥０ \ 𝑥 \ ６+<𝑥 \ ０+<𝑥 − ３+

鮲戓 ３;０２ 浉箛 𝑥６ \ 𝑥０𝑦０ \ 𝑦６

𝑥０ − 𝑥𝑦 \ 𝑦０ ;

呪 菹頼呅童 𝑥０ − 𝑥𝑦 \ 𝑦０｜氐丷闹菹檫菹呪譽狒薏婻毆褯郓鰦;譽港亻脺轘璁｜麘
菹檫覼轘｜襮

𝑥６ \ 𝑥０𝑦０ \ 𝑦６ " <𝑥６ \ ０𝑥０𝑦０ \ 𝑦６+ − 𝑥０𝑦０

" <𝑥０ \ 𝑦０+０ − <𝑥𝑦+０

" <𝑥０ \ 𝑦０ − 𝑥𝑦+<𝑥０ \ 𝑦０ \ 𝑥𝑦+

浪紴邖毆｜儙誢劷婻毆｜襮

<𝑥０ − 𝑥𝑦 \ 𝑦０+<𝑥０ \ 𝑥𝑦 \ 𝑦０+
𝑥０ − 𝑥𝑦 \ 𝑦０ " 𝑥０ \ 𝑥𝑦 \ 𝑦０ <𝑥０ − 𝑥𝑦 \ 𝑦０ ≠ ５+

鮲戓 ３;１５ 鲥麀 <𝑎 \ 𝑏 \ 𝑐+１ − <𝑎１ \ 𝑏１ \ 𝑐１+ " １<𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+;

麀茡 纺閾譽注茭谛占婻毆饲鰦｜氐丷賣婻毆牝迹著麀饙閾褯鏘;猏 𝑃<𝑎+ " <𝑎 \
𝑏 \ 𝑐+１ − 𝑎１ − 𝑏１ − 𝑐１｜浪紴 𝑎 " −𝑏襮

𝑃<−𝑏+ " 𝑐１ − <−𝑏+１ − 𝑏１ − 𝑐１ " ５

邔 <𝑎 \ 𝑏+ ∣ 𝑃 <𝑎+;涰谁籅麘俋舾｜<𝑏 \ 𝑐+褡 <𝑐 \ 𝑎+崙凟炏 𝑃 ;
𝑃 饦注占芫占毆｜注茭谛占婻毆饲鰦崙譽注占芫占毆｜邔

𝑃<𝑎+ " 𝑘<𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+

缉 𝑎 " 𝑏 " 𝑐 " ３猁牝苢赋｜襮

ＬНЅ " １１ − １ " ０６? ＲНЅ " 𝑘 ⋅ ０ ⋅ ０ ⋅ ０ " ７𝑘

呪襮 𝑘 " １; □
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０１ ３;１ 绵质詓呅褯轘呤

鮲戓 ３;１３ 謕侴 𝑎𝑏𝑐 " ３｜壿貯菹頼懞駨翆踨｜鲥麀 ３
３ \ 𝑎 \ 𝑎𝑏 \ ３

３ \ 𝑏 \ 𝑏𝑐 \
３

３ \ 𝑐 \ 𝑐𝑎 " ３;

麀茡 注茭菹頼多港蟳矇帹荼柗｜麠蚩 𝑎𝑏𝑐 " ３拝席埶賣;氐丷賣薏麠蚩鳖谛菹頼;
起湗團郓 𝑎

𝑎 鈩厈賣 𝑎𝑏𝑐 " ３｜襮

３
３ \ 𝑏 \ 𝑏𝑐 " 𝑎

𝑎 \ 𝑎𝑏 \ 𝑎𝑏𝑐 " 𝑎
𝑎 \ 𝑎𝑏 \ ３

起注團郓 𝑎𝑏
𝑎𝑏｜襮

３
３ \ 𝑐 \ 𝑐𝑎 " 𝑎𝑏

𝑎𝑏 \ 𝑎𝑏𝑐 \ 𝑎０𝑏𝑐 " 𝑎𝑏
𝑎𝑏 \ ３ \ 𝑎

注團菹頼鳖谛譽 ３ \ 𝑎 \ 𝑎𝑏｜菹檫蟳挻｜襮
３

３ \ 𝑎 \ 𝑎𝑏 \ 𝑎
３ \ 𝑎 \ 𝑎𝑏 \ 𝑎𝑏

３ \ 𝑎 \ 𝑎𝑏 " ３ \ 𝑎 \ 𝑎𝑏
３ \ 𝑎 \ 𝑎𝑏 " ３

□

鮲戓 ３;１０ 謕侴 𝑎 \ 𝑏 \𝑐 " ５｜壿貯菹頼懞駨翆踨｜鲥麀 𝑎０

０𝑎０ \ 𝑏𝑐 \ 𝑏０

０𝑏０ \ 𝑐𝑎 \
𝑐０

０𝑐０ \ 𝑎𝑏 " ３;

麀茡 菹頼 ０𝑎０ \ 𝑏𝑐呅毆甘昍｜氐丷厈賣 𝑎 " −<𝑏 \ 𝑐+闹謩婻毆菹呪｜襮

０𝑎０ \ 𝑏𝑐 " 𝑎０ \ 𝑎 ⋅ 𝑎 \ 𝑏𝑐 " 𝑎０ − 𝑎<𝑏 \ 𝑐+ \ 𝑏𝑐 " <𝑎 − 𝑏+<𝑎 − 𝑐+

涰谁籅麘俋舾｜０𝑏０ \ 𝑐𝑎 " <𝑏 − 𝑐+<𝑏 − 𝑎+｜０𝑐０ \ 𝑎𝑏 " <𝑐 − 𝑎+<𝑐 − 𝑏+;
绝菹猡劷菹頼譽 <𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+｜菹檫譽

− 𝑎０<𝑏 − 𝑐+ − 𝑏０<𝑐 − 𝑎+ − 𝑐０<𝑎 − 𝑏+

" −𝑎０𝑏 \ 𝑎０𝑐 − 𝑏０𝑐 \ 𝑎𝑏０ − 𝑐０𝑎 \ 𝑏𝑐０

薏毆稺禡 𝑎? 𝑏? 𝑐谁籅鸼麘俋ｅ减籅僢翆慏詓薆詓镎Ｉ｜壿譽注占芫占毆｜邔霔駨婻毆
<𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+;涿床觉團苢赋侴

−𝑎０<𝑏 − 𝑐+ − 𝑏０<𝑐 − 𝑎+ − 𝑐０<𝑎 − 𝑏+ " <𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+
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起谛穻 锯咞侴梹 ０６

褡菹頼蟳滃｜襮 ３; □

鮲戓 ３;１１ 婻毆菹呪 𝑥６ \ 𝑦６ \ <𝑥 \ 𝑦+６;

呪 氐丷煟屴柤椛｜棼伲搬嚙覼晫畗踣脺轘;柤椛 <𝑥 \ 𝑦+６｜襮

𝑥６ \ 𝑦６ \ <𝑥 \ 𝑦+６ " 𝑥６ \ 𝑦６ \ <𝑥６ \ ６𝑥１𝑦 \ ８𝑥０𝑦０ \ ６𝑥𝑦１ \ 𝑦６+

" ０𝑥６ \ ６𝑥１𝑦 \ ８𝑥０𝑦０ \ ６𝑥𝑦１ \ ０𝑦６

" ０<𝑥６ \ ０𝑥１𝑦 \ １𝑥０𝑦０ \ ０𝑥𝑦１ \ 𝑦６+

爷镎跔譽遂占芫占麘俋毆;氐丷蜧干钊饦脫湗占芫占毆褯脺轘｜趑譽 <𝑥０ \ 𝛼𝑥𝑦 \
𝑦０+０;柤椛涿床苢赋｜襮

<𝑥０ \ 𝑥𝑦 \ 𝑦０+０ " 𝑥６ \ 𝑥０𝑦０ \ 𝑦６ \ ０𝑥１𝑦 \ ０𝑥𝑦１ \ ０𝑥０𝑦０

" 𝑥６ \ ０𝑥１𝑦 \ １𝑥０𝑦０ \ ０𝑥𝑦１ \ 𝑦６

笢元;邔邖毆 " ０<𝑥０ \ 𝑥𝑦 \ 𝑦０+０;

３;１;０ 颗萐詓籅呤
冚质毆慏紦懞床發鎥龩｜氐丷菹廒蜍钊丷詓呅笋柗谛呅毆;钴 𝐴 " 𝐶 壿 𝐵 "

𝐶｜鴸 𝐴 " 𝐵;

鮲戓 ３;１６ 鲥麀 <𝑎０ \ 𝑏０+<𝑐０ \ 𝑑０+ " <𝑎𝑐 \ 𝑏𝑑+０ \ <𝑎𝑑 − 𝑏𝑐+０;

麀茡 慏閾懞譽遂茭詓薆褯遂占毆｜氐丷煟屴柤椛涿床;饙閾柤椛譽

ＬНЅ " 𝑎０𝑐０ \ 𝑎０𝑑０ \ 𝑏０𝑐０ \ 𝑏０𝑑０

纺閾柤椛譽

ＲНЅ " <𝑎０𝑐０ \ ０𝑎𝑏𝑐𝑑 \ 𝑏０𝑑０+ \ <𝑎０𝑑０ − ０𝑎𝑏𝑐𝑑 \ 𝑏０𝑐０+

" 𝑎０𝑐０ \ 𝑏０𝑑０ \ 𝑎０𝑑０ \ 𝑏０𝑐０

减螨團 ¾０𝑎𝑏𝑐𝑑蟳滃｜慏閾蟳质; □

鮲戓 ３;１９ 鲥麀 𝑎１ \𝑏１ \𝑐１ −１𝑎𝑏𝑐 " ３
０ <𝑎\𝑏 \𝑐+-<𝑎−𝑏+０ \<𝑏 −𝑐+０ \<𝑐 −𝑎+０';
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０９ ３;１ 绵质詓呅褯轘呤

麀茡 饙閾譽謕侴褯婻毆菹呪劷毆｜纺閾床發鎥;氐丷髡纺閾紴歲浉箛｜襮

ＲНЅ " ３
０<𝑎 \ 𝑏 \ 𝑐+<０𝑎０ \ ０𝑏０ \ ０𝑐０ − ０𝑎𝑏 − ０𝑏𝑐 − ０𝑐𝑎+

" <𝑎 \ 𝑏 \ 𝑐+<𝑎０ \ 𝑏０ \ 𝑐０ − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎+

薏踺 𝑎１ \ 𝑏１ \ 𝑐１ − １𝑎𝑏𝑐褯澞抹菹呪毆;柤椛著麀｜襮

" 𝑎１ \ 𝑎𝑏０ \ 𝑎𝑐０ − 𝑎０𝑏 − 𝑎𝑏𝑐 − 𝑎０𝑐

\ 𝑎０𝑏 \ 𝑏１ \ 𝑏𝑐０ − 𝑎𝑏０ − 𝑏０𝑐 − 𝑎𝑏𝑐

\ 𝑎０𝑐 \ 𝑏０𝑐 \ 𝑐１ − 𝑎𝑏𝑐 − 𝑏𝑐０ − 𝑎𝑐０

" 𝑎１ \ 𝑏１ \ 𝑐１ − １𝑎𝑏𝑐 " ＬНЅ

□

鮲戓 ３;１８ 鲥麀 <𝑎 \ 𝑏 \ 𝑐+１𝑎𝑏𝑐 − <𝑏𝑐 \ 𝑐𝑎 \ 𝑎𝑏+１ " 𝑎𝑏𝑐<𝑎１ \ 𝑏１ \ 𝑐１+ − <𝑏１𝑐１ \
𝑐１𝑎１ \ 𝑎１𝑏１+;

麀茡 慏閾多港蟳矇｜饙閾瑨赍 <𝑎 \ 𝑏 \ 𝑐+１褡 <𝑏𝑐 \ 𝑐𝑎 \ 𝑎𝑏+１｜纺閾瑨赍 𝑎１ \ 𝑏１ \ 𝑐１

褡 <𝑏𝑐+１ \ <𝑐𝑎+１ \ <𝑎𝑏+１;跢團埶多港麘俋｜襮

𝑎𝑏𝑐-<𝑎 \ 𝑏 \ 𝑐+１ − <𝑎１ \ 𝑏１ \ 𝑐１+' " <𝑏𝑐 \ 𝑐𝑎 \ 𝑎𝑏+１ − -<𝑏𝑐+１ \ <𝑐𝑎+１ \ <𝑎𝑏+１'

厈賣绵质毆 <𝑥 \ 𝑦 \ 𝑧+１ − <𝑥１ \ 𝑦１ \ 𝑧１+ " １<𝑥 \ 𝑦+<𝑦 \ 𝑧+<𝑧 \ 𝑥+;饙閾柤椛譽

饙毆 " 𝑎𝑏𝑐 ⋅ １<𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+

纺閾缉 𝑥 " 𝑏𝑐? 𝑦 " 𝑐𝑎? 𝑧 " 𝑎𝑏｜襮

纺毆 " １<𝑏𝑐 \ 𝑐𝑎+<𝑐𝑎 \ 𝑎𝑏+<𝑎𝑏 \ 𝑏𝑐+

" １ ⋅ 𝑐<𝑎 \ 𝑏+ ⋅ 𝑎<𝑏 \ 𝑐+ ⋅ 𝑏<𝑎 \ 𝑐+

" １𝑎𝑏𝑐<𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+

慏閾蟳质; □

鮲戓 ３;１４ 鲥麀 𝑎０<𝑏\𝑐+\𝑏０<𝑐\𝑎+\𝑐０<𝑎\𝑏+\１𝑎𝑏𝑐 " <𝑎\𝑏\𝑐+<𝑎𝑏\𝑏𝑐\𝑐𝑎+;
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起谛穻 锯咞侴梹 ０８

麀茡 慏閾發鎥夙蟳冚｜氐丷煟屴柤椛;饙閾柤椛譽

𝑎０𝑏 \ 𝑎０𝑐 \ 𝑏０𝑐 \ 𝑏０𝑎 \ 𝑐０𝑎 \ 𝑐０𝑏 \ １𝑎𝑏𝑐

纺閾柤椛譽

" 𝑎<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+ \ 𝑏<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+ \ 𝑐<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+

" <𝑎０𝑏 \ 𝑎𝑏𝑐 \ 𝑎０𝑐+ \ <𝑎𝑏０ \ 𝑏０𝑐 \ 𝑎𝑏𝑐+ \ <𝑎𝑏𝑐 \ 𝑏𝑐０ \ 𝑐０𝑎+

" 𝑎０𝑏 \ 𝑎０𝑐 \ 𝑎𝑏０ \ 𝑏０𝑐 \ 𝑐０𝑎 \ 𝑏𝑐０ \ １𝑎𝑏𝑐

慏閾蟳质; □

鮲戓 ３;１７ 鲥麀 ０𝑎０𝑏０ \ ０𝑏０𝑐０ \ ０𝑐０𝑎０ − 𝑎６ − 𝑏６ − 𝑐６ " <𝑎 \ 𝑏 \ 𝑐+<𝑎 \ 𝑏 −
𝑐+<𝑎 − 𝑏 \ 𝑐+<−𝑎 \ 𝑏 \ 𝑐+;

麀茡 綃邋
𝑇 " 𝑎６ \ 𝑏６ \ 𝑐６ − ０𝑎０𝑏０ − ０𝑏０𝑐０ − ０𝑐０𝑎０;

遂茭婻毆呅童 ¾𝑎 ¾ 𝑏 ¾ 𝑐｜氐丷闹 𝑇 覼轘譽脺轘璁褯郓鰦;

𝑇 " <𝑎６ \ ０𝑎０𝑏０ \ 𝑏６+ − ６𝑎０𝑏０ − 𝑐６ − ０𝑏０𝑐０ − ０𝑐０𝑎０ \ ０𝑎０𝑏０

" <𝑎０ \ 𝑏０+０ − ０<𝑎０ \ 𝑏０+𝑐０ \ 𝑐６ − ６𝑎０𝑏０

" <𝑎０ \ 𝑏０ − 𝑐０+０ − ６𝑎０𝑏０

靿賣脺轘璁劷毆慏占｜襮

" <𝑎０ \ 𝑏０ − 𝑐０ − ０𝑎𝑏+<𝑎０ \ 𝑏０ − 𝑐０ \ ０𝑎𝑏+

" <<𝑎 − 𝑏+０ − 𝑐０+<<𝑎 \ 𝑏+０ − 𝑐０+

" <𝑎 − 𝑏 − 𝑐+<𝑎 − 𝑏 \ 𝑐+<𝑎 \ 𝑏 − 𝑐+<𝑎 \ 𝑏 \ 𝑐+

涣翆 −𝑎 \ 𝑏 \ 𝑐 " −<𝑎 − 𝑏 − 𝑐+｜邔

０𝑎０𝑏０ \ ０𝑏０𝑐０ \ ０𝑐０𝑎０ − 𝑎６ − 𝑏６ − 𝑐６

" −𝑇 " <𝑎 \ 𝑏 \ 𝑐+<𝑎 \ 𝑏 − 𝑐+<𝑎 − 𝑏 \ 𝑐+<−𝑎 \ 𝑏 \ 𝑐+;

□

鮲戓 ３;１２ <椅洕Ñ応鋿傇绵质毆+ 鲥麀 𝑎６\６𝑏６ " <𝑎０\０𝑏０\０𝑎𝑏+<𝑎０\０𝑏０−０𝑎𝑏+;
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０４ ３;１ 绵质詓呅褯轘呤

麀茡 纺閾呅童 <𝑀 \ 𝑁+<𝑀 − 𝑁+ " 𝑀０ − 𝑁０｜謩鐜𝑀 " 𝑎０ \ ０𝑏０｜𝑁 " ０𝑎𝑏;柤椛
著麀｜襮

ＲНЅ " <𝑎０ \ ０𝑏０+０ − <０𝑎𝑏+０

" 𝑎６ \ ６𝑎０𝑏０ \ ６𝑏６ − ６𝑎０𝑏０

" 𝑎６ \ ６𝑏６ " ＬНЅ

□

鮲戓 ３;６５ <储勇雮醴绵质毆+ 鲥麀<∑
𝑖

𝑎０
𝑖 +<∑

𝑖
𝑏０

𝑖 + " <∑
𝑖

𝑎𝑖𝑏𝑖+
０
\∑

𝑖}𝑗
<𝑎𝑖𝑏𝑗−

𝑎𝑗𝑏𝑖+０;

麀茡 氐丷麘駨冫暞澞容元柤椛纺閾｜襮

<∑
𝑖

𝑎𝑖𝑏𝑖+
０

" ∑
𝑖

𝑎０
𝑖 𝑏０

𝑖 \ ０ ∑
𝑖}𝑗

𝑎𝑖𝑎𝑗𝑏𝑖𝑏𝑗?

壿
∑
𝑖}𝑗

<𝑎𝑖𝑏𝑗 − 𝑎𝑗𝑏𝑖+０ " ∑
𝑖}𝑗

<𝑎０
𝑖 𝑏０

𝑗 − ０𝑎𝑖𝑎𝑗𝑏𝑖𝑏𝑗 \ 𝑎０
𝑗𝑏０

𝑖 +;

慏毆蟳挻猡减螨團菄滃｜襮

∑
𝑖

𝑎０
𝑖 𝑏０

𝑖 \ ∑
𝑖}𝑗

<𝑎０
𝑖 𝑏０

𝑗 \ 𝑎０
𝑗𝑏０

𝑖 + " ∑
𝑖?𝑗

𝑎０
𝑖 𝑏０

𝑗 ;

藗

∑
𝑖?𝑗

𝑎０
𝑖 𝑏０

𝑗 " <∑
𝑖

𝑎０
𝑖 + <∑

𝑗
𝑏０

𝑗 + ?

邔绵质毆晫嗲; □

３;１;１ 衧璁呤
氐丷厈賣 𝐴 " 𝐵 ⟺ 𝐴 − 𝐵 " ５;冚质毆慏閾多港駨镛趣麘靿稺苢龩｜顫團衧

璁妛妛涿绝菹箛囀;
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起谛穻 锯咞侴梹 ０７

鮲戓 ３;６３ 団貯菹頼懞駨翆踨龩｜鲥麀 𝑥
𝑎𝑥 − 𝑎０ \ 𝑦

𝑎𝑦 − 𝑎０ \ 𝑧
𝑎𝑧 − 𝑎０ " ３

𝑥 − 𝑎 \
３

𝑦 − 𝑎 \ ３
𝑧 − 𝑎 \ １

𝑎 ;

麀茡 饙纺慏閾懞駨注茭菹毆｜多港麘靿;氐丷顫團衧璁｜襮
𝑥

𝑎𝑥 − 𝑎０ − ３
𝑥 − 𝑎 " 𝑥

𝑎<𝑥 − 𝑎+ − 𝑎
𝑎<𝑥 − 𝑎+ " 𝑥 − 𝑎

𝑎<𝑥 − 𝑎+ " ３
𝑎

蝙慏噯璁崙譽 ３
𝑎 ;邔

ＬНЅ − < ３
𝑥 − 𝑎 \ ３

𝑦 − 𝑎 \ ３
𝑧 − 𝑎+ " １

𝑎

跢團踺襮邖毆; □

鮲戓 ３;６０ 鲥麀 <𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+ " 𝑎０<𝑏 \ 𝑐+ \ 𝑏０<𝑐 \ 𝑎+ \ 𝑐０<𝑎 \ 𝑏+ \ ０𝑎𝑏𝑐;

麀茡 饙閾譽注婻毆饲鰦｜纺閾謕趣菹柤椛;煟屴柤椛饙閾涿床｜襮

<𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+ " <𝑎𝑏 \ 𝑎𝑐 \ 𝑏０ \ 𝑏𝑐+<𝑐 \ 𝑎+

" 𝑎𝑏𝑐 \ 𝑎０𝑏 \ 𝑎𝑐０ \ 𝑎０𝑐 \ 𝑏０𝑐 \ 𝑎𝑏０ \ 𝑏𝑐０ \ 𝑎𝑏𝑐

" 𝑎０<𝑏 \ 𝑐+ \ 𝑏０<𝑎 \ 𝑐+ \ 𝑐０<𝑎 \ 𝑏+ \ ０𝑎𝑏𝑐

褡纺閾蟳柗; □

鮲戓 ３;６１ 謕侴 𝑎 \ 𝑏 \ 𝑐 " ５｜鲥麀 𝑎１ \ 𝑏１ \ 𝑐１ " １𝑎𝑏𝑐;

麀茡 氐丷厈賣澞抹菹呪毆

𝑎１ \ 𝑏１ \ 𝑐１ − １𝑎𝑏𝑐 " <𝑎 \ 𝑏 \ 𝑐+<𝑎０ \ 𝑏０ \ 𝑐０ − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎+

浪紴麠蚩 𝑎 \ 𝑏 \ 𝑐 " ５｜纺饘譽 ５;邔 𝑎１ \ 𝑏１ \ 𝑐１ " １𝑎𝑏𝑐; □

鮲戓 ３;６６ 謕侴 𝑎 \ 𝑏 \ 𝑐 " ５｜壿貯菹頼懞駨翆踨｜鲥麀 ３
𝑏０ \ 𝑐０ − 𝑎０ \

３
𝑐０ \ 𝑎０ − 𝑏０ \ ３

𝑎０ \ 𝑏０ − 𝑐０ " ５;
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０２ ３;１ 绵质詓呅褯轘呤

麀茡 氐丷厈賣麠蚩箛浉菹頼;涰 𝑎 " −<𝑏 \ 𝑐+襮

𝑏０ \ 𝑐０ − 𝑎０ " 𝑏０ \ 𝑐０ − <𝑏 \ 𝑐+０ " −０𝑏𝑐

涰谁籅麘俋舾｜蝙慏菹頼譽 −０𝑐𝑎褡 −０𝑎𝑏;邔

ＬНЅ " ３
−０𝑏𝑐 \ ３

−０𝑐𝑎 \ ３
−０𝑎𝑏 " − ３

０𝑎𝑏𝑐 <𝑎 \ 𝑏 \ 𝑐+ " ５

□

鮲戓 ３;６９ 謕侴 𝑎
𝑥 " 𝑏

𝑦 " 𝑐
𝑧｜壿 𝑥? 𝑦? 𝑧 ≠ ５｜鲥麀 <𝑎０ \ 𝑏０ \ 𝑐０+<𝑥０ \ 𝑦０ \ 𝑧０+ "

<𝑎𝑥 \ 𝑏𝑦 \ 𝑐𝑧+０;

麀茡 涰质涿麠蚩｜氐丷趑劷涿;猏 𝑎
𝑥 " 𝑏

𝑦 " 𝑐
𝑧 " 𝑘｜鴸 𝑎 " 𝑘𝑥? 𝑏 " 𝑘𝑦? 𝑐 " 𝑘𝑧;浪

紴｜襮
ＬНЅ " 𝑘０<𝑥０ \ 𝑦０ \ 𝑧０+ ⋅ <𝑥０ \ 𝑦０ \ 𝑧０+ " 𝑘０<𝑥０ \ 𝑦０ \ 𝑧０+０

ＲНЅ " <𝑘𝑥０ \ 𝑘𝑦０ \ 𝑘𝑧０+０ " 𝑘０<𝑥０ \ 𝑦０ \ 𝑧０+０

慏閾蟳质; □

鮲戓 ３;６８ 団貯菹頼懞駨翆踨龩｜鲥麀 𝑎０ − 𝑏𝑐
<𝑎 \ 𝑏+<𝑎 \ 𝑐+ \ 𝑏０ − 𝑐𝑎

<𝑏 \ 𝑐+<𝑏 \ 𝑎+ \
𝑐０ − 𝑎𝑏

<𝑐 \ 𝑎+<𝑐 \ 𝑏+ " ５;

麀茡 饙閾譽谁籅麘俋毆｜氐丷绝菹著麀菹檫譽璩;劷菹頼譽 <𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+｜
菹檫譽

<𝑎０ − 𝑏𝑐+<𝑏 \ 𝑐+ \ <𝑏０ − 𝑐𝑎+<𝑐 \ 𝑎+ \ <𝑐０ − 𝑎𝑏+<𝑎 \ 𝑏+

柤椛｜襮

" <𝑎０𝑏 \ 𝑎０𝑐 − 𝑏０𝑐 − 𝑏𝑐０+ \ <𝑏０𝑐 \ 𝑎𝑏０ − 𝑎𝑐０ − 𝑎０𝑐+

\ <𝑎𝑐０ \ 𝑏𝑐０ − 𝑎０𝑏 − 𝑎𝑏０+

" ５

貯團慏慏菄滃; □
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起谛穻 锯咞侴梹 １５

３;１;６ 菹快呤
氐丷髡痔麀多盽鈽拐｜顫謴鷵多笋謕侴麠蚩;翪毆跙媸龩蜍浣嶇陞防凟迹譽

鲇元呅毆;

鮲戓 ３;６４ 謕侴 𝑎 \ 𝑏 \ 𝑐 " ５｜鲥麀 <𝑎０ \ 𝑏０ \ 𝑐０+０ " ０<𝑎６ \ 𝑏６ \ 𝑐６+;

麀茡 氐丷柤椛饙閾｜痔麀毆质豎禡

𝑎６ \ 𝑏６ \ 𝑐６ \ ０<𝑎０𝑏０ \ 𝑏０𝑐０ \ 𝑐０𝑎０+ " ０<𝑎６ \ 𝑏６ \ 𝑐６+

踺
𝑎６ \ 𝑏６ \ 𝑐６ " ０<𝑎０𝑏０ \ 𝑏０𝑐０ \ 𝑐０𝑎０+<∗+

隋髡麠蚩浣嶇 <∗+;涰 <𝑎 \ 𝑏 \ 𝑐+０ " ５襮

𝑎０ \ 𝑏０ \ 𝑐０ " −０<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+

慏饘脺轘｜襮
<𝑎０ \ 𝑏０ \ 𝑐０+０ " ６<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+０

柤椛慏閾｜襮

𝑎６ \ 𝑏６ \ 𝑐６ \ ０<𝑎０𝑏０ \ 𝑏０𝑐０ \ 𝑐０𝑎０+ " ６-𝑎０𝑏０ \ 𝑏０𝑐０ \ 𝑐０𝑎０ \ ０𝑎𝑏𝑐<𝑎 \ 𝑏 \ 𝑐+'

婻 𝑎 \ 𝑏 \ 𝑐 " ５｜纺饘插團滃鶰｜襮

𝑎６ \ 𝑏６ \ 𝑐６ \ ０<𝑎０𝑏０ \ 𝑏０𝑐０ \ 𝑐０𝑎０+ " ６<𝑎０𝑏０ \ 𝑏０𝑐０ \ 𝑐０𝑎０+

跢團踺襮 <∗+; □

鮲戓 ３;６７ 鲥麀 𝑎０ \ 𝑏０ \ 𝑐０ − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎 " ３
０ -<𝑎 − 𝑏+０ \ <𝑏 − 𝑐+０ \ <𝑐 − 𝑎+０';

麀茡 纺閾譽畗踣脺轘饲塗｜柤椛猡靿褡饙閾笢元｜襮

ＲНЅ " ３
０<𝑎０ − ０𝑎𝑏 \ 𝑏０ \ 𝑏０ − ０𝑏𝑐 \ 𝑐０ \ 𝑐０ − ０𝑐𝑎 \ 𝑎０+

" ３
０<０𝑎０ \ ０𝑏０ \ ０𝑐０ − ０𝑎𝑏 − ０𝑏𝑐 − ０𝑐𝑎+

" 𝑎０ \ 𝑏０ \ 𝑐０ − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎 " ＬНЅ

□
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１３ ３;６ 湗占儬赋

３;１;９ 噲壇呤ｅ淝團毆绵质牝迹Ｉ

牝迹 ３;４ 钴慏茭占赋荼嗔陞 𝑛褯淝團毆 𝑃<𝑥+褡 𝑄<𝑥+団 𝑛 \ ３茭荼柗艘閯
缉壇蟳柗｜鴸 𝑃 <𝑥+ ≡ 𝑄<𝑥+;

麀茡 猏 𝑅<𝑥+ " 𝑃<𝑥+ − 𝑄<𝑥+;鴸 𝑅<𝑥+褯占赋荼嗔陞 𝑛｜壿钊団埸 𝑛 \ ３茭荼柗艘
閯懞缉壇譽 ５;钴 𝑅荼饦璩淝團毆｜鴸涰婻毆牝迹栦侴埸焂荼柗褯璩艘麘靿 𝑛 \ ３
茭荼柗褯谛占婻毆｜婻藗 𝑅褯占赋庺舐譽 𝑛 \ ３｜褡 ｄеｇ𝑅 ≤ 𝑛楂埑;邔 𝑅 ≡ ５｜踺
𝑃<𝑥+ ≡ 𝑄<𝑥+; □

薏牝迹闹绵质毆褯麀茡浉譽駨冫占赋壇著麀;

鮲戓 ３;６２ 鲥麀 <𝑥 \ ３+<𝑥 \ ０+<𝑥 \ １+<𝑥 \ ６+ \ ３ " <𝑥０ \ ９𝑥 \ ９+０;

麀茡 趑饙饘譽 𝑃<𝑥+｜纺饘譽 𝑄<𝑥+｜懞譽 ６占淝團毆;氐丷缉 ９茭艘著麀｜襮
• 𝑥 " −３ｉ𝑃<−３+ " ５ ⋅ ３ ⋅ ０ ⋅ １ \ ３ " ３｜𝑄<−３+ " <３ − ９ \ ９+０ " ３;
• 𝑥 " −０ｉ𝑃<−０+ " <−３+ ⋅ ５ ⋅ ３ ⋅ ０ \ ３ " ３｜𝑄<−０+ " <６ − ３５ \ ９+０ " ３;
• 𝑥 " −１ｉ𝑃<−１+ " <−０+<−３+ ⋅ ５ ⋅ ３ \ ３ " ３｜𝑄<−１+ " <２ − ３９ \ ９+０ " ３;
• 𝑥 " −６ｉ𝑃<−６+ " <−１+<−０+<−３+ ⋅ ５ \ ３ " ３｜𝑄<−６+ " <３８ − ０５ \ ９+０ " ３;
• 𝑥 " ５ｉ𝑃<５+ " ０６ \ ３ " ０９｜𝑄<５+ " ０９;

９茭艘閯缉壇蟳柗｜涰牝迹侴 𝑃<𝑥+ ≡ 𝑄<𝑥+; □

３;６ 湗占儬赋
趑 𝑓<𝑥+ " 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐｜謩鐜 𝑎 ≠ ５譽湗占儬赋;钊褯忑抆饦锂泈谶;

３;６;５;５;３ 覼轘呤褡頩艘毆 氐丷麘谛塷毆覼轘｜蜍钊默媸晫頩艘毆;

𝑓<𝑥+ " 𝑎 <𝑥０ \ 𝑏
𝑎𝑥+ \ 𝑐

" 𝑎 <𝑥０ \ 𝑏
𝑎𝑥 \ 𝑏０

６𝑎０ − 𝑏０

６𝑎０ + \ 𝑐

" 𝑎 <𝑥 \ 𝑏
０𝑎+

０
\ ６𝑎𝑐 − 𝑏０

６𝑎

禡饦氐丷襮笋 𝑓<𝑥+ " 𝑎<𝑥 − ℎ+０ \ 𝑘;
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起谛穻 锯咞侴梹 １０

• 頩艘钫澞 <ℎ? 𝑘+ " <− 𝑏
０𝑎? ６𝑎𝑐 − 𝑏０

６𝑎 +;冚 𝑎 % ５ 龩钊饦锂泈谶褯望譡艘ｐ冚
𝑎 } ５龩钊饦锂泈谶褯望靓艘;

• 麘俋察轘防 𝑥 " ℎ " − 𝑏
０𝑎 ;

３;６;５;５;０ 苢赋褯养惤翆踨 趑湗占團苢赋譽 𝑎｜谛占團苢赋譽 𝑏｜簳赋團譽 𝑐;钊丷
褯养惤翆踨童砲;

• 𝑎魺牝椛癪轘萐褡鏬弯;冚 𝑎 % ５龩椛癪萐犍ｐ冚 𝑎 } ５龩椛癪萐砲;!𝑎!爍放｜
椛癪爍弯;

• 𝑏褡 𝑎滰柗魺牝麘俋察薼送;冚 𝑎? 𝑏柗镎龩麘俋察団 𝑦察饙閾ｐ冚 𝑎? 𝑏瑥镎龩
麘俋察団 𝑦察纺閾;

• 𝑐饦锂泈谶褡 𝑦察减艘褯叄钫澞;

３;６;５;５;１ 褡 𝑥察褯减艘 锂泈谶褡 𝑥察减艘褯匭钫澞銰饦轘防 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐 " ５
褯裱鏘;裱鏘褯茭赋涰襏廒毆 Κ " 𝑏０ − ６𝑎𝑐褯殙镎魺牝;

• 钴 Κ % ５｜鴸锂泈谶褡 𝑥察駨慏茭荼柗减艘;

• 钴 Κ " ５｜鴸锂泈谶褡 𝑥察駨橦谛覞艘ｅ稼鏘Ｉ;
• 钴 Κ } ５｜鴸锂泈谶褡 𝑥察畻减艘;

３;６;３ 齙掑牝迹赍謩浣狶
趑 𝑥３? 𝑥０饦轘防 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐 " ５ <𝑎 ≠ ５+褯慏茭鏘;涰婻毆菹呪

𝑎𝑥０ \ 𝑏𝑥 \ 𝑐 " 𝑎<𝑥 − 𝑥３+<𝑥 − 𝑥０+ " 𝑎𝑥０ − 𝑎<𝑥３ \ 𝑥０+𝑥 \ 𝑎𝑥３𝑥０

涿床苢赋｜氐丷襮笋
𝑥３ \ 𝑥０ " − 𝑏

𝑎? 𝑥３𝑥０ " 𝑐
𝑎

厈賣齙掑牝迹｜氐丷栦碴団荼呪轘防褯窼夫砲跠奮鏘褯麘俋鼣掑毆;谛焂簳
賣詓呅童砲;

• 𝑥０
３ \ 𝑥０

０ " <𝑥３ \ 𝑥０+０ − ０𝑥３𝑥０

• <𝑥３ − 𝑥０+０ " <𝑥３ \ 𝑥０+０ − ６𝑥３𝑥０ " Κ
𝑎０

• 𝑥１
３ \ 𝑥１

０ " <𝑥３ \ 𝑥０+-<𝑥３ \ 𝑥０+０ − １𝑥３𝑥０'

•
３
𝑥３

\ ３
𝑥０

" 𝑥３ \ 𝑥０
𝑥３𝑥０
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１１ ３;６ 湗占儬赋

３;６;３;３ 浣狶庺 𝑛占轘防
趑 𝑥３? … ? 𝑥𝑛 饦轘防 𝑎𝑛𝑥𝑛 \ 𝑎𝑛−３𝑥𝑛−３ \ ⋯ \ 𝑎３𝑥 \ 𝑎５ " ５ <𝑎𝑛 ≠ ５+褯 𝑛茭鏘;

鏘褡苢赋娠捺砲蟋麘俋稺苢;

∑
𝑖

𝑥𝑖 " −𝑎𝑛−３
𝑎𝑛

∑
𝑖}𝑗

𝑥𝑖𝑥𝑗 " 𝑎𝑛−０
𝑎𝑛

∑
𝑖}𝑗}𝑘

𝑥𝑖𝑥𝑗𝑥𝑘 " −𝑎𝑛−１
𝑎𝑛

⋮

𝑥３𝑥０ ⋯ 𝑥𝑛 " <−３+𝑛 𝑎５
𝑎𝑛

谛塷萋｜僢缉 𝑘茭鏘蟳郓棼鲥塗｜罛襮多冧譽 <−３+𝑘 𝑎𝑛−𝑘
𝑎𝑛

;

麘禡注占轘防 𝑎𝑥１ \ 𝑏𝑥０ \ 𝑐𝑥 \ 𝑑 " ５｜趑謩鏘譽 𝑥３? 𝑥０? 𝑥１｜鴸钊丷娠捺

𝑥３ \ 𝑥０ \ 𝑥１ " − 𝑏
𝑎? 𝑥３𝑥０ \ 𝑥０𝑥１ \ 𝑥１𝑥３ " 𝑐

𝑎? 𝑥３𝑥０𝑥１ " −𝑑
𝑎

鮲戓 ３;９５ 趑 𝛼? 𝛽饦轘防 𝑥０ − １𝑥 − ９ " ５褯慏鏘｜鲥碴 ３
𝛼 − ３ 塗

３
𝛽 − ３ 譽鏘

褯谛慊湗占轘防;

呪 氐丷趑岋鏘譽 𝑦３ " ３
𝛼 − ３｜𝑦０ " ３

𝛽 − ３ ;涰邖轘防栦侴 𝛼 \ 𝛽 " １｜𝛼𝛽 " −９;

跠奮岋鏘饲塗｜襮

𝑦３ \ 𝑦０ " <𝛼 − ３+ \ <𝛽 − ３+
<𝛼 − ３+<𝛽 − ３+ " <𝛼 \ 𝛽+ − ０

𝛼𝛽 − <𝛼 \ 𝛽+ \ ３ " １ − ０
−９ − １ \ ３ " −３

４

跠奮岋鏘饲鰦｜襮

𝑦３𝑦０ " ３
<𝛼 − ３+<𝛽 − ３+ " ３

𝛼𝛽 − <𝛼 \ 𝛽+ \ ３ " −３
４

禡饦罛鲥轘防譽 𝑦０ \ ３
４𝑦 − ３

４ " ５｜踺 ４𝑦０ \ 𝑦 − ３ " ５;

譽著麀埸谛多冧｜氐丷涰 𝑦 " ３
𝑥 − ３ 襮 𝑥 " 𝑦 \ ３

𝑦 ;浪紴邖轘防｜襮

<𝑦 \ ３
𝑦 +

０
− １ <𝑦 \ ３

𝑦 + − ９ " ５

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



起谛穻 锯咞侴梹 １６

慏饘郓 𝑦０鈩凟迹｜襮

<𝑦 \ ３+０ − １𝑦<𝑦 \ ３+ − ９𝑦０ " −４𝑦０ − 𝑦 \ ３ " ５

踺 ４𝑦０ \ 𝑦 − ３ " ５;

３;６;０ 谛慊湗占轘防鏘褯菹養
趑 𝑓<𝑥+ " 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐 <𝑎 % ５+;団鏘褯菹養暁戓鐜｜氐丷蜍鏘蟳麘禡竸牝壇褯

薼送稺苢矢哐晫稺禡苢赋褯荼质毆噯;儙鍖挴緭碴砲注艘;

３; 襏廒毆 Κ " 𝑏０ − ６𝑎𝑐枾鳩鏘褯韓団舾;

０; 麘俋察 𝑥 " − 𝑏
０𝑎 枾鳩鏘褯凟喚薼送;

１; 紦艘儬赋壇 𝑓<𝑘+枾鳩甘牝艘褡鏘褯蟳麘薼送;

３;６;０;３ 慏鏘懞放禡 𝑘

𝑥

𝑦

𝑂𝑥３𝑥０ 𝑘 − 𝑏
０𝑎

涰忑栦侴｜锂泈谶褡 𝑥察駨减艘｜麘俋察団 𝑘褯纺閾｜壿艘 <𝑘? 𝑓<𝑘++団 𝑥察犍
轘;婻薏罛嬛麠蚩譽

⎧))
⎨))⎩

Κ ≥ ５
− 𝑏

０𝑎 % 𝑘

𝑓<𝑘+ % ５

３;６;０;０ 谛鏘放禡 𝑘｜谛鏘盆禡 𝑘

𝑥

𝑦

𝑂𝑥３𝑥０

𝑘

艘 <𝑘? 𝑓<𝑘++団 𝑥察砲轘;涰禡锂泈谶椛癪萐犍｜𝑓<𝑘+ } ５謕钆鯟狒Κ % ５;禡饦
麠蚩箛浉譽

𝑓<𝑘+ } ５
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１９ ３;６ 湗占儬赋

３;６;０;１ 慏鏘懞団鑽衟 <𝑘３? 𝑘０+跔

𝑥

𝑦

𝑂 𝑘３ 𝑘０− 𝑏
０𝑎

𝑥３𝑥０

柗迹｜慏鏘怬団 <𝑘３? 𝑘０+跔龩｜麠蚩栦媸晫

⎧))))
⎨))))⎩

Κ ≥ ５
𝑘３ } − 𝑏

０𝑎 } 𝑘０

𝑓<𝑘３+ % ５
𝑓<𝑘０+ % ５

鮲戓 ３;９３ 钴轘防 𝑥０ − <𝑚 \ ３+𝑥 \ 𝑚 " ５褯慏鏘懞団鑽衟 <５? ０+跔｜鲥𝑚褯
缉壇騊祟;

呪 趑 𝑓<𝑥+ " 𝑥０ − <𝑚 \ ３+𝑥 \ 𝑚;
襏廒毆 Κ " <𝑚 \ ３+０ − ６𝑚 " <𝑚 − ３+０ ≥ ５绵晫嗲;

麘俋察娠捺 ５ } 𝑚 \ ３
０ } ０｜呪襮 −３ } 𝑚 } １;

紦艘儬赋壇嬛 𝑓<５+ " 𝑚 % ５褡 𝑓<０+ " ６−０<𝑚\３+\𝑚 " ０−𝑚 % ５｜踺𝑚 } ０;
缉减容襮𝑚 ∈ <５? ０+;

鮲戓 ３;９０ 钴轘防 𝑥０ − ０𝑚𝑥 \ 𝑚０ − ３ " ５庺舐駨谛茭鏘団鑽衟 <５? ０+跔｜鲥
𝑚褯缉壇騊祟;

呪 氐丷匊子踴容｜踺慏鏘懞荼団 <５? ０+跔;
轘防浉譽 <𝑥 − 𝑚+０ " ３｜呪襮 𝑥 " 𝑚 ¾ ３｜踺慏鏘譽𝑚 − ３褡𝑚 \ ３;
慏鏘懞 ≤ ５踺𝑚 \ ３ ≤ ５｜崙踺𝑚 ≤ −３;
慏鏘懞 ≥ ０踺𝑚 − ３ ≥ ０｜崙踺𝑚 ≥ １;
慏鏘菹徔 ５褡 ０慏閾｜踺𝑚 − ３ ≤ ５ ≤ ０ ≤ 𝑚 \ ３｜崙踺𝑚 " ３;
踴容譽 <−∞? −３' ∪ )３( ∪ -１? \∞+｜邔邖暁戓褯呪譽𝑚 ∈ <−３? １+ ∖ )３(;

鮲戓 ３;９１ 謕侴轘防 𝑥０ \ <𝑘 − １+𝑥 \ 𝑘 " ５ 駨慏茭荼柗裱鏘 𝑥３? 𝑥０｜娠捺
𝑥３ } ３ } 𝑥０ } ６;鲥 𝑘褯缉壇騊祟;
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起谛穻 锯咞侴梹 １８

呪 趑 𝑓<𝑥+ " 𝑥０ \ <𝑘 − １+𝑥 \ 𝑘;
涰 𝑥３ } ３ } 𝑥０栦侴 𝑓<３+ } ５｜踺

３ \ <𝑘 − １+ \ 𝑘 " ０𝑘 − ０ } ５ ⟹ 𝑘 } ３

涰 𝑥０ } ６栦侴 𝑓<６+ % ５｜踺

３８ \ ６<𝑘 − １+ \ 𝑘 " ９𝑘 \ ６ % ５ ⟹ 𝑘 % −６
９

麘俋察 １ − 𝑘
０ } ６竸鈽 𝑘 % −９｜埸茭麠蚩謕罒 𝑘 % −６

９ 鯟狒;

缉减容襮 𝑘 ∈ <−６
９? ３+;

鮲戓 ３;９６ 鲥埶荼质毆 𝑎𝑥０ − ０𝑥 \ ３ % ５麘罛駨 𝑥 ∈ <５? ０'绵晫嗲褯 𝑎褯缉壇
騊祟;

呪 趑 𝑓<𝑥+ " 𝑎𝑥０ − ０𝑥 \ ３;氐丷楀鲥 𝑓 団 <５? ０'犍褯望盆壇放禡 ５;
钴 𝑎 " ５｜鴸 𝑓<𝑥+ " −０𝑥 \ ３団 𝑥 " ３閯缉吖壇｜荼娠捺楀鲥;
钴 𝑎 } ５｜鴸 𝑓<０+ " ６𝑎 − １ } −１ } ５｜荼娠捺楀鲥;

钴 𝑎 % ５｜鴸麘俋察譽 𝑥５ " ３
𝑎 ;

• 冚 𝑥５ ≥ ０｜踺 ５ } 𝑎 ≤ ３
０ 龩｜𝑓 団 <５? ０'犍况閆｜望盆壇譽 𝑓<０+ " ６𝑎 − １;楀鲥

６𝑎 − １ % ５｜踺 𝑎 % １
６｜褡 𝑎 ≤ ３

０ 楂埑;

• 冚 ５ } 𝑥５ } ０｜踺 𝑎 % ３
０ 龩｜望盆壇譽 𝑓<３

𝑎+ " ３ − ３
𝑎 ;楀鲥 ３ − ３

𝑎 % ５｜踺 𝑎 % ３;

邔 𝑎 ∈ <３? \∞+;

鮲戓 ３;９９ 钴轘防 𝑥０ − ０𝑎!𝑥! \ 𝑎０ − ６ " ５駨遂茭荼蟳质褯裱鏘｜鲥 𝑎褯缉壇
騊祟;

呪 猏 𝑡 " !𝑥!｜謩鐜 𝑡 ≥ ５｜鴸轘防浉譽

𝑡０ − ０𝑎𝑡 \ 𝑎０ − ６ " ５

円茭翪鏘 𝑡５麘靿慏茭 𝑥壇 ¾𝑡５;婻薏｜邖轘防駨遂茭荼柗裱鏘冚壿栔冚稺禡 𝑡褯轘
防駨慏茭荼蟳质褯翪鏘;
趑 𝑔<𝑡+ " 𝑡０ − ０𝑎𝑡 \ 𝑎０ − ６;
襏廒毆 Κ " ６𝑎０ − ６<𝑎０ − ６+ " ３８ % ５｜绵駨慏茭荼柗裱鏘;
慏鏘饲塗 ０𝑎 % ５｜踺 𝑎 % ５;
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１４ ３;９ 跠奮褡詓呅些黾

慏鏘饲鰦 𝑎０ − ６ % ５｜踺 !𝑎! % ０;
缉减容襮 𝑎 ∈ <０? \∞+;

鮲戓 ３;９８ 謕侴 𝑓<𝑥+ " 𝑥０ \ 𝑎𝑥 \ ３;钴轘防 𝑓<𝑥+ " ５団鑽衟 <５? ３+跔駨橦谛
呪｜鲥 𝑎褯缉壇騊祟;

呪 橦谛呪鷭駨慏耼栦搬;谛耼饦稼鏘穬団 <５? ３+跔｜蝙谛耼饦慏鏘鐜葋駨谛茭穬
団 <５? ３+跔;
綃匊子稼鏘研呅;Κ " 𝑎０ − ６ " ５ 竸鈽 𝑎 " ¾０;冚 𝑎 " ０ 龩稼鏘譽 −３ｐ冚

𝑎 " −０龩稼鏘譽 ３;钊丷怬荼団椛鑽衟 <５? ３+跔;
棼匊子裤鏘研呅;氐丷嬛 𝑓<５+褡 𝑓<３+瑥镎;涰 𝑓<５+ " ３ % ５栦侴 𝑓<３+ " 𝑎\０ }

５｜婻薏 𝑎 } −０;
棼著麀紦艘;钴 𝑓<３+ " ５｜踺 𝑎 " −０｜鴸钊骱禡稼鏘研呅｜謕罒锵炏;
邔 𝑎 ∈ <−∞? −０+;

３;９ 跠奮褡詓呅些黾
３;９;３ 覼轘呤
覼轘呤蜍湗占毆媸晫畗踣脺轘毆褡簳赋饲塗;氐丷菹慏謴帝;綃夫缉湗占團

苢赋｜棼挻閆谛占團苢赋谛鳍褯脺轘;

. 僊毻 ３;３３ 鲥儬赋 𝑦 " ０𝑥０ − ７𝑥 \ ９褯望盆壇;

鮲戓 ３;９４ 鲥浪赋毆 𝑓<𝑥? 𝑦+ " 𝑥０ \６𝑦０ −６𝑥\７𝑦\３５褯望盆壇｜謩鐜 𝑥? 𝑦 ∈ ℝ;

呪 埸茭鼣掑毆狒慏茭詓薆｜氐丷菹廒麘 𝑥褡 𝑦覼轘; 綃闹褡 𝑥塗 𝑦蟳稺褯團菹噯;

𝑓<𝑥? 𝑦+ " <𝑥０ − ６𝑥+ \ <６𝑦０ \ ７𝑦+ \ ３５

麘稺禡 𝑥褯趣菹覼轘｜襮

𝑥０ − ６𝑥 " <𝑥０ − ６𝑥 \ ６+ − ６ " <𝑥 − ０+０ − ６

麘稺禡 𝑦褯趣菹覼轘｜涣翆綃夫缉湗占團苢赋｜襮

６𝑦０ \ ７𝑦 " ６<𝑦０ \ ０𝑦+ " ６<𝑦０ \ ０𝑦 \ ３ − ３+ " ６<𝑦 \ ３+０ − ６
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起谛穻 锯咞侴梹 １７

闹覼轘猡褯多冧浪伱邖毆｜襮

𝑓<𝑥? 𝑦+ " -<𝑥 − ０+０ − ６' \ -６<𝑦 \ ３+０ − ６' \ ３５

" <𝑥 − ０+０ \ ６<𝑦 \ ３+０ \ ０

涰禡脺轘團褯膱吖舾｜駨 <𝑥−０+０ ≥ ５塗 <𝑦\３+０ ≥ ５;婻薏｜𝑓<𝑥? 𝑦+ ≥ ５\６<５+\０ " ０;
冚壿栔冚 <𝑥 − ０+０ " ５壿 <𝑦 \ ３+０ " ５｜踺 𝑥 " ０? 𝑦 " −３龩｜质镎晫嗲; 邔玴浪赋毆
褯望盆壇譽 ０;

鮲戓 ３;９７ 麀茡荼质毆 𝑎０ \ 𝑏０ \ 𝑐０ ≥ 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎麘僢翆裱赋 𝑎? 𝑏? 𝑐绵晫嗲;

呪 跢團猡郓碴 ０棼覼轘｜襮

𝑎０ \ 𝑏０ \ 𝑐０ − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎 ≥ ５

质豎禡
０𝑎０ \ ０𝑏０ \ ０𝑐０ − ０𝑎𝑏 − ０𝑏𝑐 − ０𝑐𝑎 ≥ ５;

醹團噯元襮

<𝑎０ − ０𝑎𝑏 \ 𝑏０+ \ <𝑏０ − ０𝑏𝑐 \ 𝑐０+ \ <𝑐０ − ０𝑐𝑎 \ 𝑎０+ ≥ ５

<𝑎 − 𝑏+０ \ <𝑏 − 𝑐+０ \ <𝑐 − 𝑎+０ ≥ ５;

裱赋褯脺轘膱吖｜注膱吖赋饲塗晖膱吖｜邔邖荼质毆晫嗲; 质镎晫嗲冚壿栔冚
𝑎 − 𝑏 " ５? 𝑏 − 𝑐 " ５? 𝑐 − 𝑎 " ５｜踺 𝑎 " 𝑏 " 𝑐;

鮲戓 ３;９２ 鲥 𝑦 " ３０
𝑥０ − ７𝑥 \ ０５ 褯望放壇;

呪 埸饦谛茭菹毆儬赋｜菹檫譽翪簳赋;儬赋缉望放壇｜质豎禡菹頼缉望盆壇;氐丷
麘菹頼覼轘;

菹頼 " 𝑥０ − ７𝑥 \ ０５

" <𝑥０ − ７𝑥 \ ３８+ − ３８ \ ０５

" <𝑥 − ６+０ \ ６

涰禡 <𝑥 − ６+０ ≥ ５麘罛駨裱赋 𝑥晫嗲｜罛碴菹頼褯望盆壇譽 ５ \ ６ " ６｜薏望盆壇団
𝑥 " ６龩缉襮; 婻薏｜儬赋 𝑦褯望放壇譽

𝑦мах " ３０
６ " １
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１２ ３;９ 跠奮褡詓呅些黾

玴望放壇団 𝑥 " ６龩缉襮;

鮲戓 ３;８５ 鲥轘防 𝑥０ \ 𝑦０ − ７𝑥 \ ８𝑦 \ ０３ " ５褯罛駨凟赋呪 <𝑥? 𝑦+;

呪 覼轘｜襮
<𝑥０ − ７𝑥+ \ <𝑦０ \ ８𝑦+ \ ０３ " ５

<𝑥０ − ７𝑥 \ ３８+ − ３８ \ <𝑦０ \ ８𝑦 \ ２+ − ２ \ ０３ " ５

<𝑥 − ６+０ \ <𝑦 \ １+０ − ０９ \ ０３ " ５

<𝑥 − ６+０ \ <𝑦 \ １+０ " ６

涰禡 𝑥? 𝑦怬饦凟赋｜倪袃 𝑥 − ６塗 𝑦 \ １晖霔譽凟赋; 暁戓肷浉譽鲥慏茭凟赋褯脺
轘塗譽 ６; 趑 𝐴 " 𝑥 − ６? 𝐵 " 𝑦 \ １｜鴸 𝐴? 𝐵 ∈ ℤ;轘防譽 𝐴０ \ 𝐵０ " ６; 凟赋脺轘褯
筆釮譽 ５? ３? ６? ２? … ; 譽埶慏茭脺轘赋褯塗譽 ６｜鷭駨慏耼栦搬ｅ荼跠岽筆Ｉ;
研呅谛譽 𝐴０ " ５壿 𝐵０ " ６; 𝐴 " ５ ⟹ 𝑥 − ６ " ５ ⟹ 𝑥 " ６; 𝐵０ " ６ ⟹

𝐵 " ¾０ ⟹ 𝑦 \ １ " ¾０ ⟹ 𝑦 " −３衉 𝑦 " −９; 襮笋慏噯呪 <６? −３+塗 <６? −９+;
研呅湗譽 𝐴０ " ６壿 𝐵０ " ５; 𝐴０ " ６ ⟹ 𝐴 " ¾０ ⟹ 𝑥 − ６ " ¾０ ⟹ 𝑥 " ８

衉 𝑥 " ０; 𝐵 " ５ ⟹ 𝑦 \ １ " ５ ⟹ 𝑦 " −１; 襮笋慏噯呪 <８? −１+塗 <０? −１+;
邔玴轘防滰駨遂噯凟赋呪 <６? −３+? <６? −９+? <８? −１+? <０? −１+;

３;９;０ 籅慊呤
鼣掑毆鐜脫谛趣菹鸼發鈽隋龩｜氐丷趤紴岋詓薆慶籅｜鈩綃猁牝岋詓薆褯缉

壇騊祟;

. 僊毻 ３;３０ 呪轘防 ６𝑥 − １ ⋅ ０𝑥 \ ０ " ５;

鮲戓 ３;８３ 鲥儬赋 𝑓<𝑥+ " ѕіｎ𝑥 \ соѕ𝑥 − ѕіｎ𝑥 соѕ𝑥褯壇蟖;

呪 猏 𝑡 " ѕіｎ𝑥 \ соѕ𝑥;
猁牝 𝑡褯騊祟;涰槔阈页劷毆｜𝑡 "

√
０ ѕіｎ<𝑥 \ 𝜋

６ +｜邔 𝑡 ∈ -−
√

０?
√

０';
賣 𝑡 鼣白邖儬赋;麘 𝑡 " ѕіｎ𝑥 \ соѕ𝑥 慏饘脺轘｜襮 𝑡０ " <ѕіｎ𝑥 \ соѕ𝑥+０ "

ѕіｎ０ 𝑥 \ соѕ０ 𝑥 \ ０ ѕіｎ𝑥 соѕ𝑥 " ３ \ ０ ѕіｎ𝑥 соѕ𝑥; 涰薏呪鈽 ѕіｎ𝑥 соѕ𝑥 " 𝑡０ − ３
０ ;
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起谛穻 锯咞侴梹 ６５

闹 𝑡褡 𝑡０ − ３
０ 浪紴邖儬赋鼣掑毆｜襮

𝑓<𝑥+ " 𝑔<𝑡+ " 𝑡 − 𝑡０ − ３
０ " −３

０𝑡０ \ 𝑡 \ ３
０

鲥湗占儬赋 𝑔<𝑡+団 -−
√

０?
√

０'犍褯壇蟖; 𝑔<𝑡+ " −３
０<𝑡０ − ０𝑡+ \ ３

０ " −３
０<𝑡 − ３+０ \ ３;

埸饦谛茭椛癪萐砲｜麘俋察譽 𝑡 " ３褯锂泈谶;
涰禡麘俋察 𝑡 " ３ ∈ -−

√
０?

√
０'｜儬赋団 𝑡 " ３閯缉襮望放壇; 𝑔мах " 𝑔<３+ " ３;

望盆壇団鑽衟褯慏茭紦艘 𝑡 " −
√

０衉 𝑡 "
√

０閯缉襮; 𝑔<
√

０+ " −３
０<

√
０−３+０ \

３ " −３
０<１−０

√
０+\３ "

√
０− ３

０ ; 𝑔<−
√

０+ " −３
０<−

√
０−３+０ \３ " −３

０<１\０
√

０+\３ "

−
√

０ − ３
０ ; 涿床栦侴 𝑔<−

√
０+饦望盆壇;

婻薏｜儬赋 𝑓<𝑥+褯壇蟖譽 -−
√

０ − ３
０? ３';

鮲戓 ３;８０ 钴稺禡 𝑥褯轘防 √
𝑥 − ３ \

√
１ − 𝑥 " 𝑘駨裱赋呪｜鲥裱赋 𝑘褯缉

壇騊祟;

呪 鏘毆駨翆踨楀鲥 𝑥 − ３ ≥ ５壿 １ − 𝑥 ≥ ５｜罛碴 𝑥 ∈ -３? １'; 猏 𝑡 "
√

𝑥 − ３ \
√

１ − 𝑥｜
鲥 𝑡<𝑥+団 -３? １'犍褯壇蟖;

𝑡 ≥ ５｜綃鲥 𝑡０褯騊祟;

𝑡０ " <
√

𝑥 − ３ \
√

１ − 𝑥+０

" <𝑥 − ３+ \ <１ − 𝑥+ \ ０√<𝑥 − ３+<１ − 𝑥+

" ０ \ ０√−𝑥０ \ ６𝑥 − １

趑 𝑢<𝑥+ " −𝑥０ \ ６𝑥 − １｜鲥謩団 -３? １'犍褯騊祟; 覼轘襮 𝑢<𝑥+ " −<𝑥０ − ６𝑥 \
６ − ６+ − １ " −<𝑥 − ０+０ \ ３; 埸饦谛茭椛癪萐砲｜頩艘譽 <０? ３+褯锂泈谶; 団鑽衟
-３? １'犍｜𝑢<𝑥+団 𝑥 " ０閯缉襮望放壇 𝑢мах " ３; 団紦艘 𝑥 " ３衉 𝑥 " １閯缉襮望盆
壇 𝑢міｎ " ５; 邔 𝑢<𝑥+褯壇蟖譽 -５? ３';
婻薏｜√𝑢<𝑥+褯壇蟖譽 -５? ３';髡藗｜𝑡０ " ０\０√𝑢<𝑥+褯壇蟖譽 -０\０<５+? ０\０<３+' "

-０? ６';
婻譽 𝑡 ≥ ５｜罛碴 𝑡褯壇蟖譽 -

√
０? ０'; 邔裱赋 𝑘褯缉壇騊祟饦 -

√
０? ０';

鮲戓 ３;８１ 呪轘防噯
⎧)
⎨)⎩

𝑥０ \ 𝑦０ \ 𝑥 \ 𝑦 " ７
𝑥𝑦 \ 𝑥 \ 𝑦 " ９

;

呪 氐丷逥巖笋轘防噯涰簽楷麘俋毆 𝑥 \ 𝑦褡 𝑥𝑦港晫; 猏 𝑢 " 𝑥 \ 𝑦? 𝑣 " 𝑥𝑦;
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氐丷賣岋詓薆鼣白邖轘防噯;涣翆笋 𝑥０ \ 𝑦０ " <𝑥 \ 𝑦+０ − ０𝑥𝑦 " 𝑢０ − ０𝑣; 邖轘
防噯踺肷浉譽稺禡 𝑢? 𝑣褯轘防噯｜襮

⎧)
⎨)⎩

<𝑢０ − ０𝑣+ \ 𝑢 " ７
𝑣 \ 𝑢 " ９

呪稺禡 𝑢? 𝑣褯轘防噯;涰起湗茭轘防襮 𝑣 " ９ − 𝑢; 闹謩浪紴起谛茭轘防｜襮

𝑢０ − ０<９ − 𝑢+ \ 𝑢 " ７

𝑢０ − ３５ \ ０𝑢 \ 𝑢 " ７

𝑢０ \ １𝑢 − ３７ " ５

<𝑢 \ ８+<𝑢 − １+ " ５

呪襮 𝑢 " −８衉 𝑢 " １;
伱浪鲥呪 𝑥? 𝑦鈩姛著騊祟;𝑥? 𝑦饦稺禡 𝑡褯谛慊湗占轘防 𝑡０ − <𝑥 \ 𝑦+𝑡 \ 𝑥𝑦 " ５｜

踺 𝑡０ − 𝑢𝑡 \ 𝑣 " ５褯慏茭裱赋鏘; 玴轘防駨裱赋鏘褯沔楀麠蚩饦謩襏廒毆 Κ ≥ ５｜
踺 𝑢０ − ６𝑣 ≥ ５;
冚 𝑢 " １龩｜𝑣 " ９ − １ " ０; 姛著騊祟｜𝑢０ − ６𝑣 " １０ − ６<０+ " ２ − ７ " ３ ≥ ５｜韓

団裱赋呪; 薏龩 𝑥? 𝑦饦轘防 𝑡０ − １𝑡 \ ０ " ５褯鏘; 呪襮 𝑡 " ３衉 𝑡 " ０; 罛碴轘防噯

褯呪譽
⎧)
⎨)⎩

𝑥 " ３
𝑦 " ０

衉
⎧)
⎨)⎩

𝑥 " ０
𝑦 " ３

;

冚 𝑢 " −８龩｜𝑣 " ９−<−８+ " ３３; 姛著騊祟｜𝑢０ −６𝑣 " <−８+０ −６<３３+ " １８−６６ "
−７ } ５; 薏龩 𝑡０ \ ８𝑡 \ ３３ " ５畻裱赋鏘｜邔薏噯 𝑢? 𝑣壇齼誢;

邔邖轘防噯褯呪譽
⎧)
⎨)⎩

𝑥 " ３
𝑦 " ０

塗
⎧)
⎨)⎩

𝑥 " ０
𝑦 " ３

;

鮲戓 ３;８６ 団裱赋騊祟跔呪轘防 ８𝑥６ − ０９𝑥１ \ １４𝑥０ − ０９𝑥 \ ８ " ５;

呪 埸饦谛茭苢赋麘俋褯遂占轘防｜晖俋譽憵赋轘防; 浪紴 𝑥 " ５襮簳赋團 ８ ≠ ５｜
邔 𝑥 " ５荼饦轘防褯鏘｜栦団轘防慏饘柗炏碴 𝑥０;

８𝑥０ − ０９𝑥 \ １４ − ０９
𝑥 \ ８

𝑥０ " ５

闹苢赋蟳柗褯團多元｜襮

８ <𝑥０ \ ３
𝑥０ + − ０９ <𝑥 \ ３

𝑥+ \ １４ " ５
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猏 𝑡 " 𝑥 \ ３
𝑥 ; 猁牝 𝑡褯騊祟;钴 𝑥譽膱璩裱赋｜鴸 !𝑡! " ∣𝑥 \ ３

𝑥∣ ≥ ０; 脺轘襮

𝑡０ " 𝑥０ \ ０ \ ３
𝑥０｜邔 𝑥０ \ ３

𝑥０ " 𝑡０ − ０;
浪紴邖轘防｜襮笋稺禡 𝑡褯湗占轘防｜襮

８<𝑡０ − ０+ − ０９𝑡 \ １４ " ５

８𝑡０ − ３０ − ０９𝑡 \ １４ " ５

８𝑡０ − ０９𝑡 \ ０９ " ５

厈賣樀鈮蟳郓呤｜<０𝑡 − ９+<１𝑡 − ９+ " ５; 呪襮 𝑡 " ９
０ 衉 𝑡 " ９

１ ;

姛著 𝑡褯騊祟鈩伱浪;𝑡 " ９
０ " ０;９｜娠捺 !𝑡! ≥ ０褯麠蚩; 𝑡 " ９

１ ≈ ３;８４｜荼娠捺
!𝑡! ≥ ０褯麠蚩｜邔齼誢;

冚 𝑡 " ９
０ 龩｜呪稺禡 𝑥褯轘防｜襮

𝑥 \ ３
𝑥 " ９

０

０𝑥０ \ ０ " ９𝑥

０𝑥０ − ９𝑥 \ ０ " ５

<０𝑥 − ３+<𝑥 − ０+ " ５

呪襮 𝑥 " ３
０ 衉 𝑥 " ０;

婻薏｜邖轘防褯呪譽 𝑥 " ３
０? ０;

３;９;１ 痔牝苢赋呤
冚謕侴儬赋衉淝團毆褯多港鉢馲龩｜氐丷綃趑鈽狒席侴苢赋褯澞抹呅毆｜棼

鏘渁謕侴麠蚩釮轘防ｅ噯Ｉ呪鈽苢赋;

３;９;１;３ 陳鮲安快
氐丷麘砲顅埸碚戓賣注耼轘呤閯迹;

鮲戓 ３;８９ 婻毆菹呪 𝑃<𝑎? 𝑏? 𝑐+ " 𝑎０<𝑏 − 𝑐+ \ 𝑏０<𝑐 − 𝑎+ \ 𝑐０<𝑎 − 𝑏+;
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銼报凟迹
呪 蜍邖毆伲衧稺禡 𝑎褯淝團毆｜燨 𝑎褯銼报锵釮;

𝑎０<𝑏 − 𝑐+ \ 𝑏０<𝑐 − 𝑎+ \ 𝑐０<𝑎 − 𝑏+

" 𝑎０𝑏 − 𝑎０𝑐 \ 𝑏０𝑐 − 𝑎𝑏０ \ 𝑎𝑐０ − 𝑏𝑐０

" <𝑏 − 𝑐+𝑎０ − <𝑏０ − 𝑐０+𝑎 \ <𝑏０𝑐 − 𝑏𝑐０+

" <𝑏 − 𝑐+𝑎０ − <𝑏 − 𝑐+<𝑏 \ 𝑐+𝑎 \ 𝑏𝑐<𝑏 − 𝑐+

薏龩｜劷婻毆 <𝑏 − 𝑐+鰑隋鈽挴;

" <𝑏 − 𝑐+-𝑎０ − <𝑏 \ 𝑐+𝑎 \ 𝑏𝑐'

" <𝑏 − 𝑐+<𝑎 − 𝑏+<𝑎 − 𝑐+

譽亡逥｜簳凟迹譽谁籅麘俋呅毆;

−<𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+

婻毆牝迹
呪 闹邖毆伲衧稺禡 𝑎褯淝團毆 𝑃<𝑎+;钴猏 𝑎 " 𝑏浪紴邖毆｜襮

𝑃<𝑏+ " 𝑏０<𝑏 − 𝑐+ \ 𝑏０<𝑐 − 𝑏+ \ 𝑐０<𝑏 − 𝑏+ " 𝑏０<𝑏 − 𝑐+ − 𝑏０<𝑏 − 𝑐+ \ ５ " ５

渁婻毆牝迹｜𝑃<𝑎+霔駨婻毆 <𝑎−𝑏+; 涰禡邖毆饦谁籅麘俋毆ｅ𝑎? 𝑏? 𝑐谁籅猡鼣掑毆荼
詓Ｉ｜柗迹栦襮｜钊晖霔駨婻毆 <𝑏−𝑐+塗 <𝑐−𝑎+;邖毆饦注占芫占毆｜<𝑎−𝑏+<𝑏−𝑐+<𝑐−𝑎+
晖饦注占毆｜邔钊丷鷭蟳璁谛茭簳赋靼; 趑 𝑃<𝑎? 𝑏? 𝑐+ " 𝑘<𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+; 缉甘
昍壇 𝑎 " ３? 𝑏 " ０? 𝑐 " ５浪紴姛著｜襮饙饘 " ３０<０ − ５+ \ ００<５ − ３+ \ ５ " ０ − ６ " −０;
纺饘 " 𝑘<３ − ０+<０ − ５+<５ − ３+ " 𝑘<−３+<０+<−３+ " ０𝑘; 涰 −０ " ０𝑘呪襮 𝑘 " −３; 邔邖
毆 " −<𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+;

痔牝苢赋呤
呪 邖毆饦稺禡 𝑎? 𝑏? 𝑐褯注占芫占毆｜団谁籅砲荼詓藗减籅僢翆慏茭詓薆詓镎;郎
駨埸耼舾蛣褯望譡占毆饦 <𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+｜禡饦趑

𝑎０<𝑏 − 𝑐+ \ 𝑏０<𝑐 − 𝑎+ \ 𝑐０<𝑎 − 𝑏+ " 𝑘<𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+?

謩鐜 𝑘譽痔牝簳赋;缉 𝑎 " ５? 𝑏 " ３? 𝑐 " ０;
饙饘 " ５ \ ３ ⋅ <０ − ５+ \ ６ ⋅ <５ − ３+ " ０ − ６ " −０;
纺饘 " 𝑘<５ − ３+<３ − ０+<０ − ５+ " 𝑘<−３+<−３+<０+ " ０𝑘;
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涣 ３;２

注耼轘呤貯駨閾稼;
銼报凟迹煟屴帹唀
癫｜绝賣舾桽;婻毆
牝迹嵌钉璩艘逥巖;
痔牝苢赋呤髡麘俋
多港紴歲;

涰 −０ " ０𝑘襮 𝑘 " −３;邔邖毆 " −<𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+;

鮲戓 ３;８８ 謕侴湗占儬赋 𝑓<𝑥+娠捺 𝑓<５+ " ３｜壿 𝑓<𝑥 \ ３+ − 𝑓<𝑥+ " ０𝑥;鲥 𝑓<𝑥+
褯呪快毆;

呪 戓侁謕侴 𝑓<𝑥+饦湗占儬赋｜邔趑 𝑓<𝑥+ " 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐｜謩鐜 𝑎 ≠ ５;
涰 𝑓<５+ " ３嗲襮 𝑐 " ３;
屴砲挴厈賣麠蚩 𝑓<𝑥 \ ３+ − 𝑓<𝑥+ " ０𝑥;綃跠奮饙饘｜襮

𝑓<𝑥 \ ３+ − 𝑓<𝑥+ " 𝑎<𝑥 \ ３+０ \ 𝑏<𝑥 \ ３+ \ 𝑐 − <𝑎𝑥０ \ 𝑏𝑥 \ 𝑐+

" 𝑎<𝑥０ \ ０𝑥 \ ３+ \ 𝑏𝑥 \ 𝑏 − 𝑎𝑥０ − 𝑏𝑥

" ０𝑎𝑥 \ 𝑎 \ 𝑏

薏毆绵质禡 ０𝑥｜踺 ０𝑎𝑥 \ <𝑎 \ 𝑏+ " ０𝑥 \ ５麘谛覞 𝑥晫嗲;
涿床慏饘柗占團苢赋;𝑥褯苢赋竸鈽 ０𝑎 " ０｜踺 𝑎 " ３ｐ簳赋團竸鈽 𝑎 \ 𝑏 " ５｜踺

𝑏 " −３;
婻薏 𝑓<𝑥+ " 𝑥０ − 𝑥 \ ３;

鮲戓 ３;８４ 闹 ３
𝑛<𝑛 \ ３+<𝑛 \ ０+ 菹呪譽趣菹菹毆｜謩鐜 𝑛 ≠ ５? −３? −０;

呪 趑
３

𝑛<𝑛 \ ３+<𝑛 \ ０+ " 𝐴
𝑛 \ 𝐵

𝑛 \ ３ \ 𝐶
𝑛 \ ０

謩鐜 𝐴? 𝐵? 𝐶 譽痔牝簳赋;
闹纺饘绝菹｜襮

𝐴<𝑛 \ ３+<𝑛 \ ０+ \ 𝐵𝑛<𝑛 \ ０+ \ 𝐶𝑛<𝑛 \ ３+
𝑛<𝑛 \ ３+<𝑛 \ ０+ " ３

𝑛<𝑛 \ ３+<𝑛 \ ０+

邔菹檫娠捺绵质毆

𝐴<𝑛 \ ３+<𝑛 \ ０+ \ 𝐵𝑛<𝑛 \ ０+ \ 𝐶𝑛<𝑛 \ ３+ ≡ ３

涰禡埸饦稺禡 𝑛褯绵质毆｜栦浪紴僢翆 𝑛壇挴猁牝苢赋;

猏 𝑛 " ５襮 𝐴 ⋅ ３ ⋅ ０ " ３｜踺 𝐴 " ３
０ ;

猏 𝑛 " −３襮 𝐵 ⋅ <−３+ ⋅ ３ " ３｜踺 𝐵 " −３;
猏 𝑛 " −０襮 𝐶 ⋅ <−０+ ⋅ <−３+ " ３｜踺 𝐶 " ３

０ ;
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婻薏
３

𝑛<𝑛 \ ３+<𝑛 \ ０+ " ３
０𝑛 − ３

𝑛 \ ３ \ ３
０<𝑛 \ ０+ " ３

０ < ３
𝑛 − ０

𝑛 \ ３ \ ３
𝑛 \ ０+

涣 ３;３５
趣菹菹毆菹呪賣禡嚾赋鲥塗褡鰦菹;犍鮲褯多冧栦默媸譽

３
𝑛<𝑛 \ ３+<𝑛 \ ０+ " ３

０ < ３
𝑛<𝑛 \ ３+ − ３

<𝑛 \ ３+<𝑛 \ ０+ +

埸谛崥團呅毆埶嚾赋鲥塗龩蟳薢團放薆菄滃｜砲谛凥捣盽埸耼菄滃;

３;９;６ 崥團蟳滃呤
氐丷蜍绝團菹呪譽慏團｜衉淝團饲璁｜鲥塗龩蟳薢團菄滃｜栔睸觉訑钴箕團;

３;９;６;３ 簳誀崥團劷毆
碴砲劷毆懞栦涰痔牝苢赋呤衉煟屴绝菹著麀;

３
𝑛<𝑛 \ ３+ " ３

𝑛 − ３
𝑛 \ ３

３
𝑛<𝑛 \ 𝑘+ " ３

𝑘 < ３
𝑛 − ３

𝑛 \ 𝑘+

３
𝑛<𝑛 \ ３+<𝑛 \ ０+ " ３

０ < ３
𝑛<𝑛 \ ３+ − ３

<𝑛 \ ３+<𝑛 \ ０++

３√𝑛 \ √𝑛 \ ３ "
√

𝑛 \ ３ − √𝑛

𝑛 ⋅ 𝑛= " <𝑛 \ ３+= − 𝑛=

. 僊毻 ３;３１ 鲥塗 𝑆 "
𝑛

∑
𝑘"３

３
𝑘<𝑘 \ ３+ ;

鮲戓 ３;８７ 鲥塗 𝑆 "
𝑛

∑
𝑘"３

３√
𝑘 \

√
𝑘 \ ３

;
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起谛穻 锯咞侴梹 ６８

呪 菹頼饦慏茭鏘毆饲塗｜氐丷帝駨迹浉;菹檫菹頼柗郓 √
𝑘 \ ３ −

√
𝑘;

３√
𝑘 \

√
𝑘 \ ３

"
√

𝑘 \ ３ −
√

𝑘
<
√

𝑘 \ ３+０ − <
√

𝑘+０ "
√

𝑘 \ ３ −
√

𝑘

禡饦

𝑆 "
𝑛

∑
𝑘"３

<
√

𝑘 \ ３ −
√

𝑘+

" <
√

０ −
√

３+ \ <
√

１ −
√

０+ \ ⋯ \ <
√

𝑛 \ ３ − √𝑛+

"
√

𝑛 \ ３ − ３

鮲戓 ３;８２ 鲥塗 𝑆 "
𝑛

∑
𝑘"３

𝑘 ⋅ 𝑘=;

呪 煟屴逥巖绝團｜涣翆笋 𝑘 ⋅ 𝑘= " <𝑘 \ ３ − ３+ ⋅ 𝑘= " <𝑘 \ ３+= − 𝑘=;埸翪饦谛茭崥團
多港;

𝑆 "
𝑛

∑
𝑘"３

-<𝑘 \ ３+= − 𝑘='

" <０= − ３=+ \ <１= − ０=+ \ ⋯ \ <<𝑛 \ ３+= − 𝑛=+

" <𝑛 \ ３+= − ３

鮲戓 ３;４５ 鲥塗 𝑆 "
𝑛

∑
𝑘"３

３
𝑘<𝑘 \ ３+<𝑘 \ ０+ ;

呪 涰痔牝苢赋呤谛凥褯多盽｜

３
𝑘<𝑘 \ ３+<𝑘 \ ０+ " ３

０ < ３
𝑘<𝑘 \ ３+ − ３

<𝑘 \ ３+<𝑘 \ ０++

趑 𝑎𝑘 " ３
𝑘<𝑘 \ ３+｜鴸绝團譽

３
０<𝑎𝑘 − 𝑎𝑘\３+;禡饦

𝑆 " ３
０

𝑛
∑
𝑘"３

<𝑎𝑘 − 𝑎𝑘\３+ " ３
０<𝑎３ − 𝑎𝑛\３+

" ３
０ < ３

３ ⋅ ０ − ３
<𝑛 \ ３+<𝑛 \ ０++

" ３
６ − ３

０<𝑛 \ ３+<𝑛 \ ０+ " 𝑛<𝑛 \ １+
６<𝑛 \ ３+<𝑛 \ ０+
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６４ ３;９ 跠奮褡詓呅些黾

鮲戓 ３;４３ 鲥塗 𝑆 "
𝑛

∑
𝑘"５

３
<０𝑘 \ ３+<０𝑘 \ １+ ;

呪 菹頼饦慏茭痞赋褯郓鰦｜謩璁譽 ０;靿賣劷璁譽 ０褯崥團劷毆｜襮
３

<０𝑘 \ ３+<０𝑘 \ １+ " ３
０ < ３

０𝑘 \ ３ − ３
０𝑘 \ １+

禡饦

𝑆 " ３
０

𝑛
∑
𝑘"５

< ３
０𝑘 \ ３ − ３

０𝑘 \ １+

" ３
０ -<３

３ − ３
１+ \ <３

１ − ３
９+ \ ⋯ \ < ３

０𝑛 \ ３ − ３
０𝑛 \ １+'

" ３
０ <３ − ３

０𝑛 \ １+ " 𝑛 \ ３
０𝑛 \ １

３;９;９ 菹沢簳赋呤
冚菹毆菹檫占赋荼譡禡菹頼占赋｜衉嬛楀菹沢鈽凟赋趣菹龩｜栦闹謩菹沢｜埶

瓈睸趣菹畟齚閯迹;埸谛謴蜍菹毆默媸晫淝團毆挻渖菹毆｜礶禡菹快謩多港;

. 僊毻 ３;３６ 浉箛 𝑥０ \ １𝑥 \ ９
𝑥 \ ３ ;

鮲戓 ３;４０ 鲥儬赋 𝑦 " ０𝑥 \ ３
𝑥 − ３ <𝑥 % ３+褯望盆壇;

呪 蜍菹檫默媸譽狒 <𝑥 − ３+褯呅毆｜襮

０𝑥 \ ３ " ０<𝑥 − ３+ \ １

禡饦
𝑦 " ０<𝑥 − ３+ \ １

𝑥 − ３ " ０ \ １
𝑥 − ３

涰禡 𝑥 % ３｜邔 𝑥 − ３ % ５｜髡藗 １
𝑥 − ３ % ５;

１
𝑥 − ３ 浆 𝑥鏱放藗閆盆｜帹糲洃譽翪｜畻望盆壇ｐ懩藗｜冚 𝑥 → \∞龩 𝑦 → ０;邔

𝑦 % ０｜儬赋畻望盆壇｜帹駨砲猁戗 ０;
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起谛穻 锯咞侴梹 ６７

钴戓侁默譽 ３ } 𝑥 ≤ ０｜鴸 ５ } 𝑥 − ３ ≤ ３｜髡藗 １
𝑥 − ３ ≥ １;薏龩 𝑦 ≥ ９｜壿质镎

団 𝑥 " ０龩缉襮｜邔望盆壇譽 ９;

鮲戓 ３;４１ 趑 𝑓<𝑥+ " 𝑥０

𝑥 − ３ <𝑥 % ３+｜鲥 𝑓<𝑥+褯望盆壇;

呪 趑 𝑡 " 𝑥 − ３｜鴸 𝑥 " 𝑡 \ ３｜壿 𝑥 % ３质豎禡 𝑡 % ５;

𝑓 " <𝑡 \ ３+０

𝑡 " 𝑡０ \ ０𝑡 \ ３
𝑡 " 𝑡 \ ０ \ ３

𝑡

麘 𝑡 \ ３
𝑡 <𝑡 % ５+靿賣懞壇荼质毆｜襮

𝑡 \ ３
𝑡 ≥ ０√𝑡 ⋅ ３

𝑡 " ０

质镎団 𝑡 " ３龩晫嗲;邔 𝑓 ≥ ０ \ ０ " ６｜望盆壇 ６団 𝑡 " ３｜踺 𝑥 " ０龩缉襮;

鮲戓 ３;４６ 鲥 𝑦 " １𝑥０ − ６𝑥 \ ９
𝑥０ \ ３ 褯壇蟖;

呪 髡壇蟖鐜缉 𝑦鸼呪 𝑥ｉ

𝑦<𝑥０ \ ３+ " １𝑥０ − ６𝑥 \ ９?

踺
<𝑦 − １+𝑥０ \ ６𝑥 \ <𝑦 − ９+ " ５;

薏轘防駨裱赋呪 𝑥褯麠蚩嬛菹鉢捣盽;

钴 𝑦 " １｜轘防逛浉譽 ６𝑥 \ <１ − ９+ " ５｜踺 ６𝑥 − ０ " ５｜呪襮 𝑥 " ３
０｜邔 𝑦 " １団

壇蟖鐜;
钴 𝑦 ≠ １｜鴸轘防譽稺禡 𝑥褯谛慊湗占轘防｜駨裱鏘褯沔楀麠蚩饦襏廒毆膱吖;

Κ " ３８ − ６<𝑦 − １+<𝑦 − ９+ ≥ ５

６ − <𝑦 − １+<𝑦 − ９+ ≥ ５

６ − <𝑦０ − ７𝑦 \ ３９+ ≥ ５

−𝑦０ \ ７𝑦 − ３３ ≥ ５

𝑦０ − ７𝑦 \ ３３ ≤ ５
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６２ ３;９ 跠奮褡詓呅些黾

呪埸茭谛慊湗占荼质毆｜襮

𝑦 " ７ ¾
√

８６ − ６６
０ " ７ ¾

√
０５

０ " ６ ¾
√

９

邔 ６ −
√

９ ≤ 𝑦 ≤ ６ \
√

９;
多元 𝑦 " １褯研呅 <１ ∈ -６ −

√
９? ６ \

√
９'+｜儬赋褯壇蟖譽 -６ −

√
９? ６ \

√
９';

３;９;８ 凟喚鯌薺
蜍鼣掑毆鐜鸼發鈽隋褯趣菹伲衧凟喚｜厈賣謕侴麠蚩浉箛｜競馼唀癫柤椛;埸

褡籅慊褯鯌渦蟳绝｜鷭饦荼桽鲥趤紴岋鈮頼;

. 僊毻 ３;３９ 謕侴 𝑎 \ 𝑏 " １｜𝑎𝑏 " ０｜鲥 𝑎０ \ 𝑏０褯壇;

鮲戓 ３;４９ 謕侴 𝑥 \ ３
𝑥 " １｜鲥 𝑥１ \ ３

𝑥１ 褯壇;

呪 趑 𝑡 " 𝑥 \ ３
𝑥 " １;顫謴賣 𝑡鼣白畟靓占褯麘俋毆;

觉綃｜脺轘襮
𝑡０ " 𝑥０ \ ０ \ ３

𝑥０ " ２

邔 𝑥０ \ ３
𝑥０ " ４;

屴砲挴｜厈賣嗲轘塗劷毆

𝑥１ \ ３
𝑥１ " <𝑥 \ ３

𝑥+ <𝑥０ − ３ \ ３
𝑥０ + " 𝑡 ⋅ -<𝑥０ \ ３

𝑥０ + − ３' " １ ÷ <４ − ３+ " ３７

鮲戓 ３;４８ 浉箛 <𝑎０ \ 𝑏０+０ − <𝑎０ − 𝑏０+０

<𝑎𝑏+０ ｜謩鐜 𝑎𝑏 ≠ ５;

呪 菹檫饦慏茭脺轘褯璁｜眫賣脺轘璁劷毆｜襮

菹檫 " -<𝑎０ \ 𝑏０+ \ <𝑎０ − 𝑏０+' ⋅ -<𝑎０ \ 𝑏０+ − <𝑎０ − 𝑏０+'

" <０𝑎０+<０𝑏０+ " ６𝑎０𝑏０

邔邖毆 " ６𝑎０𝑏０

𝑎０𝑏０ " ６;
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起谛穻 锯咞侴梹 ９５

鮲戓 ３;４４ 謕侴 <𝑥 − ０+９ " 𝑎５ \ 𝑎３𝑥 \ 𝑎０𝑥０ \ 𝑎１𝑥１ \ 𝑎６𝑥６ \ 𝑎９𝑥９｜鲥 𝑎３ \ 𝑎０ \
𝑎１ \ 𝑎６ \ 𝑎９褯壇;

呪 柤椛 <𝑥 − ０+９栦煟屴鷢缉苢赋｜晖栦浪紴甘昍壇;
団绵质毆鐜猏 𝑥 " ３｜襮

<３ − ０+９ " 𝑎５ \ 𝑎３ \ 𝑎０ \ 𝑎１ \ 𝑎６ \ 𝑎９

−３ " 𝑎５ \ 𝑎３ \ 𝑎０ \ 𝑎１ \ 𝑎６ \ 𝑎９

棼猏 𝑥 " ５｜襮
<−０+９ " 𝑎５

𝑎５ " −１０

慏毆蟳閆襮

𝑎３ \ 𝑎０ \ 𝑎１ \ 𝑎６ \ 𝑎９ " −３ − <−１０+ " １３

鮲戓 ３;４７ 趑 𝑓<𝑥+ " 𝑥９ \ 𝑎𝑥１ \ 𝑏𝑥 − ７｜謕侴 𝑓<−０+ " ３５｜鲥 𝑓<０+;

呪 趑 𝑔<𝑥+ " 𝑥９ \ 𝑎𝑥１ \ 𝑏𝑥｜鴸 𝑔<𝑥+饦痞儬赋｜𝑔<−𝑥+ " −𝑔<𝑥+;
禡饦 𝑓<𝑥+ " 𝑔<𝑥+ − ７｜壿

𝑓<−𝑥+ " 𝑔<−𝑥+ − ７ " −𝑔<𝑥+ − ７

闹 𝑓<𝑥+ \ 𝑓<−𝑥+蟳挻｜襮

𝑓<𝑥+ \ 𝑓<−𝑥+ " -𝑔<𝑥+ − ７' \ -−𝑔<𝑥+ − ７' " −３８

邔 𝑓<０+ \ 𝑓<−０+ " −３８｜踺 𝑓<０+ " −３８ − 𝑓<−０+ " −３８ − ３５ " −０８;

３;８ 赋盽捂择
..餽嗲鹹凟炏。絮肷蟳炏。柗睸褡荼牝轘防褯簽楷謹鉩;楷凥団薏簽敛犍趤紴

嶻赋菹呪牝迹。靓囦儬赋。甾储儬赋褡铘玷盆牝迹｜埸焂鎴郎団噯元跠赋。璹鯀铙
塗漱廂赋盽鐜鸼發鈽隋;
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９３ ３;８ 赋盽捂择

３;８;３ 奮穦簽楷牝迹

牝踨 ３;８ <嶻赋+ 放禡 ３褯凟赋 𝑝钴鷭駨 ３塗 𝑝慏茭翪婻赋｜鴸俋 𝑝譽嶻赋ｅ衉
蛣赋Ｉ;放禡 ３褯膱嶻凟赋俋譽元赋;

牝迹 ３;７ <奮穦簽楷牝迹+ 円茭放禡 ３褯凟赋怬栦碴橦谛萋鼣白譽駨冫茭嶻
赋褯郓鰦;踺麘僢翆凟赋 𝑛 % ３｜韓団嶻赋 𝑝３ ≤ 𝑝０ ≤ ⋯ ≤ 𝑝𝑘埶襮

𝑛 " 𝑝３𝑝０ ⋯ 𝑝𝑘

壿埸耼菹呪団荼跠岽筆褯翆踨砲橦谛;

麀茡 韓団舾;麘 𝑛衧桽鷵驺;𝑛 " ０龩鰑懩晫嗲;趑 𝑛 % ０｜钴 𝑛譽嶻赋鴸謕獤ｐ钴 𝑛
譽元赋｜鴸 𝑛 " 𝑎𝑏｜３ } 𝑎? 𝑏 } 𝑛｜涰鷵驺雞趑 𝑎塗 𝑏懞栦菹呪譽嶻赋郓鰦｜邔 𝑛崙栦;
橦谛舾;趑 𝑛 " 𝑝３ ⋯ 𝑝𝑘 " 𝑞３ ⋯ 𝑞𝑙 譽慏耼嶻赋菹呪;涰嶻赋舾蛣｜𝑝３ ∣ 𝑞３ ⋯ 𝑞𝑙 鯟

狒 𝑝３ 凟炏脫茭 𝑞𝑗｜藗 𝑞𝑗 譽嶻赋｜邔 𝑝３ " 𝑞𝑗;慏饘儙誢 𝑝３｜麘瓈睸郓鰦矾駜薏陞防｜
望洃襮笋 𝑘 " 𝑙壿慏釮嶻赋谛谛蟳质; □

闹蟳柗嶻赋元鈩｜𝑛褯澞抹菹呪毆栦媸譽

𝑛 " 𝑝𝛼３
３ 𝑝𝛼０

０ ⋯ 𝑝𝛼𝑚𝑚 ? 𝛼𝑖 % ５

涰薏｜𝑛褯翪婻赋茭赋譽

𝑑<𝑛+ " <𝛼３ \ ３+<𝛼０ \ ３+ ⋯ <𝛼𝑚 \ ３+ <３$３+

𝑛褯罛駨翪婻赋饲塗譽

𝜎<𝑛+ "
𝑚

∏
𝑖"３

𝑝𝛼𝑖\３
𝑖 − ３
𝑝𝑖 − ３ <３$０+

鮲戓 ３;４２ ８５ " ００ ÷ １ ÷ ９｜邔 𝑑<８５+ " <０ \ ３+<３ \ ３+<３ \ ３+ " ３０｜𝜎<８５+ "
０１−３
０−３ ⋅ １０−３

１−３ ⋅ ９０−３
９−３ " ４ ÷ ６ ÷ ８ " ３８７;
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起谛穻 锯咞侴梹 ９０

３;８;０ 靓囦儬赋

牝踨 ３;４ <靓囦儬赋+ 麘裱赋 𝑥｜荼嗔陞 𝑥褯望放凟赋俋譽 𝑥褯缉凟儬赋ｅ衉
靓囦儬赋Ｉ｜邋衧 ⌊𝑥⌋;踺 ⌊𝑥⌋饦娠捺

⌊𝑥⌋ ≤ 𝑥 } ⌊𝑥⌋ \ ３

褯橦谛凟赋;

牝迹 ３;２ <靓囦儬赋褯簽楷舾蛣+ 麘僢翆裱赋 𝑥。𝑦塗凟赋 𝑛ｉ
３; 𝑥 − ３ } ⌊𝑥⌋ ≤ 𝑥 } ⌊𝑥⌋ \ ３ｐ
０; ⌊𝑥 \ 𝑛⌋ " ⌊𝑥⌋ \ 𝑛ｐ
１; 钴 𝑥 ≥ ５壿 𝑛譽翪凟赋｜鴸 ⌊ 𝑥

𝑛 ⌋ " ⌊ ⌊𝑥⌋
𝑛 ⌋ｐ

６; ⌊𝑥⌋ \ ⌊𝑦⌋ ≤ ⌊𝑥 \ 𝑦⌋ ≤ ⌊𝑥⌋ \ ⌊𝑦⌋ \ ３;

麀茡 <３+涰牝踨煟屴竸鈽;<０+趑 ⌊𝑥⌋ " 𝑚｜鴸𝑚 ≤ 𝑥 } 𝑚 \ ３｜邔𝑚 \ 𝑛 ≤ 𝑥 \ 𝑛 }
𝑚\𝑛\３｜踺 ⌊𝑥\𝑛⌋ " 𝑚\𝑛;<１+趑 ⌊𝑥⌋ " 𝑚｜𝑚 " 𝑞𝑛\𝑟｜５ ≤ 𝑟 } 𝑛;涰𝑚 ≤ 𝑥 } 𝑚\３
襮 𝑚

𝑛 ≤ 𝑥
𝑛 } 𝑚\３

𝑛 ｜踺 𝑞𝑛\𝑟
𝑛 ≤ 𝑥

𝑛 } 𝑞𝑛\𝑟\３
𝑛 ｜邔 ⌊ 𝑥

𝑛 ⌋ " 𝑞 " ⌊ 𝑚
𝑛 ⌋;<６+涰 𝑥 ≥ ⌊𝑥⌋塗

𝑦 ≥ ⌊𝑦⌋襮 𝑥 \ 𝑦 ≥ ⌊𝑥⌋ \ ⌊𝑦⌋｜邔 ⌊𝑥 \ 𝑦⌋ ≥ ⌊𝑥⌋ \ ⌊𝑦⌋;蝙谛轘顅 ⌊𝑥⌋ \ ⌊𝑦⌋塗 ⌊𝑥 \ 𝑦⌋
怬饦凟赋壿璁壇盆禡 ０; □

牝迹 ３;３５ <蝵椈騎牝迹+ 団 𝑛=褯嶻婻赋菹呪鐜｜嶻赋 𝑝褯暞赋譽

𝑣𝑝<𝑛=+ "
∞

∑
𝑘"３

⌊ 𝑛
𝑝𝑘 ⌋ <３$１+

玴嚾赋裱斔犍饦駨冫褯｜婻譽冚 𝑝𝑘 % 𝑛龩貯團譽璩;

麀茡 団 ３? ０? … ? 𝑛鐜｜𝑝褯靼赋駨 ⌊ 𝑛
𝑝 ⌋茭｜円茭彠髁谛茭 𝑝婻檫ｐ𝑝０褯靼赋駨 ⌊ 𝑛

𝑝０ ⌋
茭｜円茭繌坉彠髁谛茭 𝑝婻檫ｐ碴薏鉢浣;貯亥彠髁鲥塗踺襮; □

鮲戓 ３;７５ 鲥 ３５５= 插訑璩褯茭赋; 插訑璩褯茭赋质禡 ３５ 褯婻檫茭赋｜踺
міｎ<𝑣０<３５５=+? 𝑣９<３５５=++;涰蝵椈騎牝迹ｉ

𝑣９<３５５=+ " ⌊３５５
９ ⌋ \ ⌊３５５

０９ ⌋ \ ⌊３５５
３０９⌋ " ０５ \ ６ \ ５ " ０６
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９１ ３;８ 赋盽捂择

𝑣０<３５５=+棧放禡 ０６｜邔插訑駨 ０６茭璩;

３;８;１ 甾储儬赋

牝踨 ３;７ <甾储儬赋+ 麘翪凟赋 𝑛｜甾储儬赋 𝜑<𝑛+鼣白 ３笋 𝑛鐜褡 𝑛逵嶻褯
凟赋茭赋;

牝迹 ３;３３ <甾储儬赋褯跠奮劷毆+ 钴 𝑛褯澞抹菹呪毆譽 𝑛 " 𝑝𝛼３
３ 𝑝𝛼０

０ ⋯ 𝑝𝛼𝑚𝑚 ｜鴸

𝜑<𝑛+ " 𝑛
𝑚

∏
𝑖"３

<３ − ３
𝑝𝑖

+ "
𝑚

∏
𝑖"３

𝑝𝛼𝑖−３
𝑖 <𝑝𝑖 − ３+ <３$６+

麀茡 綃跠奮 𝜑<𝑝𝑘+;団 ３笋 𝑝𝑘 鐜｜褡 𝑝荼逵嶻褯赋葋饦 𝑝褯靼赋｜滰 𝑝𝑘−３ 茭｜邔
𝜑<𝑝𝑘+ " 𝑝𝑘 − 𝑝𝑘−３ " 𝑝𝑘−３<𝑝 − ３+;
棼麀鰦舾;钴 <𝑎? 𝑏+ " ３｜鴸 𝜑<𝑎𝑏+ " 𝜑<𝑎+𝜑<𝑏+;埸栦涰鐜娬瓈睸牝迹襮鈽ｉ𝑎褯

畗踣瓈睸苢褡 𝑏褯畗踣瓈睸苢褯羂窠鋿鰦褡 𝑎𝑏褯畗踣瓈睸苢谛谛麘靿｜逵嶻麠蚩
續雀;
闹鰦舾靿賣禡澞抹菹呪毆踺襮 <３$６+; □

鮲戓 ３;７３ 𝜑<３０+ " 𝜑<００ ÷ １+ " ３０ ÷ ３
０ ÷ ０

１ " ６;著麀ｉ３笋 ３０鐜褡 ３０逵嶻褯
赋譽 ３? ９? ４? ３３｜滰 ６茭;

３;８;６ 甾储牝迹褡铘玷盆牝迹

牝迹 ３;３０ <甾储牝迹+ 钴 <𝑎? 𝑛+ " ３｜鴸

𝑎𝜑<𝑛+ ≡ ３ <моｄ 𝑛+ <３$９+

麀茡 趑 𝑟３? 𝑟０? … ? 𝑟𝜑<𝑛+ 饦牠 𝑛褯谛茭劈苢｜踺 ３笋 𝑛鐜褡 𝑛逵嶻褯 𝜑<𝑛+茭凟赋;
婻譽 <𝑎? 𝑛+ " ３｜罛碴 𝑎𝑟３? 𝑎𝑟０? … ? 𝑎𝑟𝜑<𝑛+ 晖饦牠 𝑛褯劈苢｜謩鐜僢翆慏茭牠 𝑛逵荼
柗睸｜壿円茭怬褡 𝑛逵嶻;禡饦

𝜑<𝑛+
∏
𝑖"３

𝑟𝑖 ≡
𝜑<𝑛+
∏
𝑖"３

𝑎𝑟𝑖 " 𝑎𝜑<𝑛+
𝜑<𝑛+
∏
𝑖"３

𝑟𝑖 <моｄ 𝑛+
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起谛穻 锯咞侴梹 ９６

慏饘儙誢∏ 𝑟𝑖ｅ钊褡 𝑛逵嶻｜栦団牠 𝑛砲滃誢Ｉ踺襮 𝑎𝜑<𝑛+ ≡ ３ <моｄ 𝑛+; □

浣盽 ３;３ <铘玷盆牝迹+ 钴 𝑝譽嶻赋壿 <𝑎? 𝑝+ " ３｜鴸

𝑎𝑝−３ ≡ ３ <моｄ 𝑝+ <３$８+

麀茡 𝜑<𝑝+ " 𝑝 − ３｜浪紴甾储牝迹踺襮; □

铘玷盆牝迹晖栦媸譽 𝑎𝑝 ≡ 𝑎 <моｄ 𝑝+ｅ麘僢翆凟赋 𝑎｜荼楀鲥 <𝑎? 𝑝+ " ３Ｉ;

鮲戓 ３;７０ <ＲЅА劷荴挻璹+ ＲЅА挻璹厈賣放赋菹呪褯拋肑舾續撧摨踣;烨慏
茭放嶻赋 𝑝塗 𝑞｜猏 𝑛 " 𝑝𝑞;劷椛 𝑛塗挻璹暞赋 𝑒ｅ娠捺 <𝑒? 𝜑<𝑛++ " ３Ｉ｜續璹呪
璹暞赋 𝑑｜钊娠捺 𝑒𝑑 ≡ ３ <моｄ 𝜑<𝑛++;挻璹滃约 𝑚譽 𝑐 ≡ 𝑚𝑒 <моｄ 𝑛+｜呪璹
譽𝑚 ≡ 𝑐𝑑 <моｄ 𝑛+;
翪猁舾著麀ｉ𝑐𝑑 ≡ 𝑚𝑒𝑑 <моｄ 𝑛+;涰 𝑒𝑑 ≡ ３ <моｄ 𝜑<𝑛++｜趑 𝑒𝑑 " ３ \ 𝑘𝜑<𝑛+;冚
<𝑚? 𝑛+ " ３龩｜涰甾储牝迹 𝑚𝜑<𝑛+ ≡ ３ <моｄ 𝑛+｜邔 𝑚𝑒𝑑 " 𝑚 ⋅ <𝑚𝜑<𝑛++𝑘 ≡ 𝑚
<моｄ 𝑛+;冚 <𝑚? 𝑛+ ≠ ３龩｜厈賣鐜娬瓈睸牝迹菹廒団牠 𝑝塗牠 𝑞砲著麀栦襮
柗谛多盽;

３;８;９ 鐜娬瓈睸牝迹

牝迹 ３;３１ <鐜娬瓈睸牝迹+ 趑𝑚３? 𝑚０? … ? 𝑚𝑘慏慏逵嶻｜鴸柗睸轘防噯

⎧)))
⎨)))⎩

𝑥 ≡ 𝑎３ <моｄ 𝑚３+
𝑥 ≡ 𝑎０ <моｄ 𝑚０+
⋯
𝑥 ≡ 𝑎𝑘 <моｄ 𝑚𝑘+

<３$４+

団牠𝑀 " 𝑚３𝑚０ ⋯ 𝑚𝑘砲駨橦谛呪;

麀茡 韓団舾;猏𝑀𝑖 " 𝑀`𝑚𝑖｜鴸 <𝑀𝑖? 𝑚𝑖+ " ３｜韓団 𝑡𝑖埶𝑀𝑖𝑡𝑖 ≡ ３ <моｄ 𝑚𝑖+;猏

𝑥 "
𝑘

∑
𝑖"３

𝑎𝑖𝑀𝑖𝑡𝑖

麘円茭 𝑗｜冚 𝑖 ≠ 𝑗龩𝑚𝑗 ∣ 𝑀𝑖｜邔 𝑥 ≡ 𝑎𝑗𝑀𝑗𝑡𝑗 ≡ 𝑎𝑗 <моｄ 𝑚𝑗+;
橦谛舾;钴 𝑥５ 塗 𝑥３ 怬饦呪｜鴸 𝑚𝑖 ∣ <𝑥５ − 𝑥３+麘罛駨 𝑖晫嗲;涰 𝑚𝑖 慏慏逵嶻｜

𝑀 ∣ <𝑥５ − 𝑥３+｜邔 𝑥５ ≡ 𝑥３ <моｄ 𝑀+; □
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９９ ３;８ 赋盽捂择

鮲戓 ３;７１ 鲥呪
⎧))
⎨))⎩

𝑥 ≡ ０ <моｄ １+
𝑥 ≡ １ <моｄ ９+
𝑥 ≡ ０ <моｄ ４+

;

呪 𝑀 " １ ÷ ９ ÷ ４ " ３５９;𝑀３ " １９｜𝑀０ " ０３｜𝑀１ " ３９;
鲥 𝑡３ｉ１９𝑡３ ≡ ０𝑡３ ≡ ３ <моｄ １+｜𝑡３ " ０;鲥 𝑡０ｉ０３𝑡０ ≡ 𝑡０ ≡ ３ <моｄ ９+｜𝑡０ " ３;鲥

𝑡１ｉ３９𝑡１ ≡ 𝑡１ ≡ ３ <моｄ ４+｜𝑡１ " ３;

𝑥 " ０ ÷ １９ ÷ ０ \ １ ÷ ０３ ÷ ３ \ ０ ÷ ３９ ÷ ３ " ３６５ \ ８１ \ １５ " ０１１ ≡ ０１ <моｄ ３５９+

著麀ｉ０１ ≡ ０ <моｄ １+｜０１ ≡ １ <моｄ ９+｜０１ ≡ ０ <моｄ ４+;呪譽 𝑥 ≡ ０１ <моｄ ３５９+;
鐜娬瓈睸牝迹蜍麘放牠赋 𝑀 褯柗睸暁戓菹呪譽麘钴箕盆牠赋 𝑚𝑖 褯柗睸暁

戓｜団跠奮赋盽鐜賣禡箛浉放牠赋眫奮;
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鐜铙赋铙饲脔 捂紴岋穻

起 ０穻

容元褡隻誯

簽敛仜君

〠赋铙褯楷蛣団禡謩緭涰 〧〳

———朎拓鋿
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９７

起湗穻容元褡隻誯

𝑈ｉ靓注踣喚铙娖

烨泈迹
容元 𝐴

烨浉铙
容元 𝐵

烨萋迹
容元 𝐶

忑 ０;３ 注容元褯齙峈忑ｉ稼敻鑽蟖鼣白减容

岋靓匊烨雐猡｜铙幠楀鳖跠铙娖褯烨峑研哄｜碴礶菹哜塗摨锵嵸铙胯糫;趑烨
泈迹。浉铙。萋迹褯铙娖菹廒港晫容元 𝐴。𝐵。𝐶;謕侴円茭容元褯篽赋｜晖侴碚慏慏
减容褡注幔减容褯篽赋;庺舐烨鹹谛雐褯铙娖伢赋。鷭烨鹹泈迹埸谛雐褯铙娖篽
赋｜怬搬賣容元褯眫奮荼稼荼柆萋奮鈽;
楷穻趤紴容元褡隻誯｜賣钊丷鳖谛历蟋赋容。儬赋牝踨蟖。轘防呪容质麘龠｜鈩

竸鈽更口鼣掑浣迹褯锢宐賣仜;楷穻嵌占捣盽;
• 容元褯牝踨。鼣白轘呤。稺苢褡眫奮;
• 簳賣赋容赍謩烈离啹防｜甘廒饦裱赋苢褯畗咞舾;
• 锢宐賣仜｜彔爷遂耼喬戓褡薆逼嚙牝;
• 沔楀麠蚩褡容元彔狒稺苢褯质豎肷浉;

穻觉忑褯烨雐暁戓｜栦碴賣楷穻褯容元眫奮呪魺;

０;３ 容元盽懌謴
０;３;３ 容元褯盥帄褡舾蛣
氐丷簳簳蜍钴箕麘龠曞容壎挴冚衧谛茭凟喚挴拿戩;遣泈凜璗褯角雐遣泈磏。

谛晦缊蔖褯蔖竓。瘭出苢鐜褯北鄖｜汊庺罛駨盆禡 ３５褯嶻赋｜怬饦埸袎褯鮲檫;
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９２ ０;３ 容元盽懌謴

埸焂鮲檫鐜褯伢喚。磏喚衉踣喚｜俋腚荼柗｜怬饦暞涰猁牝麘龠港晫褯凟喚;譽
犑猁历蟋埸袎褯凟喚｜赋铙趤紴鹹容元;

牝踨 ０;３ <容元+ 蜍猁牝褯。栦逵蟳鑽菹褯梲泈曞容晫褯凟喚俋譽容元;港晫
容元褯円茭梲泈俋譽玴容元褯慊嶻;

埸茭牝踨竸鈽容元褯注麠簽楷舾蛣;
⊳ 猁牝舾 僢翆麘龠饦嚙骱禡竸牝容元｜礿隃霔扢茡猁;鮲童｜罛駨放禡 𝜋褯裱

赋港晫容元ｐ摉戗犍罛駨椮浼褯赋铙汩鴸荼搬｜婻譽椮浼褯澞抹牠摍;
⊳ 逵瑥舾 容元鐜慊嶻逵荼蟳柗;稼發鈽隋鷭跠谛占;鮲童｜轘防 <𝑥 − ３+０ " ５褯

呪容饦 )３(;
⊳ 畻筆舾 容元鐜慊嶻盠駨岽筆;鮲童｜)３? ０? １(褡 )１? ３? ０(饦柗谛茭容元;
绝簳賣放媸辧喚鈮頼 𝐴? 𝐵? 𝐶? … 鼣白容元｜賣盆媸辧喚鈮頼 𝑎? 𝑏? 𝑐? … 鼣白慊

嶻; 钴 𝑎骱禡容元 𝐴｜邋衧 𝑎 ∈ 𝐴｜鷢衧 𝑎骱禡 𝐴ｐ钴 𝑎荼骱禡容元 𝐴｜邋衧 𝑎 ∉ 𝐴｜
鷢衧 𝑎荼骱禡 𝐴;

０;３;０ 容元褯鼣白轘呤
０;３;０;５;３ 釮們呤 钴容元慊嶻駨冫衉魯鞲茡鰑｜栦蜍罛駨慊嶻谛谛釮鈽｜鈩賣攰
爷镎 )(彔壎挴;鮲童｜罛駨翪堩赋褯容元媸晫 )０? ６? ８? ７? … (;

０;３;０;５;０ 历蟋呤 历蟋呤竸鈽容元鐜慊嶻滰柗娠捺褯麠蚩｜碴薏牝踨容元｜澞抹
呅毆譽 )𝑥 ∣ 𝑃 <𝑥+(;鮲童｜轘防 𝑥０ − ２ " ５褯呪容媸晫 )𝑥 ∈ ℝ ∣ 𝑥０ − ２ " ５(;

０;３;０;５;１ 潟峈忑呤 虰娬赋铙汩儙诋Ñ潟峈賣脺顅犍褯秀惜樕谶ｅ绝簳饦賹Ｉ鼣白
容元赍謩稺苢｜埸耼轘呤俋譽潟峈忑;

鮲戓 ０;３ 賣釮們呤鼣白容元 𝐴 " )𝑑 ∣ 𝑑 " ８
９−𝑎 ∈ ℕ∗? 𝑎 ∈ ℤ(;

呪 容元 𝐴褯慊嶻饦 𝑑｜钊楀柗龩娠捺慏麠;

３; 𝑑饦翪緭懩赋｜踺翪凟赋 <𝑑 ∈ ℕ∗+;

０; 𝑑涰凟赋 𝑎魺牝｜𝑑 " ８
９ − 𝑎 ;

婻譽 𝑑饦凟赋｜菹頼 <９ − 𝑎+霔扢饦 ８褯凟赋婻赋ｐ舃婻譽 𝑑譽翪壿菹檫譽 ８｜
菹頼 <９ − 𝑎+晖霔扢饦翪赋;禡饦 <９ − 𝑎+饦 ８褯翪婻赋｜栦搬缉壇譽 ３? ０? １? ８;
氐丷闹 ９ − 𝑎嵌占缉 ３? ０? １? ８浪紴;冚 ９ − 𝑎 " ３龩 𝑎 " ６｜𝑑 " ８ｐ冚 ９ − 𝑎 " ０

龩 𝑎 " １｜𝑑 " １ｐ冚 ９ − 𝑎 " １龩 𝑎 " ０｜𝑑 " ０ｐ冚 ９ − 𝑎 " ８龩 𝑎 " −３｜𝑑 " ３;
婻薏 𝐴 " )３? ０? １? ８(;
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起湗穻 容元褡隻誯 ８５

涣 ０;３ <急赋褡慊嶻褯譣快+
埸璗簳誀褯舸娦饦蜍娠捺麠蚩褯急赋容元 )−３? ０? １? ６(舸冚晫容元𝐴;历蟋呤鐜｜鐉谶饙閾褯
詓薆皼饦容元褯慊嶻ｐ楷鮲鐜饙閾詓薆譽 𝑑｜急赋 𝑎鷭饦娖晫慊嶻褯鎴郎｜荼骱禡容元;

鮲戓 ０;０ 賣釮們呤鼣白容元 𝑆 " )𝑦 ∣ 𝑦 " 𝑥０? −３ } 𝑥 } ０? 𝑦 ∈ ℤ(;

呪 容元 𝑆 褯慊嶻饦娠捺 𝑦 " 𝑥０ 壿 −３ } 𝑥 } ０褯凟赋 𝑦;鲥呪龩栦碴綃誢扨凟赋
冫鳩｜鲥鈽 𝑦褯琱駜缉壇騊祟｜棼髡鐜鼐鈽凟赋;
儬赋 𝑓<𝑥+ " 𝑥０団鑽衟 <−３? ０+犍褯詓浉菹注拄;

• 冚 𝑥髡 −３瞲糐 ５龩｜𝑦髡 ３閆盆笋 ５;
• 冚 𝑥 " ５龩｜𝑦缉望盆壇 ５;
• 冚 𝑥髡 ５鏱放笋 ０龩｜𝑦髡 ５鏱放笋 ６;

禡饦冚 𝑥嚼啹 <−３? ０+龩｜𝑦褯缉壇騊祟饦 -５? ６+｜謩鐜 ５栦缉笋｜６缉荼笋;

𝑥

𝑦 𝑦 " 𝑥０

−３ ０

６

壇蟖 -５? ６+

５

３

０

１

忑 ０;０ 儬赋 𝑦 " 𝑥０ 団牝踨蟖 𝑥 ∈ <−３? ０+犍褯忑抆ｅ挻豮樕谶Ｉ;謩壇蟖譽 -５? ６+｜謩鐜凟赋
艘謕団 𝑦察犍澞鈽;

棼挻犍 𝑦 ∈ ℤ褯冫鳩｜-５? ６+鐜褯凟赋鷭駨 ５? ３? ０? １; 婻薏 𝑆 " )５? ３? ０? １(;

０;３;１ 簳賣赋容褡赋苢褯烈离
赋铙鐜簳鈽隋养鉢赋容｜钊丷褯彔狒稺苢麘靿葛赋苢団眫奮秀惜舾述遣砲顫

占烈离褯陞防;罛腚秀惜舾｜饦暞容元鐜褯慊嶻钆陞脫耼眫奮猡｜多冧锼骱禡玴
容元;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



８３ ０;３ 容元盽懌謴

０;３;１;３ 髡緭懩赋笋凟赋褡閆呤秀惜
緭懩赋賣禡跠赋｜踺 ℕ " )５? ３? ０? １? … (;団緭懩赋容鐜｜挻呤塗郓呤秀惜｜閆呤

鏟荼谛牝;鮲童轘防
𝑥 \ ９ " ０

団緭懩赋容鐜畻呪;譽埶僢翆閆呤怬駨翆踨｜氐丷趤紴吖凟赋;蜍翪凟赋。５。吖凟赋
元鈩｜襮笋凟赋容 ℤ " )… ? −０? −３? ５? ３? ０? … (;邋镎 ℤ挴緭騎仜 Ｚаｈｌеｎｅ翆譽“赋”Ｉ;
涰牝踨駨 ℕ ⊊ ℤ｜鮲童 −３ ∈ ℤ帹 −３ ∉ ℕ;

０;３;１;０ 髡凟赋笋駨迹赋褡炏呤秀惜
凟赋容呪魺鹹閆呤秀惜暁戓｜帹炏呤舃夫鈽鹹岋褯楀鲥;轘防

１𝑥 " ３

団凟赋容鐜畻呪;譽埶炏呤秀惜｜踺炏赋荼譽 ５龩秀惜｜氐丷趤紴菹赋;搬媸晫慏
茭凟赋饲涿褯赋港晫駨迹赋容 ℚ｜踺

ℚ " )𝑥 ∣ 𝑥 " 𝑝
𝑞 ? 𝑝 ∈ ℤ? 𝑞 ∈ ℤ? 𝑞 ≠ ５( ;

邋镎 ℚ挴緭騎仜 Ｑｕоｔіеｎｔｅ翆譽“騹”Ｉ;凟赋栦伲衧菹頼譽 ３褯菹赋｜婻薏 ℤ ⊊ ℚ;

０;３;１;１ 髡駨迹赋笋裱赋ｅ踴踣赋察褯畗咞舾Ｉ
駨迹赋容 ℚ 団赋察犍梻璹;僢翆慏茭荼柗駨迹赋饲衟怬駨畻柎淝茭駨迹赋;

帹埸荼翆漺葛駨迹赋樒娠鹹凟茭赋察;獤掑抴储囦铙朑拐隋｜饘菶譽 ３褯翪轘呅
麘页谶菶夙√

０荼搬媸晫慏茭凟赋饲涿;埸鉢赋俋譽畻迹赋;椮浼褯畻迹赋剓駨賹
茣匞 𝜋塗緭懩麘赋褯鴤 𝑒;
蜍駨迹赋褡畻迹赋元鈩｜襮笋搬褡赋察犍褯艘谛谛麘靿褯裱赋容 ℝ;埸茭历蟋

煟逥帹荼更勇｜胅席癟茡譽惤荼棼駨碽厸｜晖席竸鈽裱赋容褯港亻;氐丷賣趟騎郐
菹喕竸鈽更勇牝踨;
趑薺蓤錨赋察犍谛茭艘褯犑猁薼送;氐丷蜍駨迹赋容菹晫慏茭膱碽容元 𝐿塗

𝑅｜埶襮 𝐿鐜円茭赋怬盆禡 𝑅鐜円茭赋｜埸茭駨筆麘 <𝐿? 𝑅+俋譽駨迹赋容褯谛茭
菹喕;氐丷匊巖菹喕饘戗罛団褯薼送;
研哄谛｜饘戗穬団駨迹赋犍; 氐丷缉駨迹赋 𝑞 " １｜牝踨

• 𝐿 " )𝑥 ∈ ℚ ∣ 𝑥 ≤ １(｜
• 𝑅 " )𝑥 ∈ ℚ ∣ 𝑥 % １(;

団埸茭菹喕鐜｜饙容元 𝐿駨望放慊嶻 １｜玴慊嶻澞邋鹹菹喕褯薼送;ｅ氐丷晖栦牝踨
𝐿 " )𝑥 } １(? 𝑅 " )𝑥 ≥ １(｜薏龩纺容元駨望盆慊嶻;饘戗艘伢寝罒謩鐜谛茭容元
彔狒;Ｉ
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起湗穻 容元褡隻誯 ８０

研哄湗｜饘戗穬団碽厸鐜; 団 √
０罛団褯薼送畻呤賣駨迹赋鼣白｜氐丷鷭搬嵌

駨迹赋褯舾蛣牝踨菹喕;

• 𝐿 " )𝑥 ∈ ℚ ∣ 𝑥 } ５衉𝑥０ } ０(｜
• 𝑅 " )𝑥 ∈ ℚ ∣ 𝑥 % ５壿𝑥０ % ０(;

氐丷菹快埸茭菹喕 <𝐿? 𝑅+褯饘戗;

• 𝐿盠駨望放慊嶻;僢缉 𝑥５ ∈ 𝐿屴糐 √
０｜伢栦镑笋 𝑥３ ∈ 𝐿埶襮 𝑥５ } 𝑥３;

• 𝑅盠駨望盆慊嶻;僢缉 𝑦５ ∈ 𝑅屴糐 √
０｜伢栦镑笋 𝑦３ ∈ 𝑅埶襮 𝑦３ } 𝑦５;

薏龩饘戗胅荼饦 𝐿褯望放慊嶻｜晖荼饦 𝑅褯望盆慊嶻｜钊穬団駨迹赋容褯谛茭碽
厸鐜;

研哄谛ｉ饘戗団駨迹赋 １閯

ℚ
５ ３ ０ １ ６

𝐿 " )𝑥 ∈ ℚ ∣ 𝑥 ≤ １( 𝑅

菹喕涰 𝐿 鐜褯
望放慊嶻 １ 猁牝;

研哄湗ｉ饘戗団碽厸 √
０閯

ℚ
５ ３ ０ １ ６√

０

𝐿 𝑅

団 ℚ 鐜｜𝐿 畻望放慊嶻｜
𝑅 畻望盆慊嶻; 菹喕
牝踨鹹谛茭碽厸;

忑 ０;１ 饙閾裱诊艘鼣白玴饘戗艘骱禡 𝐿ｐ纺閾碽诊艘鼣白饘戗艘団駨迹赋容 ℚ鐜荼罒僢
惤谛茭容元彔狒;

樀嬌摉枭騎娬赋铙汩趟騎郐夫鈽谛耼港亻｜煟屴賣菹喕楷楒牝踨赋｜畻嬛埢
镑樒踴碽厸褯赋;

• 円谛茭駨迹赋容褯菹喕 <𝐿? 𝑅+銰饦谛茭裱赋;
• 钴 𝐿駨望放慊嶻衉 𝑅駨望盆慊嶻｜埸茭菹喕牝踨鹹谛茭駨迹赋;
• 钴 𝐿盠駨望放慊嶻壿 𝑅盠駨望盆慊嶻｜埸茭菹喕牝踨鹹谛茭畻迹赋;

禡饦｜裱赋容 ℝ栦更勇牝踨譽駨迹赋容 ℚ犍罛駨菹喕褯容元;埸茭港亻續麀鹹裱
赋察褯琱駜舾褡畗咞舾｜踺荼韓団碽厸;
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８１ ０;３ 容元盽懌謴

鮲戓 ０;１ 賣趟騎郐菹喕牝踨駨迹赋 𝑞 " ０
１｜鈩癟茡钊褡畻迹赋菹喕褯鑽廒;

呪 氐丷燨駨迹赋菹喕褯甘彀港亻

𝐿 " )𝑥 ∈ ℚ ∣ 𝑥 ≤ ０
１( ? 𝑅 " )𝑥 ∈ ℚ ∣ 𝑥 % ０

１( ;

饙容元 𝐿鐜｜涰牝踨 ０
１ ∈ 𝐿｜壿 𝐿鐜僢翆慊嶻 𝑝怬娠捺 𝑝 ≤ ０

１｜邔 ０
１ 饦 𝐿褯望

放慊嶻;
纺容元 𝑅鐜｜雞趑 𝑅駨望盆慊嶻 𝑟міｎ｜鴸 𝑟міｎ % ０

１ ;氐丷缉

𝑚 " ３
０ <𝑟міｎ \ ０

１+ ;

𝑚饦駨迹赋｜壿娠捺 ０
１ } 𝑚 } 𝑟міｎ｜婻薏𝑚 ∈ 𝑅壿𝑚 } 𝑟міｎ｜埸褡 𝑟міｎ饦望盆慊嶻

楂埑｜罛碴 𝑅盠駨望盆慊嶻;
譽 ０

１ 港亻褯菹喕 <𝐿? 𝑅+｜饙容元駨望放慊嶻 ０
１｜纺容元盠駨望盆慊嶻ｐ藗譽

√
０

港亻褯菹喕｜饙纺容元怬荼韓団饘戗慊嶻;慏幔褯鑽廒団薏;駨迹赋菹喕褯饘戗罒
謩鐜谛茭容元彔狒｜盠駨抾娖碽厸ｐ畻迹赋菹喕褯饘戗鴸軷禡慏茭容元饲衟｜牝踨
鹹谛茭碽厸;
靓鐜择拄簳賣褯赋容燨彔狒稺苢锵晫童砲跑;

ℕ ⊊ ℤ ⊊ ℚ ⊊ ℝ

０;３;６ 容元衟褯簽楷稺苢

牝踨 ０;０ <檫容褡渖檫容+ 麘禡慏茭容元 𝐴塗 𝐵｜钴 𝐴鐜僢翆慊嶻怬骱禡 𝐵｜
鴸俋 𝐴饦 𝐵褯檫容｜邋衧 𝐴 ⊆ 𝐵;

𝐴 ⊆ 𝐵 ⟺ ∀𝑥? <𝑥 ∈ 𝐴 ⟹ 𝑥 ∈ 𝐵+;

童冧 𝐴 ⊆ 𝐵｜壿 𝐵鐜庺舐駨谛茭慊嶻荼骱禡 𝐴｜鴸俋 𝐴饦 𝐵褯渖檫容｜邋衧
𝐴 ⊊ 𝐵;

檫容盥帄褯慏茭煟屴浣盽饦碽容褯萋薼褡容元蟳质褯襏牝;

喬戓 ０;３ <碽容褡蟳质+ 荼狒僢惤慊嶻褯容元俋譽碽容｜邋衧 ∅;
• 碽容褯舾蛣;碽容饦僢惤容元褯檫容;
• 容元蟳质;𝐴 " 𝐵 ⟺ 𝐴 ⊆ 𝐵壿𝐵 ⊆ 𝐴;
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起湗穻 容元褡隻誯 ８６

麀茡 燨檫容牝踨｜∅ ⊆ 𝐴质豎禡喬戓 ∀𝑥? <𝑥 ∈ ∅ ⟹ 𝑥 ∈ 𝐴+譽渖; 玴鯟狒喬戓褯
窼夫 𝑥 ∈ ∅绵譽雞｜婻譽碽容荼狒僢惤慊嶻;団锢宐鐜｜窼夫譽雞褯鯟狒喬戓绵譽
渖｜俋譽碽踝褯渖｜邔 ∅ ⊆ 𝐴麘僢翆容元 𝐴晫嗲;
氐丷棼麀容元蟳质;钴 𝐴 " 𝐵｜鴸僢缉 𝑥 ∈ 𝐴怬駨 𝑥 ∈ 𝐵｜僢缉 𝑥 ∈ 𝐵 怬駨

𝑥 ∈ 𝐴｜罛碴 𝐴 ⊆ 𝐵壿 𝐵 ⊆ 𝐴; 鸼陞挴｜钴 𝐴 ⊆ 𝐵壿 𝐵 ⊆ 𝐴｜鴸僢翆慊嶻 𝑥娠捺

𝑥 ∈ 𝐴 ⟹ 𝑥 ∈ 𝐵? 𝑥 ∈ 𝐵 ⟹ 𝑥 ∈ 𝐴;

婻藗 𝑥 ∈ 𝐴 ⟺ 𝑥 ∈ 𝐵麘僢翆 𝑥晫嗲｜慏茭容元慊嶻畗踣蟳柗｜邔 𝐴 " 𝐵; □

鮲戓 ０;６ 謕侴容元 𝐴 " )𝑥 ∣ 𝑥０ − １𝑥 \ ０ " ５(｜容元 𝐵 " )𝑥 ∣ 𝑎𝑥 " ０(;钴
𝐴 ∪ 𝐵 " 𝐴｜鲥罛駨埶麠蚩晫嗲褯裱赋 𝑎港晫褯容元;

呪 𝐴 ∪ 𝐵 " 𝐴质豎禡 𝐵 ⊆ 𝐴｜踺 𝐵褯慊嶻謕踣趣団 𝐴鐜;
容元 𝐴涰轘防 𝑥０ − １𝑥 \ ０ " ５褯呪港晫｜婻毆菹呪襮 <𝑥 − ３+<𝑥 − ０+ " ５｜呪襮

𝑥 " ３衉 𝑥 " ０｜罛碴 𝐴 " )３? ０(;
棼捣盽 𝐵 " )𝑥 ∣ 𝑎𝑥 " ０(晫譽 𝐴褯檫容褯麠蚩;
冚 𝑎 " ５龩｜轘防詓譽 ５ ⋅ 𝑥 " ０｜畻呪｜禡饦 𝐵 " ∅｜藗碽容饦僢惤容元褯檫容｜

罛碴 𝑎 " ５饦呪;
冚 𝑎 ≠ ５龩｜轘防 𝑎𝑥 " ０駨橦谛呪 𝑥 " ０

𝑎｜踺 𝐵 " ) ０
𝑎 (; 𝐵 ⊆ 𝐴楀鲥 ０

𝑎 ∈ )３? ０(;
• 涰 ０

𝑎 " ３襮 𝑎 " ０;
• 涰 ０

𝑎 " ０襮 𝑎 " ３;
婻薏裱赋 𝑎褯缉壇容元譽 )５? ３? ０(;

鮲戓 ０;９ 趑容元 𝐴 " )𝑥 ∈ ℝ ∣ 𝑥０ − ６𝑥 \ １ ≤ ５(｜容元 𝐵 " )𝑥 ∈ ℝ ∣ ３ − 𝑚 ≤
𝑥 ≤ １ \ 𝑚(;钴 𝐴 ⊊ 𝐵｜鲥裱赋𝑚褯缉壇騊祟;

呪 涰荼质毆 𝑥０ − ６𝑥 \ １ ≤ ５踺 <𝑥 − ３+<𝑥 − １+ ≤ ５襮 ３ ≤ 𝑥 ≤ １｜禡饦 𝐴 " -３? １';
𝐴 ⊊ 𝐵鼣白 𝐴 ⊆ 𝐵壿 𝐴 ≠ 𝐵;譽埶鑽衟 -３? １'罒 -３ − 𝑚? １ \ 𝑚'蕹氉｜嬛楀

⎧))
⎨))⎩

３ − 𝑚 ≤ ３?
１ \ 𝑚 ≥ １?
３ − 𝑚 ≤ １ \ 𝑚?

浉譽𝑚 ≥ ５。𝑚 ≥ ５。𝑚 ≥ −３｜注幔柗龩晫嗲踺𝑚 ≥ ５;
棼锵炏蟳质褯研呅;钴 𝐴 " 𝐵｜鴸紦艘稼元｜涰 ３ − 𝑚 " ３褡 １ \ 𝑚 " １呪襮

𝑚 " ５｜婻薏譽埶 𝐴 ≠ 𝐵｜霔扢𝑚 ≠ ５;
多元慏茭麠蚩襮𝑚 % ５;
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８９ ０;３ 容元盽懌謴

鮲戓 ０;８ 謕侴容元 𝐴 " )５? ３? 𝑎(｜𝐵 " )−３? 𝑎 \ ３? 𝑎０(;钴 𝐴 " 𝐵｜鲥裱赋 𝑎
褯壇;

呪 容元蟳质鼣白慏茭容元褯慊嶻畗踣蟳柗｜褡岽筆畻稺;氐丷髡容元 𝐵鐜謕侴褯
−３紴歲｜猁牝 𝑎;
婻譽 𝐴 " 𝐵｜罛碴 −３ ∈ 𝐴;藗 ５ ≠ −３｜３ ≠ −３｜邔

𝑎 " −３;

埸鷭竸鈽鹹霔楀麠蚩｜剓嬛著麀沔菹舾;蜍 𝑎 " −３浪紴｜襮

𝐴 " )５? ３? −３(? 𝐵 " )−３? ５? ３(;

涰容元褯畻筆舾｜慏幔慊嶻蟳柗｜罛碴 𝐴 " 𝐵晫嗲;
婻薏 𝑎 " −３;

０;３;９ 容元褯簽楷眫奮

牝踨 ０;１ <减容+ 涰罛駨胅骱禡 𝐴舃骱禡 𝐵褯慊嶻港晫褯容元｜俋譽 𝐴褡 𝐵
褯减容｜邋衧 𝐴 ∩ 𝐵;

𝐴 ∩ 𝐵 " )𝑥 ∣ 𝑥 ∈ 𝐴壿𝑥 ∈ 𝐵(;

减容麘靿锢宐稺苢鐜褯壿｜踺慏茭容元褯劷滰趣菹;

鮲戓 ０;４ 謕侴容元 𝐴 " )𝑥 ∈ ℤ ∣ 𝑥０ − ０𝑥 − １ " ５(｜容元 𝐵 " )𝑥 ∈ ℝ ∣ 𝑥 % ３(;
鲥 𝐴 ∩ 𝐵;

呪 綃蜍容元浉譽釮們呤衉鑽衟质畟煟逥褯呅毆;呪轘防 𝑥０ − ０𝑥 − １ " ５｜婻毆菹
呪襮 <𝑥 − １+<𝑥 \ ３+ " ５｜禡饦 𝑥 " １衉 𝑥 " −３｜慏茭怬饦凟赋;婻薏

𝐴 " )−３? １(;

容元 𝐵饦椛鑽衟 <３? \∞+;
氐丷燨减容牝踨姛著 𝐴鐜褯慊嶻;−３ ∈ 𝐴｜帹 −３ ≯ ３｜邔 −３ ∉ 𝐵ｐ１ ∈ 𝐴｜壿

１ % ３｜邔 １ ∈ 𝐵;
柗龩骱禡慏茭容元褯慊嶻鷭駨 １｜罛碴 𝐴 ∩ 𝐵 " )１(;
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起湗穻 容元褡隻誯 ８８

鮲戓 ０;７ 趑容元𝐴 " )𝑥 ∈ ℝ ∣ −０ ≤ 𝑥 ≤ ９(｜容元𝐵 " )𝑥 ∈ ℝ ∣ 𝑥０−𝑥−８ % ５(;
鲥 𝐴 ∩ 𝐵;

呪 瑨赍荼质毆褯容元眫奮｜簳団赋察犍菹快;
容元 𝐴饦惜鑽衟 -−０? ９';
呪 𝐵鐜褯湗占荼质毆 <𝑥 − １+<𝑥 \ ０+ % ５｜襮 𝑥 } −０衉 𝑥 % １;婻薏

𝐵 " <−∞? −０+ ∪ <１? \∞+;

𝑥−１ −０ −３ ５ ３ ０ １ ６ ９ ８

容元 𝐴

容元 𝐵 容元 𝐵
𝐴 ∩ 𝐵 " <１? ９'

忑 ０;６ 厈賣赋察鲥 𝐴 ∩ 𝐵;

劷滰鑽蟖薼禡 １笋 ９饲衟｜紦艘裤渷襏鶜;饙紦艘 １ ∈ 𝐴｜帹 𝐵楀鲥 𝑥 % １｜罛
碴 １ ∉ 𝐴 ∩ 𝐵ｐ纺紦艘 ９ ∈ 𝐴壿 ９ % １｜罛碴 ９ ∈ 𝐴 ∩ 𝐵;
禡饦 𝐴 ∩ 𝐵 " <１? ９';

𝑈

𝐴 𝐵

𝐴 ∩ 𝐵

忑 ０;９ 减容 𝐴 ∩ 𝐵褯潟峈忑白翆ｅ垟困趣菹Ｉ

牝踨 ０;６ <鈩容+ 涰罛駨骱禡 𝐴衉骱禡 𝐵褯慊嶻港晫褯容元｜俋譽 𝐴褡 𝐵褯
鈩容｜邋衧 𝐴 ∪ 𝐵;

𝐴 ∪ 𝐵 " )𝑥 ∣ 𝑥 ∈ 𝐴衉𝑥 ∈ 𝐵(;

埸璗褯衉饦彔絘舾褯｜彔狒柗龩骱禡慏幔褯研哄;

鮲戓 ０;２ 謕侴容元 𝐴 " )−３? １(｜容元 𝐵 " )𝑥 ∈ ℝ ∣ 𝑥 % ３(;鲥 𝐴 ∪ 𝐵;

呪 𝐴狒凟赋 −３塗 １ｐ𝐵饦鑽衟 <３? \∞+;
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８４ ０;３ 容元盽懌謴

𝑈

𝐴 𝐵

𝐴 ∪ 𝐵

忑 ０;８ 鈩容 𝐴 ∪ 𝐵褯潟峈忑白翆ｅ垟困趣菹Ｉ

元鈩龩嬛钄傭逵瑥舾;１胅骱禡 𝐴｜舃娠捺 １ % ３｜婻薏謕彔狒団 <３? \∞+鐜｜畻
嬛裤渷釮鈽ｐ−３鷭骱禡 𝐴｜嬛楀裤渷釮鈽;
禡饦

𝐴 ∪ 𝐵 " )−３( ∪ <３? \∞+;

鮲戓 ０;３５ 趑容元 𝐴 " )𝑥 ∈ ℝ ∣ −０ ≤ 𝑥 ≤ ９(｜容元 𝐵 " )𝑥 ∈ ℝ ∣ 𝑥 }
−０衉𝑥 % １(;鲥 𝐴 ∪ 𝐵;

呪 団赋察犍蜍慏茭容元蕹氉褯鑽蟖元鈩;容元 𝐴 " -−０? ９'｜容元 𝐵 " <−∞? −０+ ∪
<１? \∞+;

𝑥−１ −０ −３ ５ ３ ０ １ ６ ９ ８

容元 𝐴容元 𝐵 容元 𝐵

𝐴 ∪ 𝐵 " ℝ

忑 ０;４ 厈賣赋察鲥 𝐴 ∪ 𝐵;容元 𝐴樒犍鹹 𝐵団 -−０? １'饲衟褯碽恽;

元鈩猡｜𝐵蕹氉 <−∞? −０+｜𝑥 " −０荼骱禡 𝐵帹骱禡 𝐴｜邔 −０ ∈ 𝐴 ∪ 𝐵｜棼鈩犍
𝐴蕹氉褯 -−０? ９'褡 𝐵蕹氉褯 <１? \∞+｜襮

𝐴 ∪ 𝐵 " <−∞? −０+ ∪ -−０? ９' ∪ <１? \∞+;

闹 <−∞? −０+ ∪ -−０? ９'元鈩譽 <−∞? ９'｜棼褡 <１? \∞+缉鈩容踺襮 ℝ;
邔 𝐴 ∪ 𝐵 " ℝ;
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起湗穻 容元褡隻誯 ８７

牝踨 ０;９ <踴容+ 钴罛拿戩褯容元怬饦脫茭竸牝容元 𝑈 褯檫容｜鴸俋 𝑈 譽踣
容;麘禡 𝑈 褯檫容 𝐴｜涰 𝑈 鐜荼骱禡 𝐴褯慊嶻港晫褯容元｜俋譽 𝐴団 𝑈 鐜
褯踴容｜邋衧 ∁𝑈𝐴;

∁𝑈𝐴 " )𝑥 ∣ 𝑥 ∈ 𝑈 壿𝑥 ∉ 𝐴(;

踴容麘靿锢宐稺苢鐜褯膱｜踺髡踣容鐜誢扨 𝐴褯慊嶻;

𝑈

𝐴

∁𝑈𝐴

忑 ０;７ 踴容 ∁𝑈𝐴褯潟峈忑白翆ｅ垟困趣菹Ｉ

鮲戓 ０;３３ 趑踣容 𝑈 " ℝ｜容元 𝐴 " )𝑥 ∣ −３ } 𝑥 ≤ １(;鲥 ∁𝑈𝐴;

呪 ∁𝑈𝐴饦罛駨荼娠捺 −３ } 𝑥 ≤ １褯裱赋｜踺

𝑥 ∉ <−３? １' ⟺ 𝑥 ≤ −３衉𝑥 % １;

紦艘椛惜舾缉鸼｜𝑥 % −３褯嚙牝饦 𝑥 ≤ −３｜𝑥 ≤ １褯嚙牝饦 𝑥 % １;
団赋察犍鼣白童砲;

𝑥−１ −０ −３ ５ ３ ０ １ ６ ９

容元 𝐴

∁ℝ𝐴 ∁ℝ𝐴

忑 ０;２ 容元 𝐴褡謩団 ℝ鐜踴容褯赋察鼣白;踴容饦赋察犍誢扨 𝐴猡瓈睸褯趣菹｜紦艘椛
惜舾褡 𝐴蟳鸼;

婻薏
∁𝑈𝐴 " <−∞? −３' ∪ <１? \∞+;

鮲戓 ０;３０ 趑踣容 𝑈 " ℤ｜容元 𝐴 " )𝑥 ∈ ℤ ∣ 𝑥０ ≤ ２(;鲥 ∁𝑈𝐴;

呪 踣容饦沢闪褯 ℤ｜踴容晖鷭搬涰凟赋噯晫;
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８２ ０;３ 容元盽懌謴

𝑥０ ≤ ２质豎禡 −１ ≤ 𝑥 ≤ １;挻犍 𝑥 ∈ ℤ｜襮

𝐴 " )−１? −０? −３? ５? ３? ０? １(;

婻薏 ∁𝑈𝐴饦罛駨荼団 𝐴鐜褯凟赋｜踺

∁𝑈𝐴 " )𝑥 ∈ ℤ ∣ 𝑥 } −１衉𝑥 % １( " )… ? −９? −６( ∪ )６? ９? … (;

涣 ０;０ <踣容+
踣容魺牝鹹踴容褯呅毆;钴団柗谛麠蚩砲缉裱赋踣容𝐴′ " )𝑥 ∈ ℝ ∣ 𝑥０ ≤ ２(｜鴸
∁ℝ𝐴′ " <−∞? −１+ ∪ <１? \∞+ｐ藗楷戓踣容饦 ℤ｜踴容鷭搬饦凟赋容元;

０;３;８ 容元褯眫奮鞲
容元眫奮娠捺减籅鞲。多元鞲。菹覼鞲质;砲顅麀茡騎蓈鏘牝鞲;

牝迹 ０;３ <騎蓈鏘牝鞲+ 麘禡踣容 𝑈 赍謩僢翆檫容 𝐴? 𝐵 ⊆ 𝑈｜氐丷駨

∁𝑈<𝐴 ∪ 𝐵+ " <∁𝑈𝐴+ ∩ <∁𝑈𝐵+
∁𝑈<𝐴 ∩ 𝐵+ " <∁𝑈𝐴+ ∪ <∁𝑈𝐵+

麀茡 氐丷賣锢宐质豎浣嶇麀茡;僢缉 𝑥 ∈ 𝑈 ;

𝑥 ∈ ∁𝑈<𝐴 ∪ 𝐵+ ⟺ 𝑥 ∉ <𝐴 ∪ 𝐵+ ｅ踴容牝踨Ｉ
⟺ ½<𝑥 ∈ 𝐴衉𝑥 ∈ 𝐵+ ｅ鈩容牝踨Ｉ
⟺ <𝑥 ∉ 𝐴+壿<𝑥 ∉ 𝐵+ ｅ锢宐騎蓈鏘鞲Ｉ
⟺ <𝑥 ∈ ∁𝑈𝐴+壿<𝑥 ∈ ∁𝑈𝐵+ ｅ踴容牝踨Ｉ
⟺ 𝑥 ∈ <∁𝑈𝐴+ ∩ <∁𝑈𝐵+ ｅ减容牝踨Ｉ

婻薏起谛毆晫嗲;柗迹｜麘僢翆 𝑥 ∈ 𝑈 氐丷駨

𝑥 ∈ ∁𝑈<𝐴 ∩ 𝐵+ ⟺ 𝑥 ∉ <𝐴 ∩ 𝐵+ ｅ踴容牝踨Ｉ
⟺ ½<𝑥 ∈ 𝐴壿𝑥 ∈ 𝐵+ ｅ减容牝踨Ｉ
⟺ <𝑥 ∉ 𝐴+衉<𝑥 ∉ 𝐵+ ｅ锢宐騎蓈鏘鞲Ｉ
⟺ <𝑥 ∈ ∁𝑈𝐴+衉<𝑥 ∈ ∁𝑈𝐵+ ｅ踴容牝踨Ｉ
⟺ 𝑥 ∈ <∁𝑈𝐴+ ∪ <∁𝑈𝐵+ ｅ鈩容牝踨Ｉ
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起湗穻 容元褡隻誯 ４５

慏茭质毆慏饘怬饦 𝑈 褯檫容｜壿麘僢翆 𝑥 ∈ 𝑈 竸鈽蟳柗褯鷵骱稺苢｜邔慏毆晫嗲;
□

鮲戓 ０;３１ <嶇鈽絘灴邖迹蟳稺绵质毆+ 趑𝐴? 𝐵? 𝐶譽駨冫容;麀茡栔骱禡𝐴褯
慊嶻茭赋譽

саｒｄ<𝐴+ − саｒｄ<𝐴 ∩ 𝐵+ − саｒｄ<𝐴 ∩ 𝐶+ \ саｒｄ<𝐴 ∩ 𝐵 ∩ 𝐶+;

呪 氐丷缉彔狒 𝐴 ∪ 𝐵 ∪ 𝐶 褯踣容 𝑈 ;栔骱禡 𝐴褯慊嶻娠捺 𝑥 ∈ 𝐴壿 𝑥 ∉ 𝐵。𝑥 ∉ 𝐶｜
踺

𝐴 ∩ <∁𝑈𝐵+ ∩ <∁𝑈𝐶+;

涰騎蓈鏘牝鞲｜
<∁𝑈𝐵+ ∩ <∁𝑈𝐶+ " ∁𝑈<𝐵 ∪ 𝐶+?

罛碴犍蟋容元栦媸晫
𝐴 ∩ ∁𝑈<𝐵 ∪ 𝐶+;

钊褯簽赋质禡 𝐴鐜誢扨 𝐴褡 𝐵 ∪ 𝐶 褯减容趣菹;

саｒｄ<𝐴+ − саｒｄ<𝐴 ∩ <𝐵 ∪ 𝐶++;

賣菹覼鞲｜𝐴 ∩ <𝐵 ∪ 𝐶+ " <𝐴 ∩ 𝐵+ ∪ <𝐴 ∩ 𝐶+;氐丷麘纺紦靿賣湗慊絘灴邖迹;

саｒｄ<<𝐴 ∩ 𝐵+ ∪ <𝐴 ∩ 𝐶++ " саｒｄ<𝐴 ∩ 𝐵+ \ саｒｄ<𝐴 ∩ 𝐶+

− саｒｄ<<𝐴 ∩ 𝐵+ ∩ <𝐴 ∩ 𝐶++

" саｒｄ<𝐴 ∩ 𝐵+ \ саｒｄ<𝐴 ∩ 𝐶+ − саｒｄ<𝐴 ∩ 𝐵 ∩ 𝐶+;

浪伱襮

саｒｄ<𝐴 ∩ ∁𝑈<𝐵 ∪ 𝐶++

" саｒｄ<𝐴+ − <саｒｄ<𝐴 ∩ 𝐵+ \ саｒｄ<𝐴 ∩ 𝐶+ − саｒｄ<𝐴 ∩ 𝐵 ∩ 𝐶++

" саｒｄ<𝐴+ − саｒｄ<𝐴 ∩ 𝐵+ − саｒｄ<𝐴 ∩ 𝐶+ \ саｒｄ<𝐴 ∩ 𝐵 ∩ 𝐶+;

麀獤;

鮲戓 ０;３６ 趑踣容 𝑈 " ℝ｜容元 𝐴 " )𝑥 ∣ 𝑥０ − ０𝑥 − ７ % ５(｜𝐵 " )𝑥 ∣ −３ ≤ 𝑥 ≤
９(;鲥 ∁𝑈<𝐴 ∪ 𝐵+;
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４３ ０;３ 容元盽懌謴

呪 煟屴奮 𝐴 ∪ 𝐵棼鲥踴容床唀癫｜賣騎蓈鏘牝鞲畟箛裤;

∁𝑈<𝐴 ∪ 𝐵+ " <∁𝑈𝐴+ ∩ <∁𝑈𝐵+;

綃鲥 ∁𝑈𝐴;涰 𝑥０ − ０𝑥 − ７ ≤ ５襮 <𝑥 − ６+<𝑥 \ ０+ ≤ ５｜禡饦 −０ ≤ 𝑥 ≤ ６｜踺
∁𝑈𝐴 " -−０? ６';
棼鲥 ∁𝑈𝐵;涰 𝐵 " )𝑥 ∣ −３ ≤ 𝑥 ≤ ９(缉踴容襮

∁𝑈𝐵 " )𝑥 ∣ 𝑥 } −３衉𝑥 % ９( " <−∞? −３+ ∪ <９? \∞+;

禡饦

<∁𝑈𝐴+ ∩ <∁𝑈𝐵+ " -−０? ６' ∩ <<−∞? −３+ ∪ <９? \∞++ " -−０? −３+;

鮲戓 ０;３９ 脫哜嚾滰 ９５浼铙娖｜谛占匊此鐜駨慏碚熲察戓;礿麘起谛戓褯駨
１５篽｜礿麘起湗戓褯駨 ０７篽｜慏戓怬礿麘褯駨 ３９篽;暁慏戓怬席礿麘褯铙
娖駨淝舐篽Ｓ

呪 趑 𝑈 譽踣哜铙娖｜𝐴譽礿麘起谛戓褯铙娖容元｜𝐵譽礿麘起湗戓褯铙娖容元;
戓翆竸鈽

саｒｄ<𝑈+ " ９５? саｒｄ<𝐴+ " １５? саｒｄ<𝐵+ " ０７? саｒｄ<𝐴 ∩ 𝐵+ " ３９;

慏戓怬席礿麘褯铙娖骱禡 <∁𝑈𝐴+ ∩ <∁𝑈𝐵+;涰騎蓈鏘牝鞲｜

<∁𝑈𝐴+ ∩ <∁𝑈𝐵+ " ∁𝑈<𝐴 ∪ 𝐵+;

婻薏罛鲥篽赋譽

саｒｄ<∁𝑈<𝐴 ∪ 𝐵++ " саｒｄ<𝑈+ − саｒｄ<𝐴 ∪ 𝐵+;

賣絘灴邖迹襮

саｒｄ<𝐴 ∪ 𝐵+ " саｒｄ<𝐴+ \ саｒｄ<𝐵+ − саｒｄ<𝐴 ∩ 𝐵+

" １５ \ ０７ − ３９ " ６１;

罛碴慏戓怬席礿麘褯篽赋譽 ９５ − ６１ " ４;

鮲戓 ０;３８ 趑踣容𝑈 " ℝ｜容元𝐴 " )𝑥 ∣ 𝑥０ −２ % ５(｜𝐵 " )𝑥 ∣ 𝑥０ −９𝑥\６ ≤ ５(;
鲥 <∁𝑈𝐴+ ∪ <∁𝑈𝐵+;
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起湗穻 容元褡隻誯 ４０

呪 谛耼埱呤饦煟屴跠奮慏茭踴容棼缉鈩容;∁𝑈𝐴娠捺 𝑥０ − ２ ≤ ５｜踺 −１ ≤ 𝑥 ≤ １｜
罛碴 ∁𝑈𝐴 " -−１? １'ｐ∁𝑈𝐵 娠捺 <𝑥 − ３+<𝑥 − ６+ % ５｜踺 𝑥 } ３ 衉 𝑥 % ６｜罛碴
∁𝑈𝐵 " <−∞? ３+ ∪ <６? \∞+;禡饦

<∁𝑈𝐴+ ∪ <∁𝑈𝐵+ " -−１? １' ∪ <−∞? ３+ ∪ <６? \∞+ " <−∞? １' ∪ <６? \∞+;

蝙谛耼埱呤饦綃浉箛棼外阈騎蓈鏘牝鞲;涰 <∁𝑈𝐴+ ∪ <∁𝑈𝐵+ " ∁𝑈<𝐴 ∩ 𝐵+｜綃蜍

𝐴 " <−∞? −１+ ∪ <１? \∞+? 𝐵 " -３? ６'

缉减容襮 𝐴 ∩ 𝐵 " <１? ６'｜棼缉踴容襮

∁𝑈<𝐴 ∩ 𝐵+ " <−∞? １' ∪ <６? \∞+;

慏耼埱呤多冧蟳柗;

０;３;４ 駨冫容褯跠赋

牝踨 ０;８ <容元褯簽赋+ 駨冫容元褯慊嶻茭赋俋譽玴容元褯簽赋｜ 邋衧
саｒｄ<𝐴+;

簽赋夙薆駨冫容元褯慊嶻茭赋｜涰薏栦跠奮檫容伢赋;

牝迹 ０;０ 钴 саｒｄ<𝐴+ " 𝑛｜鴸 𝐴褯檫容茭赋譽 ０𝑛;

麀茡 趑 𝐴 " )𝑎３? 𝑎０? … ? 𝑎𝑛(;氐丷港亻 𝐴褯僢翆檫容 𝑆｜麘円茭慊嶻 𝑎𝑖 渷嗲萋烨
慈 𝑎𝑖 ∈ 𝑆衉 𝑎𝑖 ∉ 𝑆;蜍埸谛噯烨慈證鯀譽菶夙譽 𝑛褯湗捂鳩筆釮 <𝑏３? 𝑏０? … ? 𝑏𝑛+｜謩
鐜

𝑏𝑖 "
⎧)
⎨)⎩

３? 𝑎𝑖 ∈ 𝑆?
５? 𝑎𝑖 ∉ 𝑆;

埸竸鈽鹹 𝐴褯报容 𝒫<𝐴+笋罛駨菶夙譽 𝑛褯湗捂鳩筆釮饲衟褯颗誯;
円占烨慈駨 ０耼｜𝑛占渷嗲烨慈滰駨

０ ÷ ０ ÷ ⋯ ÷ ０⏟⏟⏟⏟⏟⏟⏟
𝑛茭

" ０𝑛

耼多冧｜罛碴 𝐴褯檫容茭赋譽 ０𝑛; □
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４１ ０;３ 容元盽懌謴

牝迹 ０;１ <絘灴邖迹+ 麘僢翆駨冫容元 𝐴? 𝐵? 𝐶｜氐丷駨
• саｒｄ<𝐴 ∪ 𝐵+ " саｒｄ<𝐴+ \ саｒｄ<𝐵+ − саｒｄ<𝐴 ∩ 𝐵+;

•

саｒｄ<𝐴 ∪ 𝐵 ∪ 𝐶+
" саｒｄ<𝐴+ \ саｒｄ<𝐵+ \ саｒｄ<𝐶+

− саｒｄ<𝐴 ∩ 𝐵+ − саｒｄ<𝐴 ∩ 𝐶+ − саｒｄ<𝐵 ∩ 𝐶+
\ саｒｄ<𝐴 ∩ 𝐵 ∩ 𝐶+;

麀茡 湗慊研呅; 蜍 𝐴 ∪ 𝐵菹晫注樮逵荼蟳减褯趣菹;

𝐴 ∪ 𝐵 " <𝐴 ∖ 𝐵+ ∪ <𝐵 ∖ 𝐴+ ∪ <𝐴 ∩ 𝐵+;

注容元慏慏荼减｜邔

саｒｄ<𝐴 ∪ 𝐵+ " саｒｄ<𝐴 ∖ 𝐵+ \ саｒｄ<𝐵 ∖ 𝐴+ \ саｒｄ<𝐴 ∩ 𝐵+;

舃 𝐴 " <𝐴 ∖ 𝐵+ ∪ <𝐴 ∩ 𝐵+｜罛碴

саｒｄ<𝐴 ∖ 𝐵+ " саｒｄ<𝐴+ − саｒｄ<𝐴 ∩ 𝐵+;

柗迹｜саｒｄ<𝐵 ∖ 𝐴+ " саｒｄ<𝐵+ − саｒｄ<𝐴 ∩ 𝐵+;浪紴踺襮

саｒｄ<𝐴 ∪ 𝐵+ " саｒｄ<𝐴+ \ саｒｄ<𝐵+ − саｒｄ<𝐴 ∩ 𝐵+;

注慊研呅; 猏 𝐷 " 𝐵 ∪ 𝐶｜鴸 𝐴 ∪ 𝐵 ∪ 𝐶 " 𝐴 ∪ 𝐷;涰湗慊研呅｜

саｒｄ<𝐴 ∪ 𝐵 ∪ 𝐶+ " саｒｄ<𝐴+ \ саｒｄ<𝐷+ − саｒｄ<𝐴 ∩ 𝐷+;

麘 𝐷棼賣湗慊研呅｜襮

саｒｄ<𝐷+ " саｒｄ<𝐵 ∪ 𝐶+ " саｒｄ<𝐵+ \ саｒｄ<𝐶+ − саｒｄ<𝐵 ∩ 𝐶+;

麘 𝐴 ∩ 𝐷｜涰菹覼鞲 𝐴 ∩ 𝐷 " <𝐴 ∩ 𝐵+ ∪ <𝐴 ∩ 𝐶+｜棼賣湗慊研呅｜

саｒｄ<𝐴 ∩ 𝐷+ " саｒｄ<𝐴 ∩ 𝐵+ \ саｒｄ<𝐴 ∩ 𝐶+ − саｒｄ<𝐴 ∩ 𝐵 ∩ 𝐶+;

蜍 саｒｄ<𝐷+褡 саｒｄ<𝐴 ∩ 𝐷+浪伱鈩凟迹｜襮笋

саｒｄ<𝐴 ∪ 𝐵 ∪ 𝐶+

" саｒｄ<𝐴+ \ саｒｄ<𝐵+ \ саｒｄ<𝐶+

− саｒｄ<𝐴 ∩ 𝐵+ − саｒｄ<𝐴 ∩ 𝐶+ − саｒｄ<𝐵 ∩ 𝐶+
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起湗穻 容元褡隻誯 ４６

\ саｒｄ<𝐴 ∩ 𝐵 ∩ 𝐶+;

麀獤; □

０;０ 隻誯
０;０;３ 隻誯褯盥帄
氐丷綃逥巖赋容饲衟褯麘靿稺苢;鮲童｜𝑓<𝑥+ " 𝑥０蜍円茭裱赋 𝑥麘靿笋 𝑥０ｐ脺

顅犍褯僲肷詓籅蜍円茭艘麘靿笋僲肷猡褯艘;氐丷蜍埸耼麘靿稺苢浣狶笋谛塷容
元｜銰襮笋隻誯;

牝踨 ０;４ <隻誯+ 趑𝐴? 𝐵饦慏茭膱碽容元;童冧韓団呤鴸 𝑓｜埶襮麘円茭 𝑥 ∈ 𝐴
怬駨橦谛猁牝褯 𝑦 ∈ 𝐵 褡饲麘靿｜倪袃氐丷俋 𝑓 譽髡 𝐴笋 𝐵 褯谛茭隻誯｜
鈩邋衧

𝑓 ∶ 𝐴 → 𝐵;

謩鐜 𝐴俋譽隻誯褯牝踨蟖｜𝐵俋譽隻誯褯鉭蟖;

埸谛牝踨彔狒注茭楀嶻｜踺牝踨蟖 𝐴。鉭蟖 𝐵塗麘靿呤鴸 𝑓 ;钊柗龩麘 𝑓 夫鈽
慏麠楀鲥;

• 踣蟖舾牝踨蟖鐜円茭慊嶻怬駨抆;
• 裤壇舾円茭慊嶻褯抆橦谛;
钴 𝑥 ∈ 𝐴団 𝐵鐜麘靿 𝑦｜鴸俋 𝑦譽 𝑥団 𝑓 砲褯抆｜邋衧 𝑦 " 𝑓<𝑥+ｐ俋 𝑥譽 𝑦褯

谛茭邖抆;牝踨蟖鐜罛駨慊嶻褯抆港晫容元｜俋譽 𝑓 褯抆容衉壇蟖｜邋衧 𝑓<𝐴+;

𝑓<𝐴+ " )𝑓<𝑥+ ∣ 𝑥 ∈ 𝐴(;

鰑懩 𝑓<𝐴+ ⊆ 𝐵ｐ鉭蟖 𝐵彔狒罛駨栦搬褯抆｜藗抆容饦埸焂抆鐜裱斔缉笋褯趣菹;

牝踨蟖 𝐴

𝑎３

𝑎０

𝑎１

鉭蟖 𝐵
𝑏３

𝑏０

𝑏１

𝑏６

抆容 𝑓<𝐴+ " )𝑏３? 𝑏１(

𝑓 ∶ 𝐴 → 𝐵

忑 ０;３５ 隻誯忑白;牝踨蟖 𝐴 鐜円茭慊嶻怬駨橦谛莜岟暞萐謩団鉭蟖 𝐵 鐜褯抆;鉭蟖鐜
𝑏０? 𝑏６盠駨邖抆ｐ𝑏１駨慏茭邖抆 𝑎０? 𝑎１;
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４９ ０;０ 隻誯

鮲戓 ０;３４ 氐丷匊巖儬赋 𝑓<𝑥+ " 𝑥０;闹謩咹譽隻誯｜菹快牝踨蟖。鉭蟖塗抆
容麘舾蛣褯困缼;

呪 氐丷綃癟茡｜谛茭隻誯褯舾蛣涰牝踨蟖。鉭蟖塗麘靿呤鴸滰柗魺牝;

３; 缉 𝑓３ ∶ ℝ → ℝ｜𝑓３<𝑥+ " 𝑥０; 抆容譽 𝑓３<ℝ+ " -５? \∞+｜饦鉭蟖褯渖檫容;

０; 缉 𝑓０ ∶ ℝ → -５? \∞+｜𝑓０<𝑥+ " 𝑥０; 麘靿呤鴸褡 𝑓３ 蟳柗｜帹鉭蟖劈盆譽膱吖裱
赋容;抆容 𝑓０<ℝ+ " -５? \∞+褡鉭蟖蟳质;

１; 缉 𝑓１ ∶ -５? \∞+ → -５? \∞+｜𝑓１<𝑥+ " 𝑥０; 牝踨蟖晖罒冫鳩譽膱吖裱赋;抆容锼
饦 -５? \∞+;

６; 缉 𝑓６ ∶ ℝ → <−∞? −３+｜𝑓６<𝑥+ " 𝑥０; 埸茭牝踨荼元呤;婻譽麘僢翆 𝑥 ∈ ℝ怬駨
𝑥０ ≥ ５｜荼骱禡鉭蟖 <−∞? −３+;

婻薏｜柗谛呤鴸覼碴荼柗褯牝踨蟖衉鉭蟖｜寝襮笋荼柗褯隻誯;

０;０;０ 甘昍隻誯
氐丷燨抆褡邖抆褯麘靿稺苢｜麘隻誯衧捂谛謴菹鉢;

牝踨 ０;７ <裤誯。娠誯。颗誯+ 趑 𝑓 ∶ 𝐴 → 𝐵譽隻誯;

• 钴麘牝踨蟖鐜僢翆慏茭荼柗慊嶻｜抆晖逵荼蟳柗｜踺

∀𝑥３? 𝑥０ ∈ 𝐴? 𝑥３ ≠ 𝑥０ ⟹ 𝑓<𝑥３+ ≠ 𝑓<𝑥０+?

鴸俋 𝑓 譽裤誯衉谛麘谛隻誯;

• 钴鉭蟖鐜円茭慊嶻怬庺舐駨谛茭邖抆｜踺抆容质禡鉭蟖 <𝑓<𝐴+ " 𝐵+｜崙
踺

∀𝑦 ∈ 𝐵? ∃𝑥 ∈ 𝐴? 𝑓<𝑥+ " 𝑦?

鴸俋 𝑓 譽娠誯衉隻犍隻誯;

• 钴 𝑓 胅饦裤誯舃饦娠誯｜鴸俋 𝑓 譽颗誯衉谛谛麘靿;

裤誯翆漺葛荼柗曚紴麘靿荼柗曚鈽ｐ娠誯翆漺葛鉭蟖鐜褯円茭慊嶻怬罒缉笋ｐ
颗誯鴸竸鈽慏茭容元饲衟谛谛麘靿｜鈩壿饦栦忹褯;

鮲戓 ０;３７ 氐丷伱笋 𝑓<𝑥+ " 𝑥０褯鮲檫｜襏鶜 𝑓３? 𝑓０? 𝑓１貯譽惤耼隻誯;

呪 氐丷顫谛麘聾裤誯褡娠誯褯牝踨挴姛著 𝑓３? 𝑓０? 𝑓１;
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起湗穻 容元褡隻誯 ４８

３; 𝑓３ ∶ ℝ → ℝ荼饦裤誯｜婻譽 𝑓３<−０+ " ６ " 𝑓３<０+藗 −０ ≠ ０ｐ晖荼饦娠誯｜婻譽
抆容 -５? \∞+ ≠ ℝ｜鮲童 −３盠駨邖抆;

０; 𝑓０ ∶ ℝ → -５? \∞+锼荼饦裤誯｜帹钊饦娠誯;僢翆 𝑦 ∈ -５? \∞+怬駨邖抆 √𝑦塗
−√𝑦;

１; 𝑓１ ∶ -５? \∞+ → -５? \∞+饦裤誯;钴 𝑓１<𝑥３+ " 𝑓１<𝑥０+｜鴸 𝑥０
３ " 𝑥０

０｜藗 𝑥３? 𝑥０ ≥ ５｜
罛碴 𝑥３ " 𝑥０;钊晖饦娠誯;僢翆 𝑦 ∈ -５? \∞+怬駨橦谛邖抆 √𝑦;
婻薏 𝑓１ 饦颗誯;脺轘鏘儬赋 √𝑥缉膱吖裱赋蟖譽牝踨蟖｜翪饦譽鹹續麀钊饦
颗誯;

０;１ 锢宐賣仜懌謴
氐丷綃癟茡赋铙浣迹罛賣褯仜君;浣迹楀鲥犑猁。盠駨陾踨｜埸耼仜君銰饦锢

宐賣仜;

０;１;３ 喬戓赍謩渖壇

牝踨 ０;２ <喬戓+ 氐丷俋搬襏鶜渖雞褯皃蟋膴譽喬戓;

氐丷蜍谛茭喬戓褯襏鶜多冧俋譽謩渖壇｜渖壇鷭駨渖。雞慏耼;
鮲童｜１ % ０饦渖喬戓｜“罛駨嶻赋怬饦痞赋”饦雞喬戓ｅ０饦嶻赋壿譽堩赋Ｉ｜藗

𝑥 % ９団 𝑥褯壇猁牝饲窼畻呤襏鶜渖雞｜荼饦喬戓;氐丷俋狒駨詓薆褯皃蟋膴譽腚
逼衉椛喬戓;

０;１;０ 锢宐舿多逼褡容元眫奮
氐丷栦碴绝陞锢宐舿多逼蜍箛裤喬戓噯元晫發元喬戓;埸焂舿多逼褡容元眫

奮韓団麘靿稺苢;

牝踨 ０;３５ <簽楷锢宐舿多逼+ 趑 𝑝? 𝑞譽慏茭喬戓;

• 嚙牝ｅ½𝑝｜鷢衧“膱 𝑝”Ｉ;𝑝渖鴸 ½𝑝雞｜𝑝雞鴸 ½𝑝渖;埸麘靿容元褯踴容眫
奮;钴 𝑃 饦埶 𝑝譽渖褯研呅容元｜鴸埶 ½𝑝譽渖褯研呅容元銰饦 ∁𝑈𝑃 ;

• 元缉ｅ𝑝 ∧ 𝑞｜鷢衧 𝑝壿 𝑞Ｉ;栔冚 𝑝塗 𝑞柗龩譽渖龩｜𝑝 ∧ 𝑞譽渖;埸麘靿容
元褯减容 𝑃 ∩ 𝑄;

• 快缉ｅ𝑝 ∨ 𝑞｜鷢衧 𝑝衉 𝑞Ｉ;栔冚 𝑝塗 𝑞柗龩譽雞龩｜𝑝 ∨ 𝑞譽雞;埸饦彔絘
舾褯衉｜麘靿容元褯鈩容 𝑃 ∪ 𝑄;
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４４ ０;１ 锢宐賣仜懌謴

½𝑝 ⟺ ∁𝑈𝑃

𝑈

𝑃

𝑝 ∧ 𝑞 ⟺ 𝑃 ∩ 𝑄

𝑈

𝑃 𝑄

𝑝 ∨ 𝑞 ⟺ 𝑃 ∪ 𝑄

𝑈

𝑃 𝑄

忑 ０;３３ 锢宐舿多逼褡容元眫奮褯麘靿稺苢

０;１;１ 鯟狒稺苢褡沔楀麠蚩
氐丷捣盽麠蚩喬戓｜赋铙鐜褯牝迹放淝媸晫“钴 𝑝鴸 𝑞”褯呅毆;

牝踨 ０;３３ <鯟狒喬戓+ 氐丷俋呅童“钴 𝑝 鴸 𝑞”褯喬戓譽鯟狒喬戓｜鈩邋衧
𝑝 ⟹ 𝑞; 𝑝俋譽窼夫衉麠蚩｜𝑞俋譽多盽; 氐丷魯牝｜𝑝 ⟹ 𝑞褯渖壇童砲;栔
団 𝑝渖壿 𝑞雞龩譽雞｜謩睸研哄懞譽渖;

氐丷団容元盽鐜蜍鯟狒稺苢麘靿笋檫容稺苢;喬戓 𝑝 ⟹ 𝑞譽渖｜冚壿栔冚埶
𝑝譽渖褯研呅容元 𝑃 饦埶 𝑞譽渖褯研呅容元 𝑄褯檫容｜踺 𝑃 ⊆ 𝑄;

• 钴窼夫 𝑝譽雞｜踺 𝑥 ∉ 𝑃｜鴸 𝑥饦嚙団 𝑄鐜褡 𝑃 ⊆ 𝑄褯渖雞畻稺;婻薏｜窼夫
譽雞龩鯟狒喬戓绵譽渖｜氐丷俋埸耼研哄譽碽踝褯渖;

麘鯟狒喬戓 𝑝 ⟹ 𝑞｜氐丷港亻注茭稺舿喬戓;

• 忹喬戓 𝑞 ⟹ 𝑝;
• 嚙喬戓 ½𝑝 ⟹ ½𝑞;
• 忹嚙喬戓 ½𝑞 ⟹ ½𝑝;

牝迹 ０;６ 谛茭鯟狒喬戓褡謩忹嚙喬戓锢宐质豎｜踺渖壇蟳柗;

<𝑝 ⟹ 𝑞+ ⟺ <½𝑞 ⟹ ½𝑝+;

忹喬戓褡嚙喬戓晖锢宐质豎;

麀茡 𝑝 ⟹ 𝑞栔団 𝑝渖壿 𝑞雞龩譽雞ｐ謩忹嚙喬戓 ½𝑞 ⟹ ½𝑝栔団“½𝑞渖壿 ½𝑝
雞”龩譽雞｜晖銰饦 𝑞雞壿 𝑝渖; 慏幔柗龩譽雞褯研呅畗踣蟳柗｜罛碴渖壇蟳柗｜踺

<𝑝 ⟹ 𝑞+ ⟺ <½𝑞 ⟹ ½𝑝+;

柗迹｜忹喬戓 𝑞 ⟹ 𝑝栔団 𝑞渖壿 𝑝雞龩譽雞ｐ嚙喬戓 ½𝑝 ⟹ ½𝑞栔団“½𝑝渖
壿 ½𝑞雞”龩譽雞｜踺 𝑝雞壿 𝑞渖; 慏幔柗渖雞｜罛碴忹喬戓褡嚙喬戓锢宐质豎; □
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起湗穻 容元褡隻誯 ４７

埸谛牝迹饦鸼麀呤褯嵌渁;楀麀 𝑝 ⟹ 𝑞｜氐丷栦碴默麀謩忹嚙喬戓｜踺涰 ½𝑞
浣鈽 ½𝑝;
童冧 𝑝 ⟹ 𝑞晫嗲｜倪袃氐丷俋 𝑝饦 𝑞褯沔菹麠蚩｜𝑞饦 𝑝褯霔楀麠蚩;

• 𝑝晫嗲捺碴續麀 𝑞晫嗲;

• 𝑞晫嗲饦 𝑝晫嗲褯霔楀窼夫;

钴 𝑝 ⟹ 𝑞褡 𝑞 ⟹ 𝑝柗龩晫嗲｜邋衧 𝑝 ⟺ 𝑞｜鴸俋 𝑝饦 𝑞褯沔菹霔楀麠蚩｜晖俋
沔楀麠蚩;埸団容元盽鐜麘靿 𝑃 " 𝑄;

０;１;６ 薆逼赍謩嚙牝
譽蜍腚逼詓晫喬戓｜氐丷趤紴薆逼;

牝踨 ０;３０ <薆逼+ • 踣俋薆逼 ∀｜鷢衧“麘僢翆”衉“罛駨”; 喬戓 ∀𝑥 ∈
𝑀? 𝑝<𝑥+譽渖｜冚壿栔冚𝑀 鐜円茭慊嶻 𝑥怬埶 𝑝<𝑥+晫嗲;

• 韓団薆逼 ∃｜鷢衧“韓団”衉“駨焂”; 喬戓 ∃𝑥 ∈ 𝑀? 𝑝<𝑥+譽渖｜冚壿栔冚
𝑀 鐜庺舐韓団谛茭慊嶻 𝑥５埶 𝑝<𝑥５+晫嗲;

団麀茡褡鸼鬺鐜｜氐丷嬛楀麘薆逼喬戓衧鈽翪猁褯嚙牝;

牝迹 ０;９ <薆逼褯嚙牝+

½<∀𝑥 ∈ 𝑀? 𝑝<𝑥++ ⟺ ∃𝑥 ∈ 𝑀? ½𝑝<𝑥+
½<∃𝑥 ∈ 𝑀? 𝑝<𝑥++ ⟺ ∀𝑥 ∈ 𝑀? ½𝑝<𝑥+

麀茡 ∀𝑥 ∈ 𝑀? 𝑝<𝑥+譽雞｜冚壿栔冚 𝑀 鐜韓団脫茭 𝑥５ 埶 𝑝<𝑥５+荼晫嗲｜踺 ∃𝑥 ∈
𝑀? ½𝑝<𝑥+;

∃𝑥 ∈ 𝑀? 𝑝<𝑥+譽雞｜冚壿栔冚𝑀 鐜盠駨慊嶻埶 𝑝<𝑥+晫嗲｜踺円茭 𝑥 ∈ 𝑀 怬埶
𝑝<𝑥+荼晫嗲｜晖銰饦 ∀𝑥 ∈ 𝑀? ½𝑝<𝑥+; □

鮲戓 ０;３２ 氐丷媸鈽喬戓“罛駨翪轘呅褯麘页谶怬逵蟳曥煟”褯嚙牝;

呪 趑 𝑆 譽翪轘呅容元｜𝑝<𝑥+ 鼣白“𝑥 褯麘页谶逵蟳曥煟”; 邖喬戓殙镎浉譽
∀𝑥 ∈ 𝑆? 𝑝<𝑥+;
涰薆逼嚙牝魯鴸｜謩嚙牝譽 ∃𝑥 ∈ 𝑆? ½𝑝<𝑥+｜踺“韓団谛茭翪轘呅｜钊褯麘页谶

荼逵蟳曥煟”;
邖喬戓譽渖｜婻薏謩嚙牝譽雞;
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４２ ０;６ 渶褡麘页谶呤 _

０;６ 渶褡麘页谶呤 _

駨冫容褯放盆賣慊嶻茭赋夙薆;涿床慏茭駨冫容元｜鷭嬛赋谛赋淀褯慊嶻淝;
畻冫容盠駨慊嶻茭赋栦君｜帹 Саｎｔоｒ拐隋｜畻冫容饲衟锼駨放盆饲菹｜駨褯畻冫容
畟放｜駨褯畻冫容床盆;鑽菹褯鎴郎饦渶｜蜍颗誯冚衧覼麘褯澞抹｜慏茭容元搬谛
谛覼麘銰咹譽质渶;楷凥賣麘页谶呤麀茡裱赋容涿緭懩赋容畟放｜鈩涰薏趤鈽嗔
爍赋褯韓団舾;

０;６;３ 栦赋容

牝踨 ０;３１ <栦赋容+ 钴容元 𝐴褡緭懩赋容 ℕ饲衟韓団颗誯｜鴸俋 𝐴饦栦赋
容;质豎萋癟｜𝐴栦赋冚壿栔冚钊褯慊嶻栦碴锵晫谛茭畻柎筆釮

𝑎３? 𝑎０? 𝑎１? …

埶襮円茭慊嶻葋庬鈽隋谛占;

駨冫容晖栦咹譽栦赋容ｅ筆釮団脫團猡楧穅Ｉ;燨薏牝踨｜ℕ楷楒栦赋;砲顅伲
慏茭荼倪袃脺圠褯栦赋容;

鮲戓 ０;０５ <凟赋容栦赋+ 凟赋容 ℤ饦栦赋容;

麀茡 蜍凟赋燨童砲岽筆锵釮ｉ

５? ３? −３? ０? −０? １? −１? …

起 ３團饦 ５｜起 ０𝑛團饦 𝑛｜起 ０𝑛 \ ３團饦 −𝑛<𝑛 ≥ ３+;円茭凟赋葋庬鈽隋谛占｜埸竸
鈽鹹 ℕ\笋 ℤ褯颗誯｜邔 ℤ栦赋; □

鮲戓 ０;０３ <駨迹赋容栦赋+ 駨迹赋容 ℚ饦栦赋容;

麀茡 円茭翪駨迹赋栦媸晫胅儙菹赋 𝑝`𝑞｜謩鐜 𝑝? 𝑞 ∈ ℕ\;蜍罛駨翪駨迹赋锵晫谛
离湗潟鼣｜起 𝑝北起 𝑞釮椑送 𝑝`𝑞ｉ
簶鸼麘页谶 𝑝 \ 𝑞 " ０? １? ６? … 嵌占簒历｜綃缉 ３`３｜棼缉 ３`０? ０`３｜棼缉

１`３? ０`０? ３`１｜嵌薏鉢浣;簒历鐜蒺陞膱胅儙菹赋｜童 ０`０｜円茭翪駨迹赋葋庬罒缉
笋谛占;埸袎襮笋翪駨迹赋容 ℚ\褯谛茭锵釮;
吖駨迹赋褡翪駨迹赋谛谛麘靿 <𝑞 ↦ −𝑞+｜蜍翪。吖駨迹赋减慶摵紴鈩踴犍 ５｜

襮笋 ℚ褯谛茭锵釮;邔 ℚ栦赋; □

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



起湗穻 容元褡隻誯 ７５

𝑞 " ３ 𝑞 " ０ 𝑞 " １ 𝑞 " ６ 𝑞 " ９

𝑝 " ３

𝑝 " ０

𝑝 " １

𝑝 " ６

𝑝 " ９

３`３ ３`０ ３`１ ３`６ ３`９

０`３ ０`０ ０`１ ０`６ ０`９

１`３ １`０ １`１ １`６ １`９

６`３ ６`０ ６`１ ６`６ ６`９

９`３ ９`０ ９`１ ９`６ ９`９
簶鸼麘页谶簒历

忑 ０;３０ 翪駨迹赋 𝑝`𝑞锵晫湗潟鼣｜簶鸼麘页谶 𝑝 \ 𝑞 "簳赋嵌占簒历;

栦赋容褯鈩锼栦赋｜鷭楀急褡元鈩褯栦赋容楷楒栦顝們;

牝迹 ０;８ <栦赋容褯栦赋鈩+ 钴 𝐴３? 𝐴０? 𝐴１? … 饦谛釮栦赋容｜鴸⋃∞
𝑘"３ 𝐴𝑘晖饦

栦赋容;

麀茡 蜍円茭 𝐴𝑘褯慊嶻锵晫筆釮 𝑎𝑘?３? 𝑎𝑘?０? 𝑎𝑘?１? …｜棼抆翪駨迹赋倪袎簶鸼麘页
谶簒历湗潟鼣 )𝑎𝑘?𝑗(｜蒺陞稼發慊嶻;円茭慊嶻怬寝罒簒笋｜元鈩猡褯容元栦锵晫
筆釮｜邔栦赋; □

０;６;０ Саｎｔоｒ麘页谶呤
駨迹赋団赋察犍梻璹｜僢翆慏茭裱赋饲衟怬駨駨迹赋;梻璹矇塡翆漺葛慊嶻

蛃淝｜帹 ℚ锼栦赋;Саｎｔоｒ賣麘页谶呤麀茡裱赋容 ℝ荼栦赋;

牝迹 ０;４ <裱赋容荼栦赋+ 椛鑽衟 <５? ３+荼栦赋｜婻藗 ℝ荼栦赋;

麀茡 鸼麀;雞趑 <５? ３+栦赋｜鴸謩慊嶻栦锵晫筆釮 𝑟３? 𝑟０? 𝑟１? … ;蜍円茭 𝑟𝑛 媸晫樀
捂鳩盆赋ｅ鳖谛賣荼多訑踣 ２褯鼣白｜競馼 ５;６２２２ ⋯ " ５;９５５５ … 褯陾踨Ｉｉ

𝑟３ " ５; 𝑑３３ 𝑑３０ 𝑑３１ ⋯

𝑟０ " ５; 𝑑０３ 𝑑００ 𝑑０１ ⋯

𝑟１ " ５; 𝑑１３ 𝑑１０ 𝑑１１ ⋯

⋮

謩鐜 𝑑𝑛𝑘饦 𝑟𝑛褯起 𝑘薼盆赋;
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７３ ０;６ 渶褡麘页谶呤 _

港亻谛茭岋赋 𝑠 " ５; 𝑐３ 𝑐０ 𝑐１ ⋯｜謩起 𝑛薼 𝑐𝑛 缉褡 𝑑𝑛𝑛 荼柗褯壇;譽競椛陾踨｜
魯牝

𝑐𝑛 "
⎧)
⎨)⎩

３? 𝑑𝑛𝑛 ≠ ３?
０? 𝑑𝑛𝑛 " ３;

埸袎 𝑐𝑛 ∈ )３? ０(｜荼缉 ２｜盆赋 𝑠荼碴踣 ２多訑｜鼣白橦谛;

𝑟３ " ５; 𝑑３３ 𝑑３０ 𝑑３１ ⋯

𝑟０ " ５; 𝑑０３ 𝑑００ 𝑑０１ ⋯

𝑟１ " ５; 𝑑１３ 𝑑１０ 𝑑１１ ⋯

⋮ ⋮ ⋮ ⋮

𝑠 " ５; 𝑐３ 𝑐０ 𝑐１ ⋯

忑 ０;３１ 麘页谶港亻ｉ岋赋 𝑠褯起 𝑛薼 𝑐𝑛褡 𝑟𝑛褯起 𝑛薼 𝑑𝑛𝑛荼柗ｅ顃鈽Ｉ｜邔 𝑠褡円茭 𝑟𝑛怬
団脫谛薼犍蟳瑥;

麘円茭 𝑛｜𝑠 褯起 𝑛 薼 𝑐𝑛 ≠ 𝑑𝑛𝑛｜藗 𝑟𝑛 褯起 𝑛 薼饦 𝑑𝑛𝑛｜邔 𝑠 ≠ 𝑟𝑛;筆釮
𝑟３? 𝑟０? 𝑟１? … 鐜盠駨僢惤谛團质禡 𝑠;
帹 𝑠 ∈ <５? ３+｜婻譽 𝑠 " ５;𝑐３𝑐０𝑐１ ⋯壿円薼缉 ３衉 ０｜駨 ５ } 𝑠 ≤ ５;０００ ⋯ " ０`２ } ３;

禡饦 𝑠骱禡 <５? ３+鏟荼団筆釮鐜｜褡筆釮柎葬 <５? ３+褯雞趑楂埑;
邔 <５? ３+荼栦赋;藗 <５? ３+ ⊂ ℝ｜钴 ℝ栦赋鴸謩檫容 <５? ３+崙栦赋｜楂埑｜邔 ℝ荼

栦赋; □

麘页谶呤褯晽鳩饦｜竸牝僢翆谛茭顝們｜怬搬港亻鈽谛茭荼団謩鐜褯慊嶻｜鷭
楀簶麘页谶顫薼缉鸼;顝們幔畻盽餡袎礊凟岽筆｜麘页谶赋伢搬伊萳;埸蜍 ℝ涿 ℕ
畟放埸谛鶜君髡煟斨夫诞譽牝迹;
駨迹赋容 ℚ団赋察犍梻璹｜鏟栦赋ｐ裱赋容 ℝ荼栦赋;梻璹褡荼栦赋饦慏茭渷

嗲褯舾蛣｜窼幔历蟋慊嶻団镛趣童惤菹養｜猡幔历蟋容元凟喚褯魯牠;

０;６;１ 浪赋赋褡嗔爍赋

牝踨 ０;３６ <浪赋赋褡嗔爍赋+ 钴裱赋 𝛼饦脫茭凟苢赋淝團毆轘防

𝑎𝑛𝑥𝑛 \ 𝑎𝑛−３𝑥𝑛−３ \ ⋯ \ 𝑎３𝑥 \ 𝑎５ " ５ <𝑎𝑛 ≠ ５? 𝑎𝑖 ∈ ℤ+

褯鏘｜鴸俋 𝛼譽浪赋赋;荼饦浪赋赋褯裱赋俋譽嗔爍赋;
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起湗穻 容元褡隻誯 ７０

円茭駨迹赋 𝑝`𝑞怬饦浪赋赋｜婻譽钊饦 𝑞𝑥 − 𝑝 " ５褯鏘;
√

０晖饦浪赋赋｜钊饦
𝑥０ − ０ " ５褯鏘;

牝迹 ０;７ <浪赋赋栦赋+ 罛駨浪赋赋港晫褯容元饦栦赋容;

麀茡 凟苢赋淝團毆 𝑎𝑛𝑥𝑛 \ ⋯ \ 𝑎５涰苢赋筆釮 <𝑎𝑛? … ? 𝑎５+魺牝;鬽牝占赋 𝑛褡靓
夙 ℎ " !𝑎𝑛! \ ⋯ \ !𝑎５!｜娠捺 ℎ褯淝團毆鷭駨駨冫茭;燨 𝑛。ℎ髡盆笋放锵釮｜罛駨凟
苢赋淝團毆栦锵晫筆釮｜邔淝團毆容元栦赋;
円茭淝團毆鷭駨駨冫茭鏘｜踺占赋譽 𝑛褯淝團毆庺淝 𝑛茭裱鏘;栦赋茭駨冫

容褯鈩锼栦赋ｅ涰牝迹 ０;８Ｉ｜邔浪赋赋容元栦赋; □

牝迹 ０;２ <嗔爍赋褯韓団舾+ 嗔爍赋韓団｜壿嗔爍赋容元荼栦赋;

麀茡 裱赋容 ℝ荼栦赋｜浪赋赋容元栦赋;钴嗔爍赋晖栦赋｜鴸 ℝ "浪赋赋∪嗔爍赋
饦慏茭栦赋容褯鈩｜锼栦赋｜褡 ℝ荼栦赋楂埑;邔嗔爍赋容元荼栦赋｜嗔爍赋韓団;
□

埸茭盽麀饦膱港亻舾褯｜钊麀茡鹹嗔爍赋嵀淝｜鏟盠駨暞鈽僢惤谛茭郎喚褯
嗔爍赋;郎喚襏牝谛茭赋饦嚙嗔爍｜妛妛嵀謩拋肑;碴砲慏茭多盽団薏鷭衧皃蟋｜荼
竸麀茡;

牝迹 ０;３５ <𝑒褡 𝜋褯嗔爍舾+ 緭懩麘赋褯鴤 𝑒塗賹茣匞 𝜋怬饦嗔爍赋;

Неｒміｔе禡 ３７４１蛟麀茡鹹 𝑒褯嗔爍舾｜Ｌіｎｄемаｎｎ禡 ３７７０蛟麀茡鹹 𝜋褯嗔爍
舾;Ｌіｎｄемаｎｎ褯多冧柗龩呪魺鹹簏秗糍注放养惤肑戓饲谛褯“浉賹譽轘”暁戓｜踺
獽魯衧忑畻呤衧鈽褡竸牝賹质鰦褯翪轘呅｜婻譽√𝜋饦嗔爍赋｜藗獽魯栦衧褯赋怬
饦浪赋赋;
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鐜铙赋铙饲脔 捂紴岋穻

起 １穻

儬赋

簽敛仜君

〠赋铙饦呪楍緭懩隋龠望栦賻褯仜君 〧〳

———甾储
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７６

起注穻儬赋

璗防 𝑑ｅ劷璗Ｉ 铘賣 𝐶ｅ慊Ｉ

０

９

３５

３１

３７;７

１３

麘靿呤鴸 𝑓 ∶ 𝑑 ↦ 𝐶
壎謴豎 ３１慊｜嗔鈽 １劷璗趣菹円劷璗 ０;６慊

忑 １;３ 髡鈽鏖廙跠豎伲儬赋褯麘靿稺苢

団泈迹褡贑寝隋龠鐜｜谛茭薆褯壇簳簳嵌钉禡蝙谛茭薆褯壇;鮲童｜鈽鏖廙褯
铘賣涰北娩璗防魺牝;跠豎魯鴸猁續鹹麘禡僢翆竸牝褯璗防｜怬韓団谛茭橦谛猁
牝褯铘賣褡饲麘靿;赋铙褯僢棠饦譽埸鉢猁牝舾褯嵌钉稺苢餽嗲谛茭犑猁褯牠馲｜
賣谛茭持魥褯赋铙多港挴朢吢髡谛茭曚紴容元笋谛茭曚鈽容元褯麘靿稺苢;
楷穻餽嗲儬赋褯迹盽;儬赋譽詓薆饲衟褯嵌钉稺苢夫刂鹹呅毆浉褯仜君;氐

丷髡儬赋衧譽谛耼甘昍隻誯褯更勇牝踨鈽拐｜拿戩裤礊舾。痞堩舾。茣爖舾质舾
蛣｜棼菹快养鉢簽楷懌质儬赋｜捂藗捣盽儬赋褯忑抆詓籅｜鈩蜍儬赋牠馲賣禡裱斔
暁戓;

１;３ 儬赋褯盥帄
団赋铙鐜｜氐丷觉綃牝踨隻誯 <марріｎｇ+;谛茭隻誯历蟋髡谛茭容元 𝐴笋蝙谛

茭容元 𝐵褯慊嶻饲衟褯麘靿呤鴸;儬赋饦隻誯褯甘鮲｜謩鐜容元 𝐴塗 𝐵褯慊嶻懞
譽赋;
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７９ １;３ 儬赋褯盥帄

１;３;３ 儬赋褯牝踨

牝踨 １;３ <儬赋+ 趑𝐴? 𝐵譽慏茭膱碽褯裱赋檫容;谛茭髡𝐴笋𝐵褯儬赋 <ｆｕｎс$
ｔіоｎ+ 𝑓｜饦谛茭譽 𝐴鐜円谛茭慊嶻 𝑥｜怬団 𝐵鐜暞朑橦谛猁牝褯谛茭慊嶻 𝑦
褯呤鴸;
薏儬赋栦邋衧 𝑓 ∶ 𝐴 → 𝐵｜謩麘靿稺苢绝簳媸衧

𝑦 " 𝑓<𝑥+? 𝑥 ∈ 𝐴 <１$３+

氐丷俋 𝑥譽緭詓薆｜𝑦譽婻詓薆｜容元 𝐴譽儬赋褯牝踨蟖｜容元 𝐵譽鉭蟖;

儬赋涰牝踨蟖 𝐴。鉭蟖 𝐵塗麘靿呤鴸 𝑓 注趣菹港晫;牝踨楀鲥慏麠挴緭隻誯
褯儙鍖;

• 柎葬舾;呤鴸 𝑓 霔扢麘牝踨蟖 𝐴鐜褯罛駨慊嶻駨侃;

• 橦谛舾;𝐴鐜僢翆慊嶻 𝑥団 𝐵鐜褯麘靿慊嶻 𝑦饦橦谛褯ｐ谛茭曚紴荼搬抾娖淝
茭曚鈽;

牝踨嘀殳淝茭荼柗褯曚紴 𝑥３? 𝑥０麘靿柗谛茭曚鈽 𝑦５｜踺 𝑓<𝑥３+ " 𝑓<𝑥０+ " 𝑦５;
邋镎 𝑦 " 𝑓<𝑥+鐜｜𝑓 暞凟茭儬赋ｅ呤鴸楷楒Ｉ｜藗 𝑓<𝑥+饦呤鴸 𝑓 衧賣禡緭詓薆 𝑥

猡襮笋褯郎喚赋壇;

涣 １;３ <鉭蟖褡壇蟖褯譣快+
鉭蟖塗壇蟖饦慏茭蟳稺帹荼柗褯盥帄;

• 鉭蟖𝐵饦儬赋牝踨龩锯綃暞牝褯侁澞容元｜钊彔狒鹹罛駨栦搬褯曚鈽壇;

• 壇蟖 𝑓<𝐴+饦罛駨裱斔曚鈽壇褯容元｜涰牝踨蟖塗麘靿呤鴸畗踣猁牝;謩更口牝踨譽

𝑓<𝐴+ " )𝑦 ∣ 𝑦 " 𝑓<𝑥+? 𝑥 ∈ 𝐴( <１$０+

壇蟖糲洃饦鉭蟖褯谛茭檫容｜踺 𝑓<𝐴+ ⊆ 𝐵;

鮲童｜麘禡儬赋 𝑓 ∶ ℝ → ℝ｜謩呤鴸譽 𝑓<𝑥+ " 𝑥０;薏儬赋褯鉭蟖饦 ℝ｜帹謩壇蟖饦 -５? \∞+;

氐丷屴砲挴蜍容元 𝐴? 𝐵 冫牝譽赋容;禡饦儬赋鼣掑毆饲衟栦碴捂北浪赋眫
奮｜鮲童 ℎ<𝑥+ " 𝑓<𝑥+ \ 𝑔<𝑥+;氐丷剓栦碴蜍儬赋褡脺顅养惤麘龠舿苢壎挴;儬赋 𝑓
褯忑抆 𝒢𝑓 牝踨譽艘容

𝒢𝑓 " )<𝑥? 𝑦+ ∈ ℝ０ ∣ 𝑦 " 𝑓<𝑥+? 𝑥 ∈ 𝐴( <１$１+

氐丷外阈忑抆団养惤煟逥鐜拿戩儬赋;
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起注穻 儬赋 ７８

１;３;０ 儬赋褯注楀嶻
氐丷拿戩儬赋龩绝簳稺涣注茭麘龠｜踺牝踨蟖。麘靿呤鴸塗壇蟖;
牝踨蟖竸鈽儬赋褯元呤曚紴容元; 僢惤稺禡儬赋褯捣盽怬碴牝踨蟖譽窼夫ｐ

氐丷蜍钊俋譽牝踨蟖傓綃;牝踨蟖邋衧 Ｄ<𝑓+衉 ｄом<𝑓+;钴儬赋栔涰呪快毆竸鈽藗
席茡猁暞牝牝踨蟖｜鴸牝踨蟖儙牝譽埶玴呪快毆団裱赋騊祟跔駨翆踨褯罛駨 𝑥褯
容元｜俋譽緭懩牝踨蟖;
麘靿呤鴸历蟋曚紴褡曚鈽饲衟褯郎喚稺苢｜绝簳涰呪快毆竸鈽｜童 𝑓<𝑥+ "√

𝑥０ \ ３;忑抆褡鼣勇晖饦鼣白麘靿呤鴸褯駨侃呅毆;
壇蟖饦罛駨儬赋壇港晫褯容元｜涰牝踨蟖塗麘靿呤鴸畗踣魺牝;鲥谛茭儬赋

褯壇蟖｜銰饦镑鈽钊団牝踨蟖犍褯罛駨曚鈽;

１;０ 牝踨蟖
氐丷俋儬赋褯緭懩牝踨蟖 <ｎаｔｕｒаｌ ｄомаіｎ+譽埶玴儬赋呪快毆団裱赋蟖 ℝ跔駨

翆踨褯踣喚緭詓薆 𝑥港晫褯容元;钊绝簳涰呪快毆鐜褯荼质毆衉轘防猁牝;

１;０;３ 簽楷浪赋多港褯儙鍖
氐丷綃伲儬赋呪快毆鐜褯簽楷浪赋多港寝梙挴续养鉢陳馲儙鍖;

• 菹毆 𝑓<𝑥+
𝑔<𝑥+ ;菹頼荼譽璩｜踺 𝑔<𝑥+ ≠ ５;

• 堩占鏘毆 ０𝑛√𝑓<𝑥+ <𝑛 ∈ ℕ∗+;罒椛轘赋膱吖｜踺 𝑓<𝑥+ ≥ ５;
• 麘赋 ｌоｇ𝑎 𝑓<𝑥+;渖赋放禡璩｜踺 𝑓<𝑥+ % ５;
• 璩占报 -𝑓<𝑥+'５;鴤赋荼譽璩｜踺 𝑓<𝑥+ ≠ ５;

１;０;０ 裱斔暁戓鐜褯狫舾牝踨蟖
冚儬赋牠馲糫禡裱斔暁戓龩｜謩牝踨蟖炏蒮犍蟋浪赋多港儙鍖坉｜剓霔扢殙

元暁戓楷楒褯泈迹衉锢宐翆踨;鮲童｜浪鼣龩衟。菶夙衉赋薆褯詓薆绝簳罒冫鳩譽
膱吖赋;

鮲戓 １;３ 鲥儬赋 𝑓<𝑥+ "
√

𝑥−０
𝑥−６ 褯牝踨蟖;

呪 玴儬赋褯牝踨蟖蒮慏茭儙鍖;鏘毆 √
𝑥 − ０楀鲥罒椛轘赋膱吖ｐ菹頼 𝑥 − ６荼襮

譽璩;湗幔噯晫荼质毆噯
⎧)
⎨)⎩

𝑥 − ０ ≥ ５
𝑥 − ６ ≠ ５
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７４ １;０ 牝踨蟖

謩呪譽 𝑥 ≥ ０壿 𝑥 ≠ ６;
婻薏｜儬赋褯牝踨蟖譽 -０? ６+ ∪ <６? \∞+;

鮲戓 １;０ 鲥儬赋 𝑦 "
√

２ − 𝑥０ \ ｌоｇ０<𝑥 \ ３+褯牝踨蟖;

呪 儬赋褯牝踨蟖饦謩罛駨噯晫趣菹懞駨翆踨褯 𝑥褯容元;
麘禡鏘毆團 √

２ − 𝑥０｜罒椛轘赋霔扢膱吖｜踺 ２ − 𝑥０ ≥ ５｜呪襮 −１ ≤ 𝑥 ≤ １;
麘禡麘赋團 ｌоｇ０<𝑥 \ ３+｜渖赋霔扢譽翪｜踺 𝑥 \ ３ % ５｜呪襮 𝑥 % −３;
儬赋褯牝踨蟖饦埸慏茭呪容褯减容;舿嗲荼质毆噯

⎧)
⎨)⎩

−１ ≤ 𝑥 ≤ １
𝑥 % −３

謩呪容譽 <−３? １';婻薏｜儬赋褯牝踨蟖譽 <−３? １';

鮲戓 １;１ 鲥儬赋 𝑓<𝑥+ " <𝑥０−６+５
√𝑥\３−０ 褯牝踨蟖;

呪 薏儬赋褯牝踨蟖嬛柗龩娠捺注茭麠蚩;
璩占报褯鴤赋 𝑥０ − ６荼譽璩｜邔 𝑥 ≠ ０壿 𝑥 ≠ −０;
菹頼 √𝑥 \ ３ − ０荼譽璩｜踺 √𝑥 \ ３ ≠ ０｜慏饘脺轘襮 𝑥 \ ３ ≠ ６｜邔 𝑥 ≠ １;
菹頼鐜褯鏘毆楀鲥罒椛轘赋 𝑥 \ ３膱吖｜踺 𝑥 ≥ −３;
鲇元襮 𝑥 ∈ -−３? \∞+壿 𝑥 ≠ ０｜𝑥 ≠ １;𝑥 ≥ −３謕緭遣锵炏 𝑥 " −０;
婻薏｜牝踨蟖譽 -−３? ０+ ∪ <０? １+ ∪ <１? \∞+;

鮲戓 １;６ 鲥儬赋 𝑓<𝑥+ " √ｌоｇ５;９ < ０𝑥−３
𝑥\０ +褯牝踨蟖;

呪 埸饦發元儬赋｜謩儙鍖麠蚩涰坉萐跔顫亥菹快;望坉亥褯鏘毆多港楀鲥謩罒椛
轘赋膱吖

ｌоｇ５;９ <０𝑥 − ３
𝑥 \ ０ + ≥ ５

涰禡麘赋鴤赋 ５;９ ∈ <５? ３+｜麘赋儬赋 ｌоｇ５;９ 𝑡更勇裤礊况閆;舃 ｌоｇ５;９ ３ " ５｜禡饦犍
蟋荼质毆质豎禡

５ } ０𝑥 − ３
𝑥 \ ０ ≤ ３

氐丷蜍钊菹呪譽慏茭荼质毆
０𝑥 − ３
𝑥 \ ０ % ５ <１$６+
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起注穻 儬赋 ７７

０𝑥 − ３
𝑥 \ ０ ≤ ３ <１$９+

荼质毆 <１$６+褯呪容譽 <−∞? −０+ ∪ < ３
０ ? \∞+; 荼质毆 <１$９+跢團绝菹襮 𝑥−１

𝑥\０ ≤ ５｜謩
呪容譽 <−０? １';

𝑥
−０ ３

０
１

呪容 ３
呪容 ０

儬赋褯牝踨蟖饦埸慏茭呪容褯减容｜踺 <<−∞? −０+ ∪ < ３
０ ? \∞++ ∩ <−０? １';

婻薏｜牝踨蟖譽 < ３
０ ? １';

鮲戓 １;９ 謕侴儬赋 𝑓<𝑥+褯牝踨蟖譽 -−３? ６';鲥儬赋 𝑔<𝑥+ " 𝑓<０𝑥−３+√𝑥 褯牝踨蟖;

呪 儬赋 𝑓 褯牝踨蟖譽 -−３? ６';麘禡 𝑔<𝑥+ " 𝑓<０𝑥−３+√𝑥 ｜𝑓 褯曚紴薆 ０𝑥 − ３霔扢穬団
-−３? ６'跔｜壿菹頼√𝑥楀鲥 𝑥 % ５;
涰 −３ ≤ ０𝑥 − ３ ≤ ６襮 ５ ≤ 𝑥 ≤ ９

０ ;
婻薏｜儬赋 𝑔<𝑥+褯牝踨蟖譽 <５? ９

０ ';

１;１ 裤礊舾
氐丷稺诊儬赋壇餡袎浆緭詓薆詓浉;忑抆犍诞。砲銼饦养惤褯癟呤｜楷凥蜍钊

媸晫谛茭更勇褯浪赋麠蚩｜踺裤礊舾;駨鹹裤礊舾｜氐丷銰搬涿床儬赋壇褯放盆｜
鈩捣盽荼质毆褡嵀壇暁戓;

１;１;３ 裤礊舾褯牝踨褡襏牝蒉鴴

牝踨 １;０ <裤礊儬赋+ 趑儬赋 𝑦 " 𝑓<𝑥+褯牝踨蟖譽 𝐷｜鑽衟 𝐼 ⊆ 𝐷;

• 钴麘禡 𝐼 跔僢翆 𝑥３? 𝑥０｜冚 𝑥３ } 𝑥０龩｜绵駨 𝑓<𝑥３+ } 𝑓<𝑥０+｜鴸俋 𝑓<𝑥+団
𝐼 犍更勇裤礊况鏱;

• 钴麘禡 𝐼 跔僢翆 𝑥３? 𝑥０｜冚 𝑥３ } 𝑥０龩｜绵駨 𝑓<𝑥３+ % 𝑓<𝑥０+｜鴸俋 𝑓<𝑥+団
𝐼 犍更勇裤礊况閆;

钴闹犍蟋牝踨鐜褯更勇荼质镎}塗%菹廒慶籅譽≤塗≥｜鴸襮笋裤礊况鏱｜
衉俋膱閆｜塗裤礊况閆ｅ衉俋膱鏱Ｉ褯牝踨;更勇裤礊儬赋褡裤礊儬赋鳖俋譽
裤礊儬赋;
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７２ １;１ 裤礊舾

賣浪赋褯仜君癟｜更勇裤礊况鏱褯儬赋續雀慊嶻褯筆｜氐丷俋钊續筆ｐ更勇裤
礊况閆褯儬赋鸼肷慊嶻褯筆｜氐丷俋钊忹筆;

𝑥

𝑦

𝑂

更勇裤礊况鏱

𝑥３
𝑓<𝑥３+

𝑥０

𝑓<𝑥０+

𝑥

𝑦

𝑂

裤礊况鏱ｅ膱更勇Ｉ
忑 １;０ 裤礊舾褯养惤煟逥

碴更勇况鏱譽鮲｜襏牝裤礊舾銰饦麀茡谛茭踣俋喬戓｜踺僢缉 𝐼 鐜褯 𝑥３? 𝑥０｜
冚 𝑥３ } 𝑥０ 龩绵駨 𝑓<𝑥３+ } 𝑓<𝑥０+;禡饦暁戓鷵多譽涿床慏茭僢翆儬赋壇 𝑓<𝑥３+褡
𝑓<𝑥０+褯放盆;
涿床放盆駨慏麠簽楷峿瀯;谛麠饦浪赋褯｜煟屴匊巖璁 𝑓<𝑥３+ − 𝑓<𝑥０+褯殙镎ｐ

冚儬赋壇绵翪龩｜晖栦碴匊巖騹 𝑓<𝑥３+
𝑓<𝑥０+ 褡 ３褯放盆;氐丷俋钊譽牝踨呤;蝙谛麠饦菹

快褯｜钴 𝑓 栦嶇｜裤礊舾涰嶇儬赋褯殙镎魺牝;氐丷俋钊譽嶇赋呤ｅ謩迹盽誀起遂
勎起 ３８穻Ｉ;

１;１;０ 裤礊舾褯襏牝轘呤
１;１;０;３ 牝踨呤
牝踨呤煟屴靿賣牝踨;僢缉 𝑥３ } 𝑥０｜衧璁 𝑓<𝑥３+ − 𝑓<𝑥０+｜棼绝陞绵质詓呅襏鶜

钊褯殙镎;笼衧菹遂謴;

３; 団暞牝鑽衟 𝐼 跔｜僢缉 𝑥３? 𝑥０｜鈩趑 𝑥３ } 𝑥０;

０; 港亻璁毆 𝑓<𝑥３+ − 𝑓<𝑥０+;
１; 麘璁毆捂北绵质詓呅｜侁澞饦闹謩浉譽钴箕殙镎齚禡襏牝褯婻毆褯郓鰦衉
騹;

６; 嵌渁鑽衟 𝐼 褯儙鍖麠蚩襏牝璁毆褯望洃殙镎｜髡藗猁牝 𝑓<𝑥３+褡 𝑓<𝑥０+褯放
盆稺苢;

鮲戓 １;８ 麀茡儬赋 𝑔<𝑥+ " 𝑥 \ ３
𝑥 団鑽衟 <５? ３'犍更勇裤礊况閆｜団 -３? \∞+

犍更勇裤礊况鏱;
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起注穻 儬赋 ２５

涣 １;１

碴砲賣嶇儬赋殙镎
襏牝裤礊舾｜鈩趤賣
储勇雮醴鐜壇牝迹;
更勇牝踨褡麀茡誀
起遂勎起 ３８穻;

呪 趑 𝑥３? 𝑥０饦牝踨蟖鐜僢翆慏艘｜壿 𝑥３ } 𝑥０;衧璁鈩绝菹｜襮

𝑔<𝑥３+ − 𝑔<𝑥０+ " <𝑥３ − 𝑥０+<𝑥３𝑥０ − ３+
𝑥３𝑥０

涰禡 𝑥３ } 𝑥０｜婻檫 <𝑥３ − 𝑥０+绵譽吖;禡饦璁毆褯殙镎涰 <𝑥３𝑥０ − ３+褡菹頼 𝑥３𝑥０
魺牝;
钴 𝑥３? 𝑥０ ∈ -３? \∞+壿 ３ ≤ 𝑥３ } 𝑥０｜鴸菹頼 𝑥３𝑥０ % ５｜壿 𝑥３𝑥０ % ３｜邔婻檫

<𝑥３𝑥０ − ３+ % ５;璁毆褯殙镎譽 <−+<\+
<\+ " <−+｜踺 𝑔<𝑥３+ } 𝑔<𝑥０+;婻薏｜𝑔<𝑥+団 -３? \∞+

犍更勇裤礊况鏱;
钴 𝑥３? 𝑥０ ∈ <５? ３'壿 ５ } 𝑥３ } 𝑥０ ≤ ３｜鴸菹頼 𝑥３𝑥０ % ５｜壿 ５ } 𝑥３𝑥０ } ３｜邔婻

檫 <𝑥３𝑥０ − ３+ } ５;璁毆褯殙镎譽 <−+<−+
<\+ " <\+｜踺 𝑔<𝑥３+ % 𝑔<𝑥０+;婻薏｜𝑔<𝑥+団 <５? ３'

犍更勇裤礊况閆;

涣 １;０ <裤礊鑽衟褯鼣蟋+
裤礊舾饦牝踨団裤谛鑽衟犍褯舾蛣;鮲童｜儬赋 𝑓<𝑥+ " ３`𝑥団 <−∞? ５+犍更勇裤礊况閆｜団
<５? \∞+犍晖更勇裤礊况閆;帹饦｜荼搬鶜君 𝑓<𝑥+団謩牝踨蟖褯鈩容 <−∞? ５+ ∪ <５? \∞+犍饦
裤礊况閆褯;
缉 𝑥３ " −３? 𝑥０ " ３銰搬伲鈽邖婻;鰑懩 𝑥３ } 𝑥０｜帹 𝑓<𝑥３+ " −３ } 𝑓<𝑥０+ " ３｜埸褡裤礊况閆
褯牝踨楂埑;婻薏｜皃蟋儬赋褯裤礊鑽衟龩｜霔扢菹廒釮鈽｜賣琱逼“塗”衉淮镎琱屴｜荼埶賣鈩
容殙镎;

嶇赋呤

嶇赋呤ｅ锯緍Ｉ
冚 𝑓 栦嶇龩｜氐丷栦碴賣嶇儬赋 𝑓 ′褯殙镎襏牝 𝑓 褯裤礊舾;

牝迹 １;３ <嶇赋褡裤礊舾褯稺苢+ 趑儬赋 𝑦 " 𝑓<𝑥+団鑽衟 𝐼 犍琱駜｜鈩団 𝐼 褯
跔趣栦嶇;

• 钴団 𝐼 褯跔趣绵駨 𝑓 ′<𝑥+ % ５｜鴸 𝑓<𝑥+団 𝐼 犍更勇裤礊况鏱;

• 钴団 𝐼 褯跔趣绵駨 𝑓 ′<𝑥+ } ５｜鴸 𝑓<𝑥+団 𝐼 犍更勇裤礊况閆;

麀茡 僢缉 𝑥３? 𝑥０ ∈ 𝐼 壿 𝑥３ } 𝑥０;涰禡 𝑓 団 -𝑥３? 𝑥０'犍琱駜。団 <𝑥３? 𝑥０+犍栦嶇｜涰储
勇雮醴鐜壇牝迹｜韓団 𝜉 ∈ <𝑥３? 𝑥０+｜埶襮

𝑓<𝑥０+ − 𝑓<𝑥３+ " 𝑓 ′<𝜉+<𝑥０ − 𝑥３+;

钴 𝐼 褯跔趣绵駨 𝑓 ′<𝑥+ % ５｜鴸纺紦譽翪｜髡藗 𝑓<𝑥０+ % 𝑓<𝑥３+｜邔 𝑓 団 𝐼 犍更勇裤礊
况鏱; 钴 𝐼 褯跔趣绵駨 𝑓 ′<𝑥+ } ５｜鴸纺紦譽吖｜髡藗 𝑓<𝑥０+ } 𝑓<𝑥３+｜邔 𝑓 団 𝐼 犍更
勇裤礊况閆; □
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２３ １;１ 裤礊舾

鏘渁埸茭牝迹｜襏牝裤礊舾鷵多譽呪荼质毆 𝑓 ′<𝑥+ % ５衉 𝑓 ′<𝑥+ } ５;𝑓 ′ 褯璩艘
蜍鑽衟疵菹譽钴箕裤礊鑽衟;

鮲戓 １;４ 鲥儬赋 𝑓<𝑥+ " ３
１ 𝑥１ − 𝑥０ − １𝑥 \ ３褯裤礊鑽衟;

呪 儬赋 𝑓<𝑥+ 褯牝踨蟖譽 ℝ;謩嶇儬赋譽 𝑓 ′<𝑥+ " 𝑥０ − ０𝑥 − １; 猏 𝑓 ′<𝑥+ " ５｜踺
𝑥０ − ０𝑥 − １ " ５｜呪襮 𝑥 " −３ 衉 𝑥 " １; 埸慏茭鏘闹裱赋察疵菹譽注茭鑽衟
<−∞? −３+。<−３? １+。<１? \∞+;
冚 𝑥 ∈ <−∞? −３+ ∪ <１? \∞+龩｜𝑓 ′<𝑥+ % ５; 冚 𝑥 ∈ <−３? １+龩｜𝑓 ′<𝑥+ } ５;
涰禡儬赋 𝑓<𝑥+団 𝑥 " −３塗 𝑥 " １閯琱駜｜裤礊鑽衟栦烈柤庺惜鑽衟;婻薏｜儬

赋 𝑓<𝑥+褯裤礊况鏱鑽衟饦 <−∞? −３'塗 -１? \∞+｜裤礊况閆鑽衟饦 -−３? １';

１;１;１ 發元儬赋褯裤礊舾
發元儬赋 𝑦 " 𝑓<𝑔<𝑥++褯裤礊舾涰跔亥儬赋 𝑢 " 𝑔<𝑥+褡坉亥儬赋 𝑦 " 𝑓<𝑢+褯

裤礊舾滰柗魺牝;氐丷蜍埸麠魯鞲俋譽柗鏱瑥閆;

牝迹 １;０ <發元儬赋裤礊舾+ 趑發元儬赋 𝑦 " 𝑓<𝑔<𝑥++団鑽衟 𝐼 犍駨牝踨;钴
𝑢 " 𝑔<𝑥+団 𝐼 犍裤礊｜壿 𝑦 " 𝑓<𝑢+団麘靿褯壇蟖 𝑔<𝐼+犍裤礊｜鴸ｉ

• 钴 𝑓<𝑢+褡 𝑔<𝑥+褯裤礊舾蟳柗｜柗譽膱閆衉柗譽膱鏱｜鴸 𝑓<𝑔<𝑥++団 𝐼 犍
裤礊况鏱｜踺膱閆;

• 钴 𝑓<𝑢+褡 𝑔<𝑥+褯裤礊舾蟳瑥｜踺谛膱閆谛膱鏱｜鴸 𝑓<𝑔<𝑥++団 𝐼 犍裤礊
况閆｜踺膱鏱;

钴蟳靿褯慏茭裤礊舾懞譽更勇裤礊｜鴸多盽晖蟳靿譽更勇裤礊;

麀茡 趑 𝑥３? 𝑥０ ∈ 𝐼 壿 𝑥３ } 𝑥０;猏 𝑢３ " 𝑔<𝑥３+? 𝑢０ " 𝑔<𝑥０+;
钴 𝑔塗 𝑓 懞裤礊况鏱ｅ膱閆Ｉ｜鴸 𝑥３ } 𝑥０ ⟹ 𝑢３ ≤ 𝑢０ ⟹ 𝑓<𝑢３+ ≤ 𝑓<𝑢０+;發

元儬赋裤礊况鏱;
钴 𝑔塗 𝑓 懞裤礊况閆ｅ膱鏱Ｉ｜鴸 𝑥３ } 𝑥０ ⟹ 𝑢３ ≥ 𝑢０ ⟹ 𝑓<𝑢３+ ≤ 𝑓<𝑢０+;發

元儬赋裤礊况鏱;
钴 𝑔裤礊况鏱藗 𝑓 裤礊况閆｜鴸 𝑥３ } 𝑥０ ⟹ 𝑢３ ≤ 𝑢０ ⟹ 𝑓<𝑢３+ ≥ 𝑓<𝑢０+;發

元儬赋裤礊况閆;
望猡谛耼研哄ｅ𝑔裤礊况閆｜𝑓 裤礊况鏱Ｉ褯麀茡饦鉢矇褯;钴犍蟋慏茭裤礊舾

懞譽更勇裤礊｜鴸蟳靿褯 ≤? ≥懞栦慶籅譽更勇荼质镎｜多盽晖蟳靿譽更勇裤礊; □

鮲戓 １;７ 鲥儬赋 𝑦 " ｌоｇ５;９<𝑥０ − ０𝑥 − １+褯裤礊鑽衟;
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起注穻 儬赋 ２０

呪 綃鲥牝踨蟖;涰 𝑥０ − ０𝑥 − １ % ５呪襮 𝑥 ∈ <−∞? −３+ ∪ <１? \∞+;
氐丷蜍儬赋菹呪譽坉亥儬赋 𝑦 " 𝑓<𝑢+ " ｌоｇ５;９ 𝑢 褡跔亥儬赋 𝑢 " 𝑔<𝑥+ "

𝑥０ − ０𝑥 − １;
坉亥儬赋 𝑓<𝑢+婻鴤赋 ５;９ ∈ <５? ３+団謩牝踨蟖 <５? ∞+犍更勇裤礊况閆;
跔亥儬赋 𝑔<𝑥+饦椛癪萐犍褯湗占儬赋｜麘俋察譽 𝑥 " ３;団謩牝踨蟖褯檫鑽衟

<−∞? −３+犍｜𝑔<𝑥+更勇裤礊况閆ｐ団 <１? \∞+犍｜𝑔<𝑥+更勇裤礊况鏱;
団鑽衟 <−∞? −３+犍｜𝑔<𝑥+况閆｜𝑓<𝑢+况閆;鏘渁牝迹｜裤礊舾蟳柗｜邔發元儬

赋裤礊况鏱;
団鑽衟 <１? \∞+犍｜𝑔<𝑥+况鏱｜𝑓<𝑢+况閆;鏘渁牝迹｜裤礊舾蟳瑥｜邔發元儬赋

裤礊况閆;
婻薏｜儬赋褯裤礊况鏱鑽衟饦 <−∞? −３+｜裤礊况閆鑽衟饦 <１? \∞+;

１;６ 痞堩舾
氐丷拿戩儬赋忑抆褯麘俋舾;儬赋忑抆稺禡 𝑦察麘俋衉稺禡邖艘麘俋龩｜儬赋

壇 𝑓<𝑥+褡 𝑓<−𝑥+饲衟晫嗲猁牝褯浪赋绵质毆｜痞堩舾銰饦賣埸焂绵质毆历蟋埸慏
耼麘俋褯鎴郎;

１;６;３ 牝踨
氐丷綃稺涣慏耼麘俋｜踺稺禡 𝑦察褯察麘俋塗稺禡邖艘褯鐜诊麘俋;

牝踨 １;１ <痞堩舾+ 趑儬赋 𝑓<𝑥+褯牝踨蟖 𝐷饦谛茭稺禡邖艘麘俋褯赋容｜踺｜
钴 𝑥 ∈ 𝐷｜鴸霔駨 −𝑥 ∈ 𝐷;

• 童冧麘禡僢翆 𝑥 ∈ 𝐷｜绵駨 𝑓<−𝑥+ " 𝑓<𝑥+｜鴸俋 𝑓<𝑥+譽堩儬赋;謩忑抆
稺禡 𝑦察麘俋;

• 童冧麘禡僢翆 𝑥 ∈ 𝐷｜绵駨 𝑓<−𝑥+ " −𝑓<𝑥+｜鴸俋 𝑓<𝑥+譽痞儬赋;謩忑抆
稺禡邖艘鐜诊麘俋;

玴牝踨駨慏亥荼栦菹喕褯跔絘;牝踨蟖褯麘俋舾猁續｜钴 𝑥骱禡牝踨蟖｜鴸−𝑥
晖骱禡牝踨蟖｜𝑓<−𝑥+駨翆踨;绵质毆 𝑓<−𝑥+ " ¾𝑓<𝑥+饦痞堩舾褯襏渁｜壿嬛麘牝
踨蟖跔円谛茭 𝑥晫嗲;

鮲戓 １;２ <３+砲釮儬赋団牝踨蟖犍饦堩儬赋褯饦ｅ　Ｉ
А; 𝑓<𝑥+ " 𝑥０\𝑥

𝑥\３

В; 𝑓<𝑥+ " 𝑥 ѕіｎ𝑥
С; 𝑓<𝑥+ " ｌоｇ０<

√
𝑥０ \ ３ − 𝑥+
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２１ １;６ 痞堩舾

𝑥

𝑦

𝑂
𝑓<𝑥+

堩儬赋ｉ稺禡 𝑦察麘俋

𝑥５−𝑥５

𝑥

𝑦

𝑂

𝑔<𝑥+

痞儬赋ｉ稺禡邖艘麘俋<𝑥５? 𝑔<𝑥５++

<−𝑥５? −𝑔<𝑥５++

忑 １;１ 堩儬赋褡痞儬赋褯养惤煟逥
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起注穻 儬赋 ２６

Ｄ; 𝑓<𝑥+ "
√

３−𝑥０
!𝑥\０!−０

<０+謕侴牝踨団 ℝ犍褯儬赋 𝑓<𝑥+娠捺 𝑓<𝑥 \ 𝑦+ " 𝑥𝑓<𝑦+ \ 𝑦𝑓<𝑥+;牝踨団 ℝ犍
褯儬赋 𝑔<𝑥+娠捺 𝑔<𝑥 \ ３+ " <𝑥 \ ３+<𝑥０ \ ０𝑥+｜鴸ｅ　Ｉ
А; 𝑓<𝑥+荼饦痞儬赋
В; 𝑓<𝑥+胅饦痞儬赋晖饦堩儬赋
С; 𝑔<𝑥+饦痞儬赋
Ｄ; 𝑔<𝑥+胅荼饦痞儬赋晖荼饦堩儬赋

麀茡 <３+綃猁牝円茭烨團褯牝踨蟖饦嚙稺禡邖艘麘俋｜棼姛著 𝑓<−𝑥+褡 𝑓<𝑥+褯
稺苢;

А; 𝑓<𝑥+ " 𝑥０ \ 𝑥
𝑥 \ ３ 褯牝踨蟖譽 )𝑥 ∈ ℝ ∣ 𝑥 ≠ −３(｜荼稺禡邖艘麘俋｜邔荼饦堩儬赋;

В; 𝑓<𝑥+ " 𝑥 ѕіｎ𝑥褯牝踨蟖譽 ℝ｜稺禡邖艘麘俋;舃

𝑓<−𝑥+ " <−𝑥+ ѕіｎ<−𝑥+ " <−𝑥+<− ѕіｎ𝑥+ " 𝑥 ѕіｎ𝑥 " 𝑓<𝑥+?

婻薏 𝑓<𝑥+饦堩儬赋;

С; 逥巖 𝑓<𝑥+ " ｌоｇ０<
√

𝑥０ \ ３ − 𝑥+;涣翆笋

√𝑥０ \ ３ − 𝑥 " ３√
𝑥０ \ ３ \ 𝑥

?

婻薏
𝑓<𝑥+ " ｌоｇ０< ３√

𝑥０ \ ３ \ 𝑥
+ " − ｌоｇ０<√𝑥０ \ ３ \ 𝑥+;

謕侴 ｌоｇ０<
√

𝑥０ \ ３ \ 𝑥+饦痞儬赋｜邔 𝑓<𝑥+晖饦痞儬赋;

Ｄ; 𝑓<𝑥+ "
√

３ − 𝑥０

!𝑥 \ ０! − ０ 褯牝踨蟖涰 ３ − 𝑥０ ≥ ５褡 !𝑥 \ ０! − ０ ≠ ５魺牝;窼幔竸鈽
−３ ≤ 𝑥 ≤ ３｜猡幔竸鈽 𝑥 ≠ ５壿 𝑥 ≠ −６;邔牝踨蟖譽 -−３? ５+ ∪ <５? ３'｜稺禡邖艘
麘俋;帹

𝑓<−𝑥+ " √３ − <−𝑥+０

! − 𝑥 \ ０! − ０ "
√

３ − 𝑥０

!０ − 𝑥! − ０?

谛塷研哄砲 𝑓<𝑥+ ≠ 𝑓<−𝑥+｜邔荼饦堩儬赋;

鷭駨 В烨團饦堩儬赋;
<０+麘 𝑓<𝑥+｜涰 𝑓<𝑥 \ 𝑦+ " 𝑥𝑓<𝑦+ \ 𝑦𝑓<𝑥+麘僢翆 𝑥? 𝑦 ∈ ℝ晫嗲;猏 𝑥 " ５襮

𝑓<𝑦+ " 𝑦𝑓<５+;
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２９ １;６ 痞堩舾

婻薏 𝑓<𝑥+ " 𝑘𝑥｜謩鐜 𝑘 " 𝑓<５+;蜍钊浪伱邖轘防;

𝑘<𝑥 \ 𝑦+ " 𝑥<𝑘𝑦+ \ 𝑦<𝑘𝑥+ ⟹ 𝑘𝑥 \ 𝑘𝑦 " ０𝑘𝑥𝑦;

玴毆麘僢翆 𝑥? 𝑦晫嗲鷭搬绝陞 𝑘 " ５｜罛碴 𝑓<𝑥+ ≡ ５｜钊胅饦痞儬赋舃饦堩儬赋;
麘 𝑔<𝑥+｜謕侴 𝑔<𝑥 \ ３+ " <𝑥 \ ３+<𝑥０ \ ０𝑥+;猏 𝑡 " 𝑥 \ ３｜鴸 𝑥 " 𝑡 − ３｜禡饦

𝑔<𝑡+ " 𝑡<<𝑡 − ３+０ \ ０<𝑡 − ３++ " 𝑡<𝑡０ − ０𝑡 \ ３ \ ０𝑡 − ０+

" 𝑡<𝑡０ − ３+ " 𝑡１ − 𝑡;

婻薏 𝑔<𝑥+ " 𝑥１ − 𝑥;禡饦 𝑔<−𝑥+ " <−𝑥+１ − <−𝑥+ " −𝑥１ \ 𝑥 " −<𝑥１ − 𝑥+ " −𝑔<𝑥+｜
邔 𝑔<𝑥+饦痞儬赋;
邔翪猁烨團饦 В塗 С; □

１;６;０ 儬赋褯痞堩菹呪牝迹
痞堩舾晖魥賣禡谛塷儬赋;僢翆牝踨団麘俋鑽衟犍褯儬赋怬栦碴橦谛萋菹呪

譽谛茭堩儬赋褡谛茭痞儬赋饲塗;

牝迹 １;１ <痞堩菹呪牝迹+ 僢惤谛茭牝踨団麘俋鑽衟 𝐷犍褯儬赋 𝑓<𝑥+｜怬栦
碴橦谛萋鼣白譽谛茭堩儬赋 𝑓𝑒<𝑥+褡谛茭痞儬赋 𝑓𝑜<𝑥+褯塗｜踺

𝑓<𝑥+ " 𝑓𝑒<𝑥+ \ 𝑓𝑜<𝑥+

謩鐜｜
𝑓𝑒<𝑥+ " 𝑓<𝑥+ \ 𝑓<−𝑥+

０ 壿 𝑓𝑜<𝑥+ " 𝑓<𝑥+ − 𝑓<−𝑥+
０

麀茡 氐丷綃麀茡｜钴菹呪韓団｜鴸謩呅毆霔童牝迹竸鈽ｐ棼著麀玴呅毆猁裱竸鈽
菹呪;
荼季趑 𝑓<𝑥+栦碴菹呪譽 𝑓<𝑥+ " 𝑓𝑒<𝑥+ \ 𝑓𝑜<𝑥+｜謩鐜 𝑓𝑒<𝑥+譽堩儬赋｜𝑓𝑜<𝑥+譽

痞儬赋;闹 𝑥慶籅譽 −𝑥｜襮

𝑓<−𝑥+ " 𝑓𝑒<−𝑥+ \ 𝑓𝑜<−𝑥+ " 𝑓𝑒<𝑥+ − 𝑓𝑜<𝑥+

隋団襮笋谛茭稺禡 𝑓𝑒<𝑥+塗 𝑓𝑜<𝑥+褯谶舾轘防噯;

𝑓𝑒<𝑥+ \ 𝑓𝑜<𝑥+ " 𝑓<𝑥+

𝑓𝑒<𝑥+ − 𝑓𝑜<𝑥+ " 𝑓<−𝑥+
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起注穻 儬赋 ２８

慏毆蟳挻炏碴 ０｜襮 𝑓𝑒<𝑥+ " 𝑓<𝑥+\𝑓<−𝑥+
０ ｐ慏毆蟳閆炏碴 ０｜襮 𝑓𝑜<𝑥+ " 𝑓<𝑥+−𝑓<−𝑥+

０ ;邔钴
菹呪韓団｜謩呅毆霔童犍毆; 拝嬛著麀埸袎港亻鈽褯 𝑓𝑒<𝑥+褡 𝑓𝑜<𝑥+菹廒饦堩儬赋
褡痞儬赋; 麘 𝑓𝑒<𝑥+｜駨

𝑓𝑒<−𝑥+ " 𝑓<−𝑥+ \ 𝑓<−<−𝑥++
０ " 𝑓<−𝑥+ \ 𝑓<𝑥+

０ " 𝑓𝑒<𝑥+?

邔 𝑓𝑒<𝑥+饦堩儬赋;麘 𝑓𝑜<𝑥+｜駨

𝑓𝑜<−𝑥+ " 𝑓<−𝑥+ − 𝑓<−<−𝑥++
０ " 𝑓<−𝑥+ − 𝑓<𝑥+

０ " −𝑓𝑜<𝑥+?

邔 𝑓𝑜<𝑥+饦痞儬赋;鈩壿

𝑓𝑒<𝑥+ \ 𝑓𝑜<𝑥+ " 𝑓<𝑥+ \ 𝑓<−𝑥+
０ \ 𝑓<𝑥+ − 𝑓<−𝑥+

０ " 𝑓<𝑥+;

碴犍浣嶇柗龩竸鈽韓団舾褡橦谛舾;僢惤娠捺麠蚩褯菹呪霔扢娠捺玴谶舾轘防噯｜
藗玴轘防噯駨橦谛呪;麀獤; □

玴牝迹蜍麘俋鑽衟犍褯僢翆儬赋菹呪譽堩趣 𝑓𝑒<𝑥+褡痞趣 𝑓𝑜<𝑥+;

鮲戓 １;３５ 闹儬赋 𝑓<𝑥+ " 𝑒𝑥菹呪譽谛茭堩儬赋褡谛茭痞儬赋饲塗;

麀茡 儬赋 𝑓<𝑥+ " 𝑒𝑥褯牝踨蟖譽 ℝ｜稺禡邖艘麘俋;鏘渁痞堩菹呪牝迹｜謩堩趣譽

𝑓𝑒<𝑥+ " 𝑓<𝑥+ \ 𝑓<−𝑥+
０ " 𝑒𝑥 \ 𝑒−𝑥

０ ?

謩痞趣譽
𝑓𝑜<𝑥+ " 𝑓<𝑥+ − 𝑓<−𝑥+

０ " 𝑒𝑥 − 𝑒−𝑥

０ ;

埸慏茭儬赋菹廒俋譽颗樕睸鮙儬赋塗颗樕翪鮙儬赋｜邋衧 соѕｈ𝑥 塗 ѕіｎｈ𝑥;禡饦
𝑒𝑥 " соѕｈ𝑥 \ ѕіｎｈ𝑥; □

１;６;１ 眫奮秀惜舾褡麘俋浣狶
痞儬赋褡堩儬赋褯痞堩舾団挻呤塗郓呤砲續雀臺牝;氐丷煟屴著麀埸焂眫奮

呤鴸;
荼季趑 𝑓<𝑥+塗 𝑔<𝑥+饦慏茭牝踨団柗谛茭麘俋鑽衟 𝐷犍褯儬赋;
觉綃匊子挻呤;猏 ℎ<𝑥+ " 𝑓<𝑥+ \ 𝑔<𝑥+;匊巖 ℎ<𝑥+褯痞堩舾; 钴 𝑓<𝑥+塗 𝑔<𝑥+懞

譽堩儬赋｜倪袃鏘渁牝踨｜駨 𝑓<−𝑥+ " 𝑓<𝑥+塗 𝑔<−𝑥+ " 𝑔<𝑥+;禡饦｜

ℎ<−𝑥+ " 𝑓<−𝑥+ \ 𝑔<−𝑥+ " 𝑓<𝑥+ \ 𝑔<𝑥+ " ℎ<𝑥+

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



２４ １;６ 痞堩舾

邔｜慏茭堩儬赋褯塗锼懩饦谛茭堩儬赋; 钴 𝑓<𝑥+塗 𝑔<𝑥+懞譽痞儬赋｜倪袃 𝑓<−𝑥+ "
−𝑓<𝑥+塗 𝑔<−𝑥+ " −𝑔<𝑥+;禡饦｜

ℎ<−𝑥+ " 𝑓<−𝑥+ \ 𝑔<−𝑥+ " −𝑓<𝑥+ − 𝑔<𝑥+ " −<𝑓<𝑥+ \ 𝑔<𝑥++ " −ℎ<𝑥+

邔｜慏茭痞儬赋褯塗锼懩饦谛茭痞儬赋;
麘郓呤柗迹;猏 𝑝<𝑥+ " 𝑓<𝑥+𝑔<𝑥+; 钴 𝑓<𝑥+塗 𝑔<𝑥+懞譽堩儬赋｜鴸

𝑝<−𝑥+ " 𝑓<−𝑥+𝑔<−𝑥+ " 𝑓<𝑥+𝑔<𝑥+ " 𝑝<𝑥+

郓鰦饦堩儬赋; 钴 𝑓<𝑥+饦堩儬赋藗 𝑔<𝑥+饦痞儬赋｜鴸

𝑝<−𝑥+ " 𝑓<−𝑥+𝑔<−𝑥+ " 𝑓<𝑥+<−𝑔<𝑥++ " −𝑓<𝑥+𝑔<𝑥+ " −𝑝<𝑥+

郓鰦饦痞儬赋; 冚 𝑓<𝑥+塗 𝑔<𝑥+懞譽痞儬赋龩｜

𝑝<−𝑥+ " 𝑓<−𝑥+𝑔<−𝑥+ " <−𝑓<𝑥++<−𝑔<𝑥++ " 𝑓<𝑥+𝑔<𝑥+ " 𝑝<𝑥+

邔慏茭痞儬赋褯郓鰦饦谛茭堩儬赋;
埸焂眫奮呤鴸褡凟赋褯殙镎呤鴸多港蟳矇;闹堩儬赋伲衧翪镎衉 \３｜闹痞儬

赋伲衧吖镎衉 −３｜儬赋褯郓呤魯鴸麘靿禡殙镎褯郓呤;

堩÷堩→堩 ⟷ <\３+ ÷ <\３+ " \３

堩÷痞→痞 ⟷ <\３+ ÷ <−３+ " −３

痞÷痞→堩 ⟷ <−３+ ÷ <−３+ " \３

１;６;１;３ 麘俋舾褯浣狶
稺禡 𝑦察塗邖艘褯麘俋｜菹廒饦稺禡煟谶 𝑥 " ５塗艘 <５? ５+褯麘俋;埸谛盥帄

栦煟屴浣狶笋僢翆麘俋察褡麘俋鐜诊;

⊳ 稺禡煟谶 𝑥 " 𝑎麘俋 钴儬赋 𝑓<𝑥+褯忑抆稺禡煟谶 𝑥 " 𝑎麘俋｜鴸麘僢翆埶
𝑎 ¾ 𝑡団牝踨蟖跔褯 𝑡｜怬駨

𝑓<𝑎 − 𝑡+ " 𝑓<𝑎 \ 𝑡+;

猏 𝑥 " 𝑎 − 𝑡｜鴸 𝑡 " 𝑎 − 𝑥｜禡饦 𝑎 \ 𝑡 " ０𝑎 − 𝑥;浪紴猡襮质豎襏渁

𝑓<𝑥+ " 𝑓<０𝑎 − 𝑥+;
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起注穻 儬赋 ２７

⊳ 稺禡艘 <𝑎? 𝑏+麘俋 钴儬赋 𝑓<𝑥+ 褯忑抆稺禡艘 <𝑎? 𝑏+ 鐜诊麘俋｜鴸麘僢翆埶
𝑎 ¾ 𝑡団牝踨蟖跔褯 𝑡｜艘 <𝑎 − 𝑡? 𝑓<𝑎 − 𝑡++褡 <𝑎 \ 𝑡? 𝑓<𝑎 \ 𝑡++褯鐜艘譽 <𝑎? 𝑏+｜踺

𝑓<𝑎 − 𝑡+ \ 𝑓<𝑎 \ 𝑡+
０ " 𝑏;

凟迹襮 𝑓<𝑎 − 𝑡+ \ 𝑓<𝑎 \ 𝑡+ " ０𝑏;猏 𝑥 " 𝑎 − 𝑡｜鴸 𝑎 \ 𝑡 " ０𝑎 − 𝑥｜浪紴猡襮质
豎襏渁

𝑓<𝑥+ \ 𝑓<０𝑎 − 𝑥+ " ０𝑏;

澞抹褯痞堩舾翪饦埸焂狶踨麘俋舾褯甘鮲;冚麘俋察譽 𝑥 " ５ <𝑎 " ５+龩｜𝑓<𝑥+ "
𝑓<−𝑥+｜埸翪饦堩儬赋褯牝踨;冚麘俋鐜诊譽 <５? ５+ <𝑎 " ５? 𝑏 " ５+龩｜𝑓<𝑥+ \ 𝑓<−𝑥+ "
５｜踺 𝑓<−𝑥+ " −𝑓<𝑥+｜埸翪饦痞儬赋褯牝踨;

１;６;１;０ 谛茭畟郎笼衧舾褯襏廒轘呤
団閯迹郎喚儬赋轘防碴襏牝麘俋舾龩｜簳蛞笋 𝑓<𝑥 \ 𝑎+ " 𝑓<−𝑥 \ 𝑏+埸鉢鼣

掑毆;煟屴縮賣 𝑓<𝑥+ " 𝑓<０𝑎 − 𝑥+ 褯呅毆席霔轘礶;謩滰舾団禡慏茭緭詓薆 𝑥 褡
０𝑎 − 𝑥饲塗譽簳赋 ０𝑎;涰薏栦襮梹廒麘俋舾褯煟屴鎴郎;

牝迹 １;６ <麘俋舾褯鳖谛襏渁+ 趑儬赋 𝑓<𝑥+褯牝踨蟖団蟳靿麘俋詓籅砲秀惜｜
鈩壿砲釮儬赋轘防麘罛駨埶毆檫駨翆踨褯緭詓薆绵晫嗲;

３; 察麘俋;钴玴轘防栦浉譽 𝑓<𝑋３+ " 𝑓<𝑋０+褯呅毆｜壿緭詓薆饲塗 𝑋３ \
𝑋０ " 𝑘ｅ簳赋Ｉ｜鴸儬赋 𝑓<𝑥+褯忑抆稺禡煟谶 𝑥 " 𝑘

０ 麘俋;

０; 艘麘俋;钴玴轘防栦浉譽 𝑓<𝑋３+ \ 𝑓<𝑋０+ " 𝑘褯呅毆｜謩鐜 𝑘譽簳赋｜壿
緭詓薆饲塗𝑋３ \ 𝑋０ " 𝐾ｅ簳赋Ｉ｜鴸儬赋 𝑓<𝑥+褯忑抆稺禡艘 < 𝐾

０ ? 𝑘
０ +鐜

诊麘俋;

麀茡 ３; 麘禡 𝑓<𝑋３+ " 𝑓<𝑋０+壿 𝑋３ \ 𝑋０ " 𝑘｜猏 𝑎 " 𝑘`０;栦趑 𝑋３ " 𝑎 \ 𝑡;倪袃
𝑋０ " 𝑘 − 𝑋３ " ０𝑎 − <𝑎 \ 𝑡+ " 𝑎 − 𝑡;禡饦邖轘防浉譽 𝑓<𝑎 \ 𝑡+ " 𝑓<𝑎 − 𝑡+｜埸翪饦儬
赋稺禡 𝑥 " 𝑎麘俋褯牝踨毆;

０; 麘禡 𝑓<𝑋３+ \ 𝑓<𝑋０+ " 𝑘 壿 𝑋３ \ 𝑋０ " 𝐾｜猏 𝑎 " 𝐾`０? 𝑏 " 𝑘`０; 柗
袎趑 𝑋３ " 𝑎 \ 𝑡｜鴸 𝑋０ " 𝐾 − 𝑋３ " ０𝑎 − <𝑎 \ 𝑡+ " 𝑎 − 𝑡; 禡饦邖轘防浉譽
𝑓<𝑎 \ 𝑡+ \ 𝑓<𝑎 − 𝑡+ " ０𝑏｜埸翪饦儬赋稺禡艘 <𝑎? 𝑏+麘俋褯牝踨毆; □

玴牝迹蜍儬赋轘防肷浉譽养惤麘俋舾褯襏牝｜稺品団禡姛著緭詓薆饲塗饦嚙
譽簳赋;
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２２ １;６ 痞堩舾

浣盽 １;３ 氐丷隋団栦碴謔鬖襏牝谛焂簳誀呅毆褯麘俋舾;

• 钴 𝑓<𝑥 \ 𝑎+ " 𝑓<−𝑥 \ 𝑏+｜緭詓薆饲塗譽 <𝑥 \ 𝑎+ \ <−𝑥 \ 𝑏+ " 𝑎 \ 𝑏;邔麘
俋察譽 𝑥 " 𝑎\𝑏

０ ;冚 𝑏 " ５龩｜𝑓<𝑥 \ 𝑎+ " 𝑓<−𝑥+｜麘俋察譽 𝑥 " 𝑎`０;
• 钴 𝑓<𝑥\𝑎+\𝑓<−𝑥\𝑏+ " 𝑐｜緭詓薆饲塗譽 𝑎\𝑏｜儬赋壇饲塗譽 𝑐;邔麘俋
鐜诊譽 < 𝑎\𝑏

０ ? 𝑐
０ +;甘廒萋｜钴 𝑓<𝑥\𝑎+ " −𝑓<−𝑥+｜鴸 𝑓<𝑥\𝑎+\𝑓<−𝑥+ " ５｜

緭詓薆饲塗譽 𝑎｜儬赋壇饲塗譽 ５｜邔麘俋鐜诊譽 < 𝑎
０ ? ５+;

麀茡 起谛麠鐜猏 𝑋３ " 𝑥 \ 𝑎｜𝑋０ " −𝑥 \ 𝑏｜鴸 𝑋３ \ 𝑋０ " 𝑎 \ 𝑏｜涰麘俋舾褯鳖谛
襏渁嗲踺襮笋麘俋察 𝑥 " <𝑎 \ 𝑏+`０;冚 𝑏 " ５龩踺譽 𝑥 " 𝑎`０;
起湗麠鐜柗袎猏 𝑋３ " 𝑥 \ 𝑎｜𝑋０ " −𝑥 \ 𝑏｜鴸 𝑋３ \ 𝑋０ " 𝑎 \ 𝑏｜壿儬赋壇饲

塗譽簳赋 𝑐｜涰鳖谛襏渁襮笋麘俋鐜诊 <<𝑎 \ 𝑏+`０? 𝑐`０+;甘廒萋｜𝑓<𝑥 \ 𝑎+ " −𝑓<−𝑥+
质豎禡 𝑓<𝑥 \ 𝑎+ \ 𝑓<−𝑥+ " ５｜薏龩 𝑏 " ５? 𝑐 " ５｜婻藗麘俋鐜诊譽 <𝑎`０? ５+; □

鮲戓 １;３３ 趑儬赋 𝑓<𝑥+牝踨団 ℝ犍;謕侴 𝑓<𝑥 − ３+饦谛茭堩儬赋｜藗 𝑓<𝑥 \ ３+
饦谛茭痞儬赋;此麀茡 𝑓<𝑥+饦谛茭茣爖儬赋;

麀茡 氐丷賣狶踨麘俋舾浣嶇茣爖舾;綃蜍戓趑媸晫 𝑓<𝑥+褯麘俋舾;
趑 𝑔<𝑥+ " 𝑓<𝑥−３+;涰 𝑔<𝑥+譽堩儬赋｜駨 𝑔<𝑥+ " 𝑔<−𝑥+｜踺 𝑓<𝑥−３+ " 𝑓<−𝑥−３+;

埸饦 𝑓<𝑋３+ " 𝑓<𝑋０+呅毆｜緭詓薆饲塗 <𝑥 − ３+ \ <−𝑥 − ３+ " −０;鏘渁犍蟋牝迹｜
𝑓<𝑥+褯忑抆稺禡煟谶 𝑥 " −３麘俋;
趑 ℎ<𝑥+ " 𝑓<𝑥 \ ３+;涰 ℎ<𝑥+ 譽痞儬赋｜駨 ℎ<𝑥+ " −ℎ<−𝑥+｜踺 𝑓<𝑥 \ ３+ "

−𝑓<−𝑥\３+｜崙踺 𝑓<𝑥\３+\𝑓<−𝑥\３+ " ５;埸饦 𝑓<𝑋３+\𝑓<𝑋０+ " 𝑘呅毆｜緭詓薆饲
塗 <𝑥 \ ３+ \ <−𝑥 \ ３+ " ０｜儬赋壇饲塗譽 ５;邔 𝑓<𝑥+褯忑抆稺禡艘 <３? ５+鐜诊麘俋;
禡饦 𝑓<𝑥+娠捺

𝑓<−３ \ 𝑡+ " 𝑓<−３ − 𝑡+? ∀𝑡 ∈ ℝ?

𝑓<３ \ 𝑡+ " −𝑓<３ − 𝑡+? ∀𝑡 ∈ ℝ;

扢埢镑簳赋 𝑇 埶 𝑓<𝑥 \ 𝑇 + " 𝑓<𝑥+｜踺蜍慏麠麘俋舾發元埶賣;
匊子 𝑓<𝑥 \ ６+;譽靿賣稺禡艘 <３? ５+褯麘俋舾｜蜍钊媸晫 𝑓<３ \ <𝑥 \ １++;

𝑓<𝑥 \ ６+ " 𝑓<３ \ <𝑥 \ １++ " −𝑓<３ − <𝑥 \ １++ " −𝑓<−𝑥 − ０+;

棼麘 𝑓<−𝑥 − ０+靿賣稺禡煟谶 𝑥 " −３褯麘俋舾｜蜍钊媸晫 𝑓<−３ \ <−𝑥 − ３++;

𝑓<−𝑥 − ０+ " 𝑓<−３ \ <−𝑥 − ３++ " 𝑓<−３ − <−𝑥 − ３++ " 𝑓<𝑥+;
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起注穻 儬赋 ３５５

浪伱襮
𝑓<𝑥 \ ６+ " −𝑓<𝑥+;

玴毆癟茡儬赋郎駨鳍茣爖譽 ６褯鸼萐稼發;棼闹 𝑥籅譽 𝑥 \ ６;

𝑓<𝑥 \ ７+ " −𝑓<𝑥 \ ６+;

多元慏毆｜
𝑓<𝑥 \ ７+ " −𝑓<𝑥 \ ６+ " −<−𝑓<𝑥++ " 𝑓<𝑥+;

邔 𝑓<𝑥+碴 ７譽茣爖;
察麘俋褡鐜诊麘俋褯發元涰薏抾娖脺跢荼詓舾｜踺茣爖舾; □

鮲戓 １;３０ 趑儬赋 𝑓<𝑥+饦牝踨団 ℝ犍褯鏱儬赋;団慏耼荼柗褯忯挻麠蚩砲
捣盽謩舾蛣;
研呅谛ｉ钴 𝑓<𝑥+娠捺谦巶儬赋轘防 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+;

３; 鲥 𝑓<５+褯壇;

０; 鲥麀 𝑓<𝑥+饦痞儬赋;

１; 钴 𝑓<𝑥０ \ ３+ \ 𝑓<１𝑥 − ９+ } ５｜鲥裱赋 𝑥褯缉壇騊祟;

研呅湗ｉ钴 𝑓<𝑥+娠捺儬赋轘防 𝑦𝑓<𝑥+ − 𝑥𝑓<𝑦+ " 𝑥𝑦<𝑥０ − 𝑦０+;

３; 鲥 𝑓<５+褯壇;

０; 鲥麀 𝑓<𝑥+饦痞儬赋;

１; 钴 𝑓<𝑥０ \ ３+ \ 𝑓<１𝑥 − ９+ } ５｜鲥裱赋 𝑥褯缉壇騊祟;

麀茡 麘儬赋轘防噲壇｜綃鲥 𝑓<５+｜棼浣嶇痞堩舾｜望猡賣裤礊舾呪荼质毆;
埸饦谦巶儬赋轘防 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+;
<３+猏 𝑥 " 𝑦 " ５｜襮

𝑓<５ \ ５+ " 𝑓<５+ \ 𝑓<５+ ⟹ 𝑓<５+ " ０𝑓<５+?

邔 𝑓<５+ " ５;
<０+猏 𝑦 " −𝑥｜襮

𝑓<𝑥 \ <−𝑥++ " 𝑓<𝑥+ \ 𝑓<−𝑥+ ⟹ 𝑓<５+ " 𝑓<𝑥+ \ 𝑓<−𝑥+;

涰 𝑓<５+ " ５襮 𝑓<−𝑥+ " −𝑓<𝑥+｜邔 𝑓<𝑥+饦痞儬赋;
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３５３ １;６ 痞堩舾

<１+荼质毆 𝑓<𝑥０ \ ３+ \ 𝑓<１𝑥 − ９+ } ５栦默媸譽 𝑓<𝑥０ \ ３+ } −𝑓<１𝑥 − ９+;涰痞儬
赋舾蛣｜

−𝑓<１𝑥 − ９+ " 𝑓<９ − １𝑥+?

禡饦邖荼质毆质豎禡
𝑓<𝑥０ \ ３+ } 𝑓<９ − １𝑥+;

舃 𝑓<𝑥+饦鏱儬赋｜緭詓薆褯放盆稺苢褡儬赋壇谛摟｜邔

𝑥０ \ ３ } ９ − １𝑥;

凟迹襮 𝑥０ \ １𝑥 − ６ } ５｜踺 <𝑥 \ ６+<𝑥 − ３+ } ５;呪襮 𝑥 ∈ <−６? ３+;
研呅湗褯儬赋轘防譽

𝑦𝑓<𝑥+ − 𝑥𝑓<𝑦+ " 𝑥𝑦<𝑥０ − 𝑦０+;

<３+鲥 𝑓<５+;煟屴猏 𝑦 " ５寝埶轘防慏紦鑹譽 ５｜畻呤菹沢 𝑓<５+;缉 𝑦 " ３? 𝑥 " ５ｉ

３ ⋅ 𝑓<５+ − ５ ⋅ 𝑓<３+ " ５ ⋅ ３ ⋅ <５０ − ３０+ ⟹ 𝑓<５+ " ５;

<０+麀茡痞堩舾;锼猏 𝑦 " −𝑥｜襮

<−𝑥+𝑓<𝑥+ − 𝑥𝑓<−𝑥+ " 𝑥<−𝑥+<𝑥０ − <−𝑥+０+?

−𝑥-𝑓<𝑥+ \ 𝑓<−𝑥+' " −𝑥０<𝑥０ − 𝑥０+ " ５;

婻薏 −𝑥-𝑓<𝑥+ \ 𝑓<−𝑥+' " ５麘谛覞 𝑥 ∈ ℝ晫嗲;冚 𝑥 ≠ ５龩｜儙誢 −𝑥襮 𝑓<𝑥+ \
𝑓<−𝑥+ " ５ｐ冚 𝑥 " ５龩｜𝑓<５+ " ５埶质毆崙晫嗲;邔 𝑓<−𝑥+ " −𝑓<𝑥+｜𝑓<𝑥+饦痞儬赋;

<１+呪荼质毆;研呅湗嶬褡研呅谛褯儬赋轘防呅毆荼柗｜帹浣鈽褯痞儬赋褡鏱
儬赋舾蛣畗踣蟳柗;婻薏荼质毆 𝑓<𝑥０ \ ３+ \ 𝑓<１𝑥 − ９+ } ５褯鲥呪陞防崙蟳柗｜呪
容锼譽 <−６? ３+;

□

１;６;１;１ 港亻郎駨甘牝麘俋舾褯儬赋
港亻郎駨甘牝痞堩舾褯儬赋｜謩魯鞲煟屴挴緭 𝑓<−𝑥+ " ¾𝑓<𝑥+;氐丷綃碴暞赋

儬赋譽鮲;

１;６;１;６ 糫禡暞赋儬赋褯麘俋港亻
暞赋儬赋 𝑔<𝑥+ " 𝑎𝑥 <𝑎 % ５? 𝑎 ≠ ３+楷楒膱痞膱堩;痞堩菹呪牝迹竸鈽钊褯堩趣

褡痞趣｜氐丷涰薏襮笋慏鉢簳誀儬赋;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



起注穻 儬赋 ３５０

謩堩趣譽 𝑓𝑒<𝑥+ " 𝑎𝑥\𝑎−𝑥
０ ｜痞趣譽 𝑓𝑜<𝑥+ " 𝑎𝑥−𝑎−𝑥

０ ; 著麀｜僢翆簳赋𝑚褡钊丷褯
郓鰦｜踺

𝑓<𝑥+ " 𝑚<𝑎𝑥 \ 𝑎−𝑥+ 褡 𝑔<𝑥+ " 𝑚<𝑎𝑥 − 𝑎−𝑥+

菹廒饦堩儬赋塗痞儬赋褯陳騊;钊丷饦港亻畟發鎥儬赋褯簽敛裤慊;
谛茭伲矇荼柗褯簳誀痞儬赋牠馲饦 𝑓<𝑥+ " 𝑚 𝑎𝑥−３

𝑎𝑥\３ ;菹快謩麘俋舾褯挴糫;

麀茡 謩牝踨蟖譽 )𝑥 ∈ ℝ ∣ 𝑎𝑥 ≠ −３(｜踺 ℝ;埸饦谛茭麘俋褯牝踨蟖; 氐丷匊巖
𝑓<−𝑥+;

𝑓<−𝑥+ " 𝑚𝑎−𝑥 − ３
𝑎−𝑥 \ ３

埸璗褯稺品些黾饦菹檫菹頼柗郓 𝑎𝑥｜碴薏蝅發褡 𝑓<𝑥+褯舿苢;

𝑓<−𝑥+ " 𝑚<𝑎−𝑥 − ３+𝑎𝑥

<𝑎−𝑥 \ ３+𝑎𝑥 " 𝑚３ − 𝑎𝑥

３ \ 𝑎𝑥 " −𝑚𝑎𝑥 − ３
𝑎𝑥 \ ３ " −𝑓<𝑥+

邔 𝑓<𝑥+饦谛茭痞儬赋;裱斔犍｜钆箛裤浪赋詓呅栦誀｜钊褡綃窼嶇鈽褯颗樕儬赋牠
馲駨跔団舿苢; □

１;６;１;９ 糫禡麘赋儬赋褯麘俋港亻
麘禡麘赋儬赋 𝑓<𝑥+ " ｌоｇ𝑎 𝑔<𝑥+｜謩痞堩舾畗踣缉魺禡謩慮薆 𝑔<𝑥+褯舾蛣; 钴

𝑓<𝑥+譽痞儬赋｜鴸霔扢娠捺

𝑓<−𝑥+ " ｌоｇ𝑎 𝑔<−𝑥+ " −𝑓<𝑥+ " − ｌоｇ𝑎 𝑔<𝑥+ " ｌоｇ𝑎
３

𝑔<𝑥+

埸楀鲥謩慮薆霔扢娠捺稺苢 𝑔<−𝑥+ " ３
𝑔<𝑥+ ; 钴 𝑓<𝑥+譽堩儬赋｜鴸霔扢娠捺

𝑓<−𝑥+ " ｌоｇ𝑎 𝑔<−𝑥+ " 𝑓<𝑥+ " ｌоｇ𝑎 𝑔<𝑥+

埸楀鲥謩慮薆霔扢饦堩儬赋｜踺 𝑔<−𝑥+ " 𝑔<𝑥+;
簽禡薏邖迹｜栦港亻鈽放薆褯麘赋馲痞堩儬赋;

鮲戓 １;３１ 襏鶜儬赋 𝑓<𝑥+ " ｌоｇ𝑎<
√

𝑥０ \ ３\𝑥+褯痞堩舾｜謩鐜 𝑎 % ５壿 𝑎 ≠ ３;

麀茡 儬赋牝踨蟖楀鲥 √
𝑥０ \ ３ \ 𝑥 % ５; 涣翆笋 √

𝑥０ \ ３ %
√

𝑥０ " !𝑥!｜婻薏√
𝑥０ \ ３ \ 𝑥 % !𝑥! \ 𝑥;冚 𝑥 ≥ ５龩｜!𝑥! \ 𝑥 " ０𝑥 ≥ ５;冚 𝑥 } ５龩｜!𝑥! \ 𝑥 " ５;邔√
𝑥０ \ ３ \ 𝑥绵譽翪｜牝踨蟖譽 ℝ;
匊巖謩慮薆 𝑔<𝑥+ "

√
𝑥０ \ ３ \ 𝑥;

𝑔<−𝑥+ " √<−𝑥+０ \ ３ − 𝑥 " √𝑥０ \ ３ − 𝑥
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３５１ １;６ 痞堩舾

譽姛著 𝑔<−𝑥+饦嚙质禡 ３`𝑔<𝑥+｜跠奮謩郓鰦｜涰脺轘璁劷毆

𝑔<𝑥+𝑔<−𝑥+ " <√𝑥０ \ ３ \ 𝑥+<√𝑥０ \ ３ − 𝑥+

" <√𝑥０ \ ３+０ − 𝑥０ " <𝑥０ \ ３+ − 𝑥０ " ３;

婻薏｜𝑔<−𝑥+ " ３
𝑔<𝑥+ ;禡饦

𝑓<−𝑥+ " ｌоｇ𝑎 𝑔<−𝑥+ " ｌоｇ𝑎
３

𝑔<𝑥+ " − ｌоｇ𝑎 𝑔<𝑥+ " −𝑓<𝑥+;

邔 𝑓<𝑥+ " ｌоｇ𝑎<
√

𝑥０ \ ３ \ 𝑥+饦痞儬赋; □

柗迹｜呅童 𝑓<𝑥+ " ｌоｇ𝑎
𝑚\𝑥
𝑚−𝑥 褯儬赋｜謩慮薆 𝑔<𝑥+ " 𝑚\𝑥

𝑚−𝑥 晖娠捺 𝑔<−𝑥+ " ３
𝑔<𝑥+｜

邔钊晖饦痞儬赋;

１;６;１;８ 持魥褯麘俋舾港亻呤鴸
炏鹹菃麘甘牝儬赋鉢馲褯默亻｜剓韓団谛焂畟譽持魥褯港亻轘呤;

• 醌麘壇浉港亻堩儬赋;麘禡牝踨蟖稺禡邖艘麘俋褯僢翆儬赋 𝑓<𝑥+｜儬赋 ℎ<𝑥+ "
𝑓<!𝑥!+饦堩儬赋;

麀茡 ℎ<−𝑥+ " 𝑓<! − 𝑥!+ " 𝑓<!𝑥!+ " ℎ<𝑥+; □

埸茭港亻褯养惤翆踨饦｜齼稊 𝑦察饙閾褯忑抆｜懩猡闹 𝑦察纺閾褯忑抆鸼誯笋
饙閾｜髡藗桽鳩萋嚂亻鈽稺禡 𝑦察褯麘俋舾;

• 發元儬赋呤鴸;趑儬赋 𝑓<𝑥+褡 𝑔<𝑥+褯痞堩舾謕侴;發元儬赋 𝑓<𝑔<𝑥++褯痞堩舾
钄傭跔堩鴸堩。跔痞伲坉褯邖鴸;

钴 𝑔<𝑥+饦堩儬赋｜鴸 𝑓<𝑔<𝑥++霔譽堩儬赋ｅ譽鷛袃褡 𝑓<𝑥+褯痞堩舾畻稺ＳＩ
;

钴 𝑔<𝑥+饦痞儬赋｜鴸 𝑓<𝑔<𝑥++褯痞堩舾褡 𝑓<𝑥+蟳柗;

• 脺圠牠馲;望箛裤褯堩儬赋饦簳赋儬赋 𝑓<𝑥+ " 𝑐｜望箛裤ｅ膱璩Ｉ褯痞儬赋饦翪
涿鮲儬赋 𝑓<𝑥+ " 𝑘𝑥;

竸牝儬赋褯痞堩舾妛妛栦鷵紴犍蟋脫耼港亻邖迹;

鮲戓 １;３６ 謕侴儬赋 𝑓<𝑥+ " ０𝑥−３
０𝑥\３｜𝑔<𝑥+ " соѕ𝑥;襏鶜儬赋 ℎ<𝑥+ " 𝑓<!𝑥!+ ⋅ 𝑔<𝑥+

褯痞堩舾;

麀茡 ℎ<𝑥+涰慏趣菹蟳郓藗晫｜扢菹廒猁牝謩痞堩舾;
儬赋 𝑓<𝑥+屐元痞儬赋牠馲𝑚 𝑎𝑥−３

𝑎𝑥\３ｅ薏閯𝑚 " ３? 𝑎 " ０Ｉ｜邔 𝑓<𝑥+饦痞儬赋;
棼伲 𝑓<!𝑥!+｜薏踺醌麘壇浉港亻堩儬赋呤鴸褯煟屴靿賣;猏 𝑝<𝑥+ " 𝑓<!𝑥!+｜鴸

𝑝<−𝑥+ " 𝑓<! − 𝑥!+ " 𝑓<!𝑥!+ " 𝑝<𝑥+｜邔 𝑝<𝑥+饦堩儬赋;
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起注穻 儬赋 ３５６

儬赋 𝑔<𝑥+ " соѕ𝑥饦簽楷褯堩儬赋｜𝑔<−𝑥+ " соѕ<−𝑥+ " соѕ𝑥 " 𝑔<𝑥+;
望洃｜ℎ<𝑥+饦堩儬赋 𝑝<𝑥+ " 𝑓<!𝑥!+褡堩儬赋 𝑔<𝑥+ " соѕ𝑥褯郓鰦;嵌眫奮呤鴸

ｅ堩 ÷堩 "堩Ｉ｜ℎ<𝑥+饦堩儬赋; □

鮲戓 １;３９ 鲥呪荼质毆;ｌоｇ０<
√

𝑥０ \ ３ \ 𝑥+ \ ｌоｇ０<
√

６𝑥０ \ ３ − ０𝑥+ % ５;

麀茡 煟屴呪埸茭荼质毆鈩荼絘齚;氐丷綃蜍钊褡謕侴牠馲舿苢壎挴;
猏 𝑓<𝑥+ " ｌоｇ０<

√
𝑥０ \ ３ \ 𝑥+;謕麀茡｜埸饦谛茭牝踨団 ℝ犍褯痞儬赋;

隋団逥巖荼质毆鐜褯起湗團｜ｌоｇ０<
√

６𝑥０ \ ３ − ０𝑥+;钊褯呅毆褡 𝑓<𝑥+褯滰虜呅
毆 ｌоｇ０<

√
𝑥０ \ ３ − 𝑥+嵀謩蟳矇;涣翆笋

ｌоｇ０<√６𝑥０ \ ３ − ０𝑥+ " ｌоｇ０<√<０𝑥+０ \ ３ − ０𝑥+

謕侴 √
𝑢０ \ ３ − 𝑢 " ３√

𝑢０\３\𝑢 ;婻薏｜

ｌоｇ０<√<０𝑥+０ \ ３ − ０𝑥+ " ｌоｇ０ < ３
√<０𝑥+０ \ ３ \ ０𝑥

+

" − ｌоｇ０<√<０𝑥+０ \ ３ \ ０𝑥+ " −𝑓<０𝑥+;

邖荼质毆钆犍蟋儬赋舾蛣浉箛譽

𝑓<𝑥+ − 𝑓<０𝑥+ % ５ ⟹ 𝑓<𝑥+ % 𝑓<０𝑥+

拝嬛匊巖 𝑓<𝑥+褯裤礊舾;儬赋 𝑢<𝑥+ "
√

𝑥０ \ ３ \ 𝑥団 ℝ犍更勇况鏱;钴 𝑥３ } 𝑥０｜鴸

𝑢<𝑥０+ − 𝑢<𝑥３+ " <𝑥０ − 𝑥３+ <３ \ 𝑥３ \ 𝑥０
√𝑥０

０ \ ３ \ √𝑥０
３ \ ３

+ % ５?

謩鐜菹頼更勇放禡 !𝑥３ \ 𝑥０!;舃婻譽 𝑣<𝑢+ " ｌоｇ０ 𝑢饦鏱儬赋｜鏘渁發元儬赋裤礊舾
呤鴸｜𝑓<𝑥+ " 𝑣<𝑢<𝑥++饦 ℝ犍褯鏱儬赋;
婻譽 𝑓<𝑥+饦鏱儬赋｜罛碴涰 𝑓<𝑥+ % 𝑓<０𝑥+栦碴煟屴襮笋 𝑥 % ０𝑥｜邔−𝑥 % ５｜踺

𝑥 } ５;
罛碴｜邖荼质毆褯呪容譽 <−∞? ５+; □

鮲戓 １;３８ 趑 𝑔<𝑥+ " ｌｎ ３\𝑥０
３−𝑥０｜ℎ<𝑥+ " 𝑥１ соѕ𝑥;襏鶜發元儬赋 𝐹<𝑥+ " 𝑔<ℎ<𝑥++

褯痞堩舾;

麀茡 燨綃跔猡坉褯占筆｜綃猁牝跔坉亥儬赋褯痞堩舾;
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３５９ １;６ 痞堩舾

跔亥儬赋 ℎ<𝑥+ " 𝑥１ соѕ𝑥;钊饦痞儬赋 𝑥１ 褡堩儬赋 соѕ𝑥褯郓鰦;鏘渁眫奮呤
鴸ｅ痞 ÷堩 "痞Ｉ｜ℎ<𝑥+饦痞儬赋;
坉亥儬赋 𝑔<𝑥+ " ｌｎ ３\𝑥０

３−𝑥０ ;謩牝踨蟖涰 ３\𝑥０
３−𝑥０ % ５ ⟹ ３ − 𝑥０ % ５ ⟹ −３ } 𝑥 }

３竸鈽｜饦麘俋鑽衟;匊巖 𝑔<−𝑥+ｉ

𝑔<−𝑥+ " ｌｎ
３ \ <−𝑥+０

３ − <−𝑥+０ " ｌｎ
３ \ 𝑥０

３ − 𝑥０ " 𝑔<𝑥+

邔 𝑔<𝑥+饦堩儬赋;
發元儬赋 𝐹<𝑥+ " 𝑔<ℎ<𝑥++褯牝踨蟖譽

𝐷 " )𝑥 ∈ ℝ ∣ −３ } ℎ<𝑥+ } ３(;

涰禡 ℎ<𝑥+饦痞儬赋｜𝑥 ∈ 𝐷冚壿栔冚 −𝑥 ∈ 𝐷｜邔 𝐷稺禡邖艘麘俋;隋団襏鶜 𝐹<𝑥+
団謩牝踨蟖 𝐷犍褯痞堩舾;麘僢翆 𝑥 ∈ 𝐷｜匊巖 𝐹<−𝑥+ｉ

𝐹<−𝑥+ " 𝑔<ℎ<−𝑥++

婻譽 ℎ<𝑥+饦痞儬赋｜罛碴 ℎ<−𝑥+ " −ℎ<𝑥+;浪紴襮

𝐹<−𝑥+ " 𝑔<−ℎ<𝑥++

舃婻譽 𝑔<𝑥+饦堩儬赋｜罛碴 𝑔<−𝑢+ " 𝑔<𝑢+麘謩牝踨蟖跔僢翆褯 𝑢晫嗲;禡饦ｉ

𝐹<−𝑥+ " 𝑔<−ℎ<𝑥++ " 𝑔<ℎ<𝑥++ " 𝐹<𝑥+

婻薏｜𝐹<𝑥+饦谛茭堩儬赋; □

鮲戓 １;３４ 趑牝踨団 ℝ ∖ )５( 犍褯堩儬赋 𝑓<𝑥+ 娠捺｜冚 𝑥 % ５ 龩｜𝑓<𝑥+ "
𝑥 \ ３

𝑥 − ０;鲥呪轘防 𝑓<𝑥+ " １;

麀茡 厈賣堩儬赋舾蛣蜍謕侴褯翪鳍察呪快毆浣狶笋吖鳍察｜棼団凟茭牝踨蟖跔
鲥呪轘防;
菹慏耼研哄捣盽;
研呅谛ｉ𝑥 % ５冚 𝑥 % ５龩｜轘防 𝑓<𝑥+ " １煟屴质豎禡

𝑥 \ ３
𝑥 − ０ " １ ⟹ 𝑥 \ ３

𝑥 − ９ " ５

慏饘柗郓 𝑥ｅ婻譽 𝑥 % ５? 𝑥 ≠ ５Ｉ｜襮笋 𝑥０ − ９𝑥 \ ３ " ５; 厈賣鲥鏘劷毆｜呪襮
𝑥 " ９¾

√
０９−６
０ " ９¾

√
０３

０ ; 涰禡 √
３８ }

√
０３ }

√
０９｜踺 ６ }

√
０３ } ９｜罛碴慏茭鏘 ９\

√
０３

０
塗 ９−

√
０３

０ 懞譽翪赋｜殙元楷研呅褯雞趑;
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起注穻 儬赋 ３５８

研呅湗ｉ𝑥 } ５冚 𝑥 } ５龩｜荼搬煟屴埶賣竸牝褯呪快毆;帹謕侴 𝑓<𝑥+饦堩儬
赋｜婻薏

𝑓<𝑥+ " 𝑓<−𝑥+

婻譽 𝑥 } ５｜罛碴 −𝑥 % ５;邔栦麘 𝑓<−𝑥+埶賣謕侴褯呪快毆;

𝑓<𝑥+ " 𝑓<−𝑥+ " <−𝑥+ \ ３
−𝑥 − ０ " −𝑥 − ３

𝑥 − ０

禡饦｜団 𝑥 } ５褯鑽衟犍｜轘防 𝑓<𝑥+ " １质豎禡

−𝑥 − ３
𝑥 − ０ " １ ⟹ −𝑥 − ３

𝑥 − ９ " ５

慏饘柗郓 −𝑥ｅ涣翆 −𝑥 % ５Ｉ｜襮笋 𝑥０ \ ９𝑥 \ ３ " ５; 呪襮 𝑥 " −９¾
√

０９−６
０ " −９¾

√
０３

０ ;

慏茭鏘 −９\
√

０３
０ 塗 −９−

√
０３

０ 懞譽吖赋｜殙元楷研呅褯雞趑;

轘防 𝑓<𝑥+ " １褯罛駨呪譽 ９¾
√

０３
０ 塗 −９¾

√
０３

０ ; □

鮲戓 １;３７ 趑 𝑓<𝑥+ " ｌоｇ𝑎 𝑔<𝑥+譽牝踨団 ℝ犍褯痞儬赋;鲥麀ｉ儬赋 ℎ<𝑥+ "
<𝑔<𝑥++０−３
<𝑔<𝑥++０\３ 晖饦痞儬赋;

麀茡 涰 𝑓<𝑥+ " ｌоｇ𝑎 𝑔<𝑥+饦痞儬赋｜駨 𝑓<−𝑥+ " −𝑓<𝑥+｜踺

ｌоｇ𝑎 𝑔<−𝑥+ " − ｌоｇ𝑎 𝑔<𝑥+ " ｌоｇ𝑎 < ３
𝑔<𝑥++ ;

麘赋儬赋饦裤誯｜慏饘慮薆蟳质｜邔

𝑔<−𝑥+ " ３
𝑔<𝑥+ ;

埸谛稺苢饦猡駜浣嶇褯鈽拐艘;渁薏涿床 ℎ<−𝑥+褡 ℎ<𝑥+ｉ

ℎ<−𝑥+ " <𝑔<−𝑥++０ − ３
<𝑔<−𝑥++０ \ ３

浪紴稺苢 𝑔<−𝑥+ " ３`𝑔<𝑥+｜襮

ℎ<−𝑥+ "
< ３

𝑔<𝑥+ +
０ − ３

< ３
𝑔<𝑥+ +

０ \ ３
"

３
<𝑔<𝑥++０ − ３

３
<𝑔<𝑥++０ \ ３
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３５４ １;９ 茣爖舾

闹菹檫菹頼柗郓碴 <𝑔<𝑥++０浉箛唀菹赋ｉ

ℎ<−𝑥+ " ３ − <𝑔<𝑥++０

３ \ <𝑔<𝑥++０ " −<𝑔<𝑥++０ − ３
<𝑔<𝑥++０ \ ３ " −ℎ<𝑥+

薏毆鼣茡 ℎ<𝑥+饦谛茭痞儬赋;麀獤;
裱斔犍｜栦逥巖笋 ℎ<𝑥+褯多港褡陳騊痞儬赋牠馲 𝑎𝑢−３

𝑎𝑢\３ 嵀譽蟳矇;钴猏 𝑢<𝑥+ "
ｌоｇ𝑎<𝑔<𝑥++０｜鴸 𝑎𝑢<𝑥+ " <𝑔<𝑥++０;禡饦 ℎ<𝑥+ " 𝑎𝑢<𝑥+−３

𝑎𝑢<𝑥+\３ ; □

１;９ 茣爖舾
氐丷剓稺诊儬赋褯忑抆団龟脺脺跢猡饦嚙褡緭蕰稼元;埸銰饦茣爖舾｜踺儬

赋壇円西谛拄鬽牝媌沢稼發谛占｜禡饦氐丷鷭嬛拿戩谛茭茣爖跔褯北譽;

１;９;３ 茣爖舾褯牝踨
儬赋忑抆簶龟脺轘萐脺跢猡褡緭楒稼元;砲顅蜍钊媸晫更勇褯浪赋麠蚩;

牝踨 １;６ <茣爖儬赋+ 趑儬赋 𝑦 " 𝑓<𝑥+褯牝踨蟖譽 𝐷;钴韓団谛茭膱璩簳赋
𝑇｜埶襮麘禡僢翆 𝑥 ∈ 𝐷｜绵駨 𝑥 \ 𝑇 ∈ 𝐷褡 𝑥 − 𝑇 ∈ 𝐷｜鈩壿娠捺

𝑓<𝑥 \ 𝑇 + " 𝑓<𝑥+ <１$８+

鴸俋 𝑓<𝑥+譽茣爖儬赋｜𝑇 俋譽钊褯谛茭茣爖;

薏牝踨鯟狒注茭霔楀楀嶻;謩谛;茣爖 𝑇 霔扢饦膱璩簳赋｜嚙鴸钊历蟋褯荼饦
谛耼稼發牠毆;謩湗;牝踨蟖 𝐷霔扢団簶 𝑇 褯翪。鸼慏茭轘萐脺跢砲秀惜｜埸續麀
鹹茣爖稺苢栦碴鸼發盜浪;婻薏｜茣爖儬赋褯牝踨蟖団茣爖轘萐犍霔懩饦畻戗褯｜
鮲童 ℝ衉钴箕质媌沢闪艘褯容元;謩注;踳诊质毆 𝑓<𝑥 \ 𝑇 + " 𝑓<𝑥+霔扢麘牝踨蟖
跔褯罛駨 𝑥晫嗲;
涰牝踨栦煟屴浣襮｜钴 𝑇 饦谛茭茣爖｜鴸麘僢翆膱璩凟赋 𝑛｜𝑛𝑇 晖饦谛茭茣

爖;钴 𝑇 饦茣爖｜鴸 𝑓<𝑥+ " 𝑓<𝑥 − 𝑇 +｜邔 −𝑇 晖饦茣爖;

牝踨 １;９ <望盆翪茣爖+ 钴谛茭茣爖儬赋褯罛駨翪茣爖鐜韓団谛茭望盆壇｜鴸
俋薏赋譽玴儬赋褯望盆翪茣爖;绝簳仜龊砲罛俋褯茣爖踺暞望盆翪茣爖;
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起注穻 儬赋 ３５７

𝑥

𝑦

𝑂𝑥 𝑥 \ 𝑇

𝑓<𝑥+ " 𝑓<𝑥 \ 𝑇 +

茣爖 𝑇

忑 １;６ 茣爖儬赋褯养惤翆踨;忑抆褯脺跢荼詓舾

駨焂茣爖儬赋盠駨望盆翪茣爖;鮲童｜簳赋儬赋 𝑓<𝑥+ " 𝑐｜僢惤膱璩裱赋 𝑇 怬
饦钊褯茣爖｜邔荼韓団望盆褯翪茣爖;谛茭畟陳馲褯鮲檫饦良厈蹲穎儬赋;

𝐷<𝑥+ "
⎧)
⎨)⎩

３? 𝑥 ∈ ℚ
５? 𝑥 ∉ ℚ

麘禡僢翆膱璩駨迹赋 𝑇｜冚 𝑥饦駨迹赋龩｜𝑥 \ 𝑇 晖饦駨迹赋｜邔 𝐷<𝑥 \ 𝑇 + " ３ "
𝐷<𝑥+ｐ冚 𝑥饦畻迹赋龩｜𝑥 \ 𝑇 晖饦畻迹赋｜邔 𝐷<𝑥 \ 𝑇 + " ５ " 𝐷<𝑥+;婻薏｜僢惤膱
璩駨迹赋怬饦钊褯茣爖｜藗翪駨迹赋容元盠駨望盆壇｜邔良厈蹲穎儬赋荼韓団望
盆翪茣爖;

１;９;０ 茣爖舾褯遂鴸眫奮
慏茭渷嗲褯茣爖舾隋龠敻挻龩｜元晫褯隋龠饦嚙锼郎駨茣爖舾｜缉魺禡慏幔

茣爖褯劷夙舾;鮲童｜闹慏茭荼柗貐匞褯菦隺ｅ麘靿慏茭翪鮙儬赋Ｉ兎元｜兎元隺锼
饦茣爖儬赋冚壿栔冚慏茭茣爖栦劷夙;

牝迹 １;９ 趑 𝑓<𝑥+塗 𝑔<𝑥+饦牝踨団柗谛容元 𝐷犍褯慏茭茣爖儬赋｜茣爖菹
廒譽 𝑇３塗 𝑇０;

３; 钴 𝑇３褡 𝑇０栦劷夙｜踺謩涿壇譽駨迹赋｜鴸韓団膱璩凟赋𝑚? 𝑛埶𝑚𝑇３ "
𝑛𝑇０;薏劷滰膱璩赋 𝑇 " 𝑚𝑇３ " 𝑛𝑇０饦 𝑓<𝑥+\𝑔<𝑥+。𝑓<𝑥+−𝑔<𝑥+。𝑓<𝑥+𝑔<𝑥+
褯谛茭茣爖;

０; 钴 𝑇３褡 𝑇０荼栦劷夙｜鴸钊丷褯塗。璁。鰦荼谛牝饦茣爖儬赋;

麀茡 钴 𝑇３`𝑇０ 譽駨迹赋｜栦趑 𝑇３`𝑇０ " 𝑛`𝑚｜謩鐜 𝑚? 𝑛譽膱璩凟赋;禡饦 𝑚𝑇３ "
𝑛𝑇０｜邋埸茭劷滰膱璩赋譽 𝑇 ;涰禡茣爖栦衧凟赋靼｜𝑇 柗龩饦 𝑓 塗 𝑔褯茣爖;
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３５２ １;９ 茣爖舾

麘僢翆 𝑥 ∈ 𝐷｜駨

𝑓<𝑥 \ 𝑇 + " 𝑓<𝑥+? 𝑔<𝑥 \ 𝑇 + " 𝑔<𝑥+;

婻薏

<𝑓 \ 𝑔+<𝑥 \ 𝑇 + " 𝑓<𝑥 \ 𝑇 + \ 𝑔<𝑥 \ 𝑇 + " 𝑓<𝑥+ \ 𝑔<𝑥+ " <𝑓 \ 𝑔+<𝑥+?

璁儬赋褡鰦儬赋柗迹;

<𝑓 − 𝑔+<𝑥 \ 𝑇 + " 𝑓<𝑥+ − 𝑔<𝑥+? <𝑓𝑔+<𝑥 \ 𝑇 + " 𝑓<𝑥+𝑔<𝑥+;

邔 𝑇 饦注幔褯谛茭茣爖;
钴 𝑇３褡 𝑇０荼栦劷夙｜多盽鷭饦荼續麀锼駨茣爖;鮲童牝踨団 ℝ犍褯儬赋

𝑓<𝑥+ "
⎧)
⎨)⎩

３? 𝑥 ∈ ℤ?
５? 𝑥 ∉ ℤ?

𝑔<𝑥+ "
⎧)
⎨)⎩

０? 𝑥 ∈
√

０ℤ?
５? 𝑥 ∉

√
０ℤ;

謩鐜 𝑓 駨茣爖 ３｜𝑔 駨茣爖 √
０｜壿 ３`

√
０譽畻迹赋;涣翆 ℤ ∩

√
０ℤ " )５(｜婻譽钴

𝑘 "
√

０𝑚壿 𝑘? 𝑚 ∈ ℤ｜冚𝑚 ≠ ５龩寝浣鈽 √
０ " 𝑘`𝑚譽駨迹赋;

麘 𝑓 \ 𝑔 藗君｜儬赋壇 １鷭団 𝑥 " ５閯缉襮ｐ麘 𝑓 − 𝑔 藗君｜儬赋壇 −３鷭団
𝑥 " ５閯缉襮ｐ麘 𝑓𝑔藗君｜儬赋壇 ０晖鷭団 𝑥 " ５閯缉襮;钴注幔鐜僢翆谛茭韓団
膱璩茣爖 𝑇｜闹茣爖质毆賣禡 𝑥 " ５怬寝殒埶玴甘昍儬赋壇晖団 𝑥 " 𝑇 閯缉襮｜髡
藗 𝑇 " ５｜楂埑;婻薏｜団茣爖荼栦劷夙龩｜塗。璁。鰦猁裱荼谛牝锼譽茣爖儬赋; □

𝑥

𝑦

𝑂
𝑓<𝑥+ " ѕіｎ𝑥𝑔<𝑥+ " ѕіｎ<𝜋𝑥+

ℎ<𝑥+ " 𝑓<𝑥+ \ 𝑔<𝑥+

忑 １;９ 郎駨荼栦劷夙茣爖褯慏茭儬赋ｅ踝谶褡艘谶Ｉ饲塗｜碴豮裱谶鼣白｜簳犃隋發鎥褯抹
茣爖呅俀;

鮲戓 １;３２ 鲥儬赋 𝑓<𝑥+ " ! ѕіｎ𝑥! \ соѕ<０𝑥+褯望盆翪茣爖;

呪 儬赋 𝑓<𝑥+譽慏茭茣爖儬赋饲塗ｉ𝑔<𝑥+ " ! ѕіｎ𝑥!褡 ℎ<𝑥+ " соѕ<０𝑥+;
儬赋 ѕіｎ𝑥褯茣爖譽 ０𝜋｜钆醌麘壇詓籅猡 𝑥察砲轘褯忑抆矢萓笋犍轘｜-𝜋? ０𝜋'

鑽衟褯吖鳍茣褡 -５? 𝜋'鑽衟褯翪鳍茣畗踣蟳柗｜邔 𝑔<𝑥+ " ! ѕіｎ𝑥!褯望盆翪茣爖譽
𝑇３ " 𝜋;舃 ℎ<𝑥+ " соѕ<０𝑥+褯望盆翪茣爖譽 𝑇０ " ０𝜋`!０! " 𝜋;
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起注穻 儬赋 ３３５

慏茣爖饲涿 𝑇３`𝑇０ " ３譽駨迹赋｜邔茣爖栦劷夙;婻薏 𝑓<𝑥+饦茣爖儬赋｜𝑇 "
ｌсм<𝑇３? 𝑇０+ " ｌсм<𝜋? 𝜋+ " 𝜋饦钊褯谛茭茣爖ｐ砲顅褯浪赋詓呅柗龩癟茡钊猁裱饦
望盆翪茣爖;
碴浪赋詓呅著麀薏多盽;涰湗靼页劷毆｜

соѕ<０𝑥+ " ３ − ０ ѕіｎ０ 𝑥 " ３ − ０! ѕіｎ𝑥!０

邔 𝑓<𝑥+ " ! ѕіｎ𝑥! \ ３ − ０! ѕіｎ𝑥!０｜饦稺禡 ! ѕіｎ𝑥!褯發元儬赋｜𝜋譽 𝑓<𝑥+褯茣爖;拝嬛
锵炏畟盆褯翪茣爖;趑 𝑇 譽 𝑓<𝑥+褯茣爖｜猏 𝑃<𝑢+ " 𝑢 \ ３ − ０𝑢０｜涰 𝑥 " ５襮

𝑃<! ѕіｎ𝑇 !+ " 𝑃<５+ " ３?

髡藗 ! ѕіｎ𝑇 ! " ５衉 ! ѕіｎ𝑇 ! " ３
０ ;钴 ! ѕіｎ𝑇 ! " ３

０｜鴸 ! соѕ𝑇 ! "
√

１
０ ｜浪紴 𝑥 " 𝜋

０ 襮
𝑃<! соѕ𝑇 !+ ≠ 𝑃<３+｜楂埑;邔 ! ѕіｎ𝑇 ! " ５｜踺 𝑇 霔譽 𝜋褯翪凟赋靼｜婻薏望盆翪茣爖
譽 𝜋;

鮲戓 １;０５ 鲥儬赋 ℎ<𝑥+ " ѕіｎ<１𝑥+ \ соѕ< ９
０ 𝑥+褯望盆翪茣爖;

呪 儬赋 ℎ<𝑥+譽慏茭茣爖儬赋 𝑓<𝑥+ " ѕіｎ<１𝑥+褡 𝑔<𝑥+ " соѕ< ９
０ 𝑥+褯塗｜菹廒猁牝埸

慏茭簽儬赋褯望盆翪茣爖｜姛著謩劷夙舾｜棼鲥望盆劷靼赋;
𝑓<𝑥+ " ѕіｎ<１𝑥+褯页貐匞譽 １｜望盆翪茣爖譽

𝑇３ " ０𝜋
!１! " ０𝜋

１

𝑔<𝑥+ " соѕ< ９
０ 𝑥+褯页貐匞譽 ９

０｜望盆翪茣爖譽

𝑇０ " ０𝜋
!９`０! " ６𝜋

９

慏茣爖褯劷夙舾涰謩涿壇襏牝ｉ
𝑇３
𝑇０

" ０𝜋`１
６𝜋`９ " ０𝜋

１ ⋅ ９
６𝜋 " ９

８

涰禡涿壇 ９`８饦谛茭駨迹赋｜慏茭茣爖饦栦劷夙褯;婻薏｜儬赋 ℎ<𝑥+霔懩饦茣爖儬
赋｜壿 𝑇３褡 𝑇０褯望盆劷靼赋饦钊褯谛茭茣爖ｐ望盆翪茣爖栦搬涿钊畟盆｜嬛蝙北
著麀;
麘禡慏茭菹赋呅毆褯茣爖 𝑝３

𝑞３
𝜋塗 𝑝０

𝑞０
𝜋｜钊丷褯望盆劷靼赋栦碴绝陞碴砲轘毆

跠奮｜襮

𝑇 " ｌсм<𝑝３
𝑞３

? 𝑝０
𝑞０

+ 𝜋 " ｌсм<𝑝３? 𝑝０+
ｇсｄ<𝑞３? 𝑞０+ 𝜋
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３３３ １;９ 茣爖舾

団楷鮲鐜｜
𝑇 " ｌсм<０𝜋

１ ? ６𝜋
９ + " 𝜋 ⋅ ｌсм<０

１? ６
９+

嵌犍蟋呤鴸｜

𝑇 " 𝜋 ⋅ ｌсм<０? ６+
ｇсｄ<１? ９+ " 𝜋 ⋅ ６

３ " ６𝜋

婻薏｜儬赋 ℎ<𝑥+褯望盆翪茣爖譽 ６𝜋;

鮲戓 １;０３ 匊巖儬赋 ℎ<𝑥+ " )０𝑥( − ѕіｎ<𝜋𝑥+褯茣爖舾｜謩鐜 )𝑢( " 𝑢 − ⌊𝑢⌋鼣
白盆赋趣菹儬赋;

呪 薏儬赋涰慏茭茣爖儬赋 𝑓<𝑥+ " )０𝑥(塗 𝑔<𝑥+ " ѕіｎ<𝜋𝑥+褯璁港晫;
簽楷褯盆赋趣菹儬赋 )𝑢(褯望盆翪茣爖譽 ３｜邔發元儬赋 )𝑘𝑥(褯茣爖譽 ３`!𝑘!｜

𝑓<𝑥+ " )０𝑥(褯望盆翪茣爖譽 𝑇３ " ３`０;著麀ｉ𝑓<𝑥\３`０+ " )０<𝑥\３`０+( " )０𝑥\３(;
挻犍凟赋荼默詓盆赋趣菹｜邔 )０𝑥 \ ３( " )０𝑥( " 𝑓<𝑥+;
舃 𝑔<𝑥+ " ѕіｎ<𝜋𝑥+褯页貐匞譽 𝜋｜望盆翪茣爖譽 𝑇０ " ０𝜋`!𝜋! " ０;
慏茣爖饲涿譽

𝑇３
𝑇０

" ３`０
０ " ３

６

薏譽駨迹赋｜邔 ℎ<𝑥+饦茣爖儬赋｜𝑇３褡 𝑇０褯望盆劷靼赋饦钊褯谛茭茣爖ｐ麘楷鮲
栦煟屴著麀钊晖饦望盆翪茣爖｜跠奮童砲;

𝑇 " ｌсм<３
０? ０+ " ｌсм<３

０? ０
３+ " ｌсм<３? ０+

ｇсｄ<０? ３+ " ０
３ " ０

婻薏｜儬赋 ℎ<𝑥+褯望盆翪茣爖譽 ０;

𝑥

𝑦

𝑂−０ −３ ３ ０ １ ６

𝑦 " )０𝑥(

𝑦 " ℎ<𝑥+

茣爖 𝑇 " ０

忑 １;８ 儬赋 ℎ<𝑥+ " )０𝑥( − ѕіｎ<𝜋𝑥+褯忑抆;葬釠謩港晫趣菹茣爖荼柗 <𝑇３ " ５;９? 𝑇０ " ０+｜元
晫猡褯儬赋犃隋鈽乔湋褯茣爖舾｜望盆翪茣爖譽 𝑇 " ０;
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起注穻 儬赋 ３３０

１;９;１ 麘俋舾褡茣爖舾褯稺苢
儬赋褯茣爖舾簳簳涰謩麘俋舾嶇鈽;慏耼荼柗薼送褯麘俋舾ｅ察麘俋衉鐜诊

麘俋Ｉ蟳發元｜栦碴娖晫脺跢麘俋｜踺茣爖舾;

牝迹 １;８ <麘俋舾萐茣爖舾褯肷浉+ 趑儬赋 𝑓<𝑥+褯牝踨蟖譽 ℝ;

３; 颗察麘俋ｉ钴 𝑓<𝑥+褯忑抆稺禡慏麠荼柗褯煟谶 𝑥 " 𝑎塗 𝑥 " 𝑏麘俋｜鴸
𝑓<𝑥+饦茣爖儬赋｜壿 𝑇 " ０!𝑎 − 𝑏!饦謩谛茭茣爖;

０; 颗鐜诊麘俋ｉ钴 𝑓<𝑥+褯忑抆稺禡慏茭荼柗褯艘 <𝑎? 𝑐+塗 <𝑏? 𝑐+鐜诊麘
俋｜鴸 𝑓<𝑥+饦茣爖儬赋｜壿 𝑇 " ０!𝑎 − 𝑏!饦謩谛茭茣爖;

１; 察麘俋褡鐜诊麘俋ｉ钴 𝑓<𝑥+ 褯忑抆稺禡煟谶 𝑥 " 𝑎 麘俋｜壿稺禡艘
<𝑏? 𝑐+鐜诊麘俋｜鴸冚 𝑎 ≠ 𝑏龩｜𝑓<𝑥+饦茣爖儬赋｜壿 𝑇 " ６!𝑎 − 𝑏!饦謩谛
茭茣爖ｐ冚 𝑎 " 𝑏龩｜𝑓<𝑥+譽簳儬赋 𝑐｜婻藗晖饦茣爖儬赋;

麀茡 注麠多盽褯麀茡鯌渦谛摟｜怬饦蜍养惤麘俋笼衧媸晫浪赋绵质毆｜棼麘绵质
毆發元。盜浪｜望洃襮笋 𝑓<𝑥 \ 𝑇 + " 𝑓<𝑥+;
儬赋 𝑓<𝑥+褯忑抆稺禡慏麠荼柗褯煟谶 𝑥 " 𝑎塗 𝑥 " 𝑏麘俋｜邔碴砲慏茭绵质

毆麘牝踨蟖跔罛駨 𝑥晫嗲ｉ

𝑓<𝑥+ " 𝑓<０𝑎 − 𝑥+ <１$４+

𝑓<𝑥+ " 𝑓<０𝑏 − 𝑥+ <１$７+

脺跢荼詓舾扢涰埸慏茭麘俋詓籅發元抾娖;髡 𝑓<𝑥+鈽拐｜綃靿賣稺禡 𝑥 " 𝑎褯麘
俋舾 <１$４+｜襮 𝑓<𝑥+ " 𝑓<０𝑎 − 𝑥+ｐ棼麘纺紦 𝑓<０𝑎 − 𝑥+靿賣稺禡 𝑥 " 𝑏褯麘俋舾 <１$７+｜
踺蜍 <１$７+鐜褯緭詓薆 𝑥籅譽 ０𝑎 − 𝑥ｉ

𝑓<０𝑎 − 𝑥+ " 𝑓<０𝑏 − <０𝑎 − 𝑥++ " 𝑓<𝑥 \ ０𝑏 − ０𝑎+

慏謴耿屴踺襮
𝑓<𝑥+ " 𝑓<𝑥 \ ０<𝑏 − 𝑎++

埸翪饦茣爖儬赋褯牝踨;猏 𝑇 " ０<𝑏 − 𝑎+｜鴸 𝑓<𝑥+ " 𝑓<𝑥 \ 𝑇 +;婻薏｜𝑓<𝑥+饦茣爖儬
赋｜壿 ０!𝑎 − 𝑏!饦謩谛茭茣爖;
畟谛塷萋｜钴 𝑓<𝑥+褯忑抆稺禡艘 <𝑎? 𝑐+塗 <𝑏? 𝑑+鐜诊麘俋｜謩浪赋鼣蟋譽ｉ

𝑓<𝑥+ \ 𝑓<０𝑎 − 𝑥+ " ０𝑐 <１$２+

𝑓<𝑥+ \ 𝑓<０𝑏 − 𝑥+ " ０𝑑 <１$３５+
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３３１ １;９ 茣爖舾

涰薏呪鈽 𝑓<０𝑎 − 𝑥+褡 𝑓<０𝑏 − 𝑥+ｉ

𝑓<０𝑎 − 𝑥+ " ０𝑐 − 𝑓<𝑥+

𝑓<０𝑏 − 𝑥+ " ０𝑑 − 𝑓<𝑥+

锼碴發元詓籅餽嗲棧媌沢緭詓薆衟褯舿苢;緭詓薆 𝑥\０<𝑎−𝑏+栦媸晫 ０𝑎−<０𝑏−𝑥+;
綃蜍 <１$２+鐜褯緭詓薆 𝑥籅譽 ０𝑏 − 𝑥ｉ

𝑓<０𝑏 − 𝑥+ \ 𝑓<０𝑎 − <０𝑏 − 𝑥++ " ０𝑐

凟迹襮 𝑓<𝑥 \ ０𝑎 − ０𝑏+ " ０𝑐 − 𝑓<０𝑏 − 𝑥+;棼碴 <１$３５+慶籅纺紦褯 𝑓<０𝑏 − 𝑥+ｉ

𝑓<𝑥 \ ０<𝑎 − 𝑏++ " ０𝑐 − <０𝑑 − 𝑓<𝑥++ " 𝑓<𝑥+ \ ０<𝑐 − 𝑑+

薏毆癟茡 𝑓<𝑥+団脺跢 ０<𝑎 − 𝑏+猡儬赋壇抾娖鬽牝鏱薆 ０<𝑐 − 𝑑+｜埸耼多港俋譽抹茣
爖舾;譽埶 𝑓<𝑥+晫譽更勇茣爖儬赋｜玴鏱薆扢譽璩｜踺 ０<𝑐 − 𝑑+ " ５｜崙踺 𝑐 " 𝑑;邔
钴 𝑓<𝑥+稺禡 <𝑎? 𝑐+褡 <𝑏? 𝑐+ｅ叄钫澞蟳柗Ｉ麘俋｜鴸 𝑓<𝑥\０<𝑎−𝑏++ " 𝑓<𝑥+｜𝑇 " ０!𝑎−𝑏!
饦謩谛茭茣爖;
钴 𝑓<𝑥+稺禡煟谶 𝑥 " 𝑎麘俋壿稺禡艘 <𝑏? 𝑐+鐜诊麘俋｜謩浪赋绵质毆譽ｉ

𝑓<𝑥+ " 𝑓<０𝑎 − 𝑥+ <１$３３+

𝑓<𝑥+ \ 𝑓<０𝑏 − 𝑥+ " ０𝑐 <１$３０+

薏研呅綃嶇鈽鸼茣爖稺苢｜棼盜浪襮笋茣爖稺苢;髡 𝑓<𝑥+鈽拐｜綃賣察麘俋 <１$３３+｜
棼賣鐜诊麘俋 <１$３０+ｉ

𝑓<𝑥+ <１$３３+" 𝑓<０𝑎 − 𝑥+

涰 <１$３０+呪鈽 𝑓<𝑦+ " ０𝑐 − 𝑓<０𝑏 − 𝑦+｜靿賣禡 𝑦 " ０𝑎 − 𝑥ｉ

𝑓<０𝑎 − 𝑥+ " ０𝑐 − 𝑓<０𝑏 − <０𝑎 − 𝑥++ " ０𝑐 − 𝑓<𝑥 \ ０𝑏 − ０𝑎+

慏謴多元襮 𝑓<𝑥+ " ０𝑐 − 𝑓<𝑥 \ ０<𝑏 − 𝑎++｜凟迹譽鸼茣爖稺苢ｉ

𝑓<𝑥 \ ０<𝑏 − 𝑎++ " ０𝑐 − 𝑓<𝑥+

緭詓薆鏱挻 ０<𝑏 − 𝑎+猡｜岋儬赋壇褡邖壇稺禡龟脺谶 𝑦 " 𝑐麘俋;譽滃炏薏麘俋舾
鈩蝅發绵质稺苢｜麘玴毆盜浪｜踺蜍 𝑥籅譽 𝑥 \ ０<𝑏 − 𝑎+ｉ

𝑓<-𝑥 \ ０<𝑏 − 𝑎+' \ ０<𝑏 − 𝑎++ " ０𝑐 − 𝑓<𝑥 \ ０<𝑏 − 𝑎++

𝑓<𝑥 \ ６<𝑏 − 𝑎++ " ０𝑐 − <０𝑐 − 𝑓<𝑥++

𝑓<𝑥 \ ６<𝑏 − 𝑎++ " 𝑓<𝑥+

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



起注穻 儬赋 ３３６

钴 𝑎 ≠ 𝑏｜薏毆翪饦茣爖儬赋褯牝踨｜邔 𝑇 " ６!𝑎 − 𝑏!饦儬赋褯谛茭茣爖;钴 𝑎 " 𝑏｜
鴸察麘俋竸鈽 𝑓<𝑎 \ 𝑡+ " 𝑓<𝑎 − 𝑡+｜鐜诊麘俋竸鈽 𝑓<𝑎 \ 𝑡+ \ 𝑓<𝑎 − 𝑡+ " ０𝑐｜慏毆舿
嗲襮 𝑓<𝑎 \ 𝑡+ " 𝑐;涰禡 𝑡僢翆｜𝑓<𝑥+ ≡ 𝑐｜婻藗僢翆膱璩簳赋怬饦钊褯茣爖; □

牝迹 １;４ <涰儬赋轘防猁牝茣爖舾+ 麘禡牝踨団 ℝ犍褯儬赋 𝑓<𝑥+｜钴韓団膱
璩簳赋 𝑎｜娠捺碴砲稺苢饲谛｜鴸 𝑓<𝑥+譽茣爖儬赋;

３; 钴 𝑓<𝑥 \ 𝑎+ " −𝑓<𝑥+｜鴸 𝑇 " ０𝑎饦谛茭茣爖;

０; 钴 𝑓<𝑥 \ 𝑎+ " ３`𝑓<𝑥+壿 𝑓<𝑥+褯壇蟖荼彔狒璩｜鴸 𝑇 " ０𝑎饦谛茭茣爖;

１; 钴 𝑓<𝑥 \ 𝑎+ " ３\𝑓<𝑥+
３−𝑓<𝑥+ 壿 𝑓<𝑥+褯壇蟖荼彔狒 ５塗 ３｜鴸 𝑇 " ６𝑎饦谛茭

茣爖;

麀茡 麀茡懞绝陞麘竸牝稺苢毆捂北盜浪畗晫｜埸饦谛耼鶅鲥茣爖舾褯簽楷些黾;
３; 𝑓<𝑥 \ ０𝑎+ " 𝑓<<𝑥 \ 𝑎+ \ 𝑎+ " −𝑓<𝑥 \ 𝑎+ " −<−𝑓<𝑥++ " 𝑓<𝑥+;
０; 𝑓<𝑥 \ ０𝑎+ " 𝑓<<𝑥 \ 𝑎+ \ 𝑎+ " ３`𝑓<𝑥 \ 𝑎+ " ３`<３`𝑓<𝑥++ " 𝑓<𝑥+;
１; 埸饦谛茭畟郎鼐鎓舾褯盜浪;壇蟖荼狒 ５塗 ３續麀碴砲菹毆団盜浪鐜懞駨

翆踨;

𝑓<𝑥 \ ０𝑎+ " 𝑓<<𝑥 \ 𝑎+ \ 𝑎+ " ３ \ 𝑓<𝑥 \ 𝑎+
３ − 𝑓<𝑥 \ 𝑎+ "

３ \ ３\𝑓<𝑥+
３−𝑓<𝑥+

３ − ３\𝑓<𝑥+
３−𝑓<𝑥+

" <３ − 𝑓<𝑥++ \ <３ \ 𝑓<𝑥++
<３ − 𝑓<𝑥++ − <３ \ 𝑓<𝑥++ " ０

−０𝑓<𝑥+ " − ３
𝑓<𝑥+

薏踺 𝑓<𝑥\０𝑎+ " −３`𝑓<𝑥+;棼盜浪谛占｜𝑓<𝑥\６𝑎+ " 𝑓<<𝑥\０𝑎+\０𝑎+ " −３`𝑓<𝑥\０𝑎+ "
−３`<−３`𝑓<𝑥++ " 𝑓<𝑥+; 邔 𝑇 " ６𝑎饦谛茭茣爖; □

鮲戓 １;００ 謕侴儬赋 𝑦 " 𝑓<𝑥+ <𝑥 ∈ ℝ+荼饦簳儬赋｜壿娠捺 𝑓<𝑎\𝑏+\𝑓<𝑎−𝑏+ "
０𝑓<𝑎+𝑓<𝑏+赍 𝑓<３+ " ３`０;鲥 𝑓<０５０６+;

呪 绝陞麘詓薆 𝑎? 𝑏噲甘昍壇｜栦碴菹快 𝑓<𝑥+褯麘俋舾褡茣爖舾;
觉綃｜団 𝑓<𝑎 \ 𝑏+ \ 𝑓<𝑎 − 𝑏+ " ０𝑓<𝑎+𝑓<𝑏+鐜｜猏 𝑎 " 𝑥? 𝑏 " ５｜襮 𝑓<𝑥+ \ 𝑓<𝑥+ "

０𝑓<𝑥+𝑓<５+｜踺 ０𝑓<𝑥+ " ０𝑓<𝑥+𝑓<５+; 薏毆栦浉譽 𝑓<𝑥+<３ − 𝑓<５++ " ５;涰禡 𝑓<𝑥+荼饦
簳儬赋ｅ甘廒萋｜荼饦绵譽璩褯儬赋Ｉ｜霔韓団 𝑥５ 埶襮 𝑓<𝑥５+ ≠ ５;婻薏｜霔懩駨
３ − 𝑓<５+ " ５｜踺 𝑓<５+ " ３;
屴葛｜菹快儬赋褯痞堩舾;猏 𝑎 " ５? 𝑏 " 𝑥｜襮 𝑓<𝑥+ \ 𝑓<−𝑥+ " ０𝑓<５+𝑓<𝑥+; 浪紴

𝑓<５+ " ３｜襮 𝑓<𝑥+ \ 𝑓<−𝑥+ " ０𝑓<𝑥+｜埸嗲踺嶇鈽 𝑓<−𝑥+ " 𝑓<𝑥+;邔 𝑓<𝑥+饦谛茭堩
儬赋;
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３３９ １;８ 貘蛳舾

懩猡｜厈賣謕侴麠蚩 𝑓<３+ " ３`０;猏 𝑎 " ３? 𝑏 " 𝑥｜

𝑓<３ \ 𝑥+ \ 𝑓<３ − 𝑥+ " ０𝑓<３+𝑓<𝑥+ " ０ ⋅ ３
０ ⋅ 𝑓<𝑥+ " 𝑓<𝑥+

涰禡 𝑓<𝑥+饦堩儬赋｜𝑓<３ − 𝑥+ " 𝑓<−<𝑥 − ３++ " 𝑓<𝑥 − ３+;禡饦犍毆詓譽 𝑓<𝑥 \ ３+ \
𝑓<𝑥 − ３+ " 𝑓<𝑥+;
闹 𝑥籅譽 𝑥 \ ３｜襮 𝑓<𝑥 \ ０+ \ 𝑓<𝑥+ " 𝑓<𝑥 \ ３+;棼闹 𝑓<𝑥 \ ３+ " 𝑓<𝑥+ − 𝑓<𝑥 − ３+

浪紴｜襮 𝑓<𝑥 \ ０+ \ 𝑓<𝑥+ " 𝑓<𝑥+ − 𝑓<𝑥 − ３+｜邔 𝑓<𝑥 \ ０+ " −𝑓<𝑥 − ３+;闹薏毆鐜 𝑥棼
籅譽 𝑥 \ ３｜襮 𝑓<𝑥 \ １+ " −𝑓<𝑥+;
埸饦鸼茣爖稺苢 𝑓<𝑥 \ １+ " −𝑓<𝑥+｜盜浪襮

𝑓<𝑥 \ ８+ " 𝑓<<𝑥 \ １+ \ １+ " −𝑓<𝑥 \ １+ " −<−𝑓<𝑥++ " 𝑓<𝑥+

婻薏｜𝑓<𝑥+饦茣爖儬赋｜谛茭茣爖譽 𝑇 " ８;
渁薏鲥 𝑓<０５０６+;涰茣爖舾｜缉 ０５０６炏碴 ８褯睸赋ｉ

０５０６ " ８ ÷ １１４ \ ０

邔 𝑓<０５０６+ " 𝑓<０+;譽鲥 𝑓<０+｜伱笋鸼茣爖稺苢 𝑓<𝑥 \ １+ " −𝑓<𝑥+｜猏 𝑥 " −３｜襮
𝑓<０+ " −𝑓<−３+;舃 𝑓<𝑥+饦堩儬赋｜𝑓<−３+ " 𝑓<３+ " ３`０｜邔 𝑓<０+ " −𝑓<３+ " −３`０;
婻薏 𝑓<０５０６+ " 𝑓<０+ " −３`０;

１;８ 貘蛳舾

涣 １;６
楷凥猡鳍埶賣谛择`湗择嶇赋褡鐜壇牝迹襏牝貘蛳｜鈩浣鈽漘极荼质毆; 牝踨ｅ鮙団伾褯犍轘`砲
轘Ｉ褡鐜艘呅毆誀砲欞ｐ嶇赋襏牝褡更勇麀茡誀起遂勎起 ３８穻;

儬赋褯裤礊舾历蟋鹹謩忑抆褯诞銼瞲渶｜埸饦谛茭稺禡詓浉匞殙镎褯舾蛣;
懩藗｜儬赋忑抆褯呅俀棧涿裤菦褯诞銼楀匋隗;匊子儬赋 𝑓<𝑥+ " 𝑥０ 褡 𝑔<𝑥+ " √𝑥
ｅ団 𝑥 % ５龩Ｉ｜钊丷怬饦裤礊况鏱褯｜帹钊丷褯鏱菶婶俀唭懩荼柗;𝑓<𝑥+ " 𝑥０ 褯鏱
菶爍挴爍瞒｜謩忑抆萐犍籦樕ｐ藗 𝑔<𝑥+ " √𝑥褯鏱菶爍挴爍桅｜謩忑抆萐砲籦樕;
貘蛳舾翪饦譽鹹犑猁朢吢儬赋忑抆褯埸耼籦樕轘萐藗趤紴褯盥帄;钊罛稺涣

褯｜饦詓浉匞緭楒褯詓浉瞲渶;

１;８;３ 貘蛳舾褯养惤煟逥褡牝踨
楀蓤錨樕谶褯籦樕甘舾｜栦髡慏茭质豎褯养惤逥艘鈽拐;
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起注穻 儬赋 ３３８

１;８;３;５;３ 喕谶辧匞褯菿詓 谛茭畟郎遣俀褯逥艘饦匊巖琱屴樕谶犍慏艘褯喕谶
辧匞童惤詓浉;趑薺氐丷団谛茭萐犍籦樕褯樕谶犍鬽牝谛艘 𝑃３<𝑥３? 𝑓<𝑥３++｜懩猡椈
蝙谛艘 𝑃０<𝑥０? 𝑓<𝑥０++簶葛樕谶髡饙萐纺跢遣;琱屴 𝑃３塗 𝑃０褯喕谶｜謩辧匞饦裤礊
况鏱褯;

𝑥

𝑦

𝑂𝑃３𝑃０

𝑃１𝑃６

辧匞
𝑘

３

辧匞 𝑘０

辧匞 𝑘１

砲蛳儬赋ｉ喕谶辧匞裤礊况鏱 <𝑘３ } 𝑘０ } 𝑘１+

忑 １;４ 砲蛳儬赋喕谶辧匞褯裤礊舾

１;８;３;５;０ 儬赋忑抆褡鮙褯蟳麘薼送 蝙谛茭质豎褯。晖饦畟譽钆陳褯养惤朢吢｜
饦涿床儬赋忑抆楷楒褡琱屴謩犍僢翆慏艘褯谶拄褯蟳麘薼送｜窼幔俋譽伾｜猡幔
俋譽鮙;

• 麘禡谛茭萐犍籦樕褯儬赋｜謩忑抆伢饦薼禡琱屴謩犍僢翆慏艘褯鮙褯砲轘
ｅ衉稼元Ｉ;
• 麘禡谛茭萐砲籦樕褯儬赋｜謩忑抆伢饦薼禡琱屴謩犍僢翆慏艘褯鮙褯犍轘衉
褡饲稼元;

譽鹹闹埸茭养惤逥巖肷浉譽犑猁褯浪赋仜君｜嬛谛耼轘毆挴鼣白鮙犍褯艘;
趑鮙褯慏茭紦艘譽 𝐴<𝑥３? 𝑓<𝑥３++塗 𝐵<𝑥０? 𝑓<𝑥０++;麘禡僢翆 𝑡 ∈ -５? ３'｜鼣掑毆 𝑥𝑡 "
<３ − 𝑡+𝑥３ \ 𝑡𝑥０竸鈽鹹谶拄 -𝑥３? 𝑥０'犍褯谛茭艘;麘靿萋｜鮙犍郎駨蟳柗匭钫澞褯艘
褯叄钫澞｜饦紦艘叄钫澞褯柗饊稼谶舾噯元｜踺 𝑦𝑡 " <３ − 𝑡+𝑓<𝑥３+ \ 𝑡𝑓<𝑥０+;藗儬赋
忑抆犍麘靿艘褯叄钫澞饦 𝑓<𝑥𝑡+ " 𝑓<<３−𝑡+𝑥３ \𝑡𝑥０+;涿床埸慏茭叄钫澞褯放盆｜礶
襮笋鹹貘蛳舾褯更勇牝踨;
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𝑥

𝑦

𝑂

𝐴<𝑥３? 𝑓<𝑥３++

𝐵<𝑥０? 𝑓<𝑥０++

𝑃 <𝑥𝑡? 𝑓<𝑥𝑡++

𝑄<𝑥𝑡? 𝑦𝑡+

𝑥𝑡

鮙団伾犍轘ｉ𝑓<𝑥𝑡+ ≤ 𝑦𝑡

忑 １;７ 砲蛳儬赋褯浪赋牝踨忑呪

牝踨 １;８ <貘蛳儬赋+ 趑儬赋 𝑓<𝑥+牝踨団鑽衟 𝐼 犍;

• 钴麘禡僢翆 𝑥３? 𝑥０ ∈ 𝐼 塗僢翆 𝑡 ∈ -５? ３'｜绵駨

𝑓<<３ − 𝑡+𝑥３ \ 𝑡𝑥０+ ≤ <３ − 𝑡+𝑓<𝑥３+ \ 𝑡𝑓<𝑥０+

鴸俋 𝑓<𝑥+譽 𝐼 犍褯砲蛳儬赋;

• 钴麘禡僢翆 𝑥３? 𝑥０ ∈ 𝐼 塗僢翆 𝑡 ∈ -５? ３'｜绵駨

𝑓<<３ − 𝑡+𝑥３ \ 𝑡𝑥０+ ≥ <３ − 𝑡+𝑓<𝑥３+ \ 𝑡𝑓<𝑥０+

鴸俋 𝑓<𝑥+譽 𝐼 犍褯犍蛳儬赋;

钴冚 𝑥３ ≠ 𝑥０ 壿 𝑡 ∈ <５? ３+龩犍蟋荼质毆懞缉更勇荼质镎｜鴸俋儬赋譽更勇
砲蛳衉更勇犍蛳;

埸茭荼质毆饦蛳舾迹盽褯簽敛;甘廒萋｜冚缉 𝑡 " ３`０龩｜钊逛浉譽谛茭嵀謩
簳賣壿煟逥褯呅毆;

• 砲蛳儬赋娠捺 𝑓 <𝑥３ \ 𝑥０
０ + ≤ 𝑓<𝑥３+ \ 𝑓<𝑥０+

０ ｅ鐜艘褯儬赋壇荼放禡儬赋壇褯
鐜艘Ｉ;

• 犍蛳儬赋娠捺 𝑓 <𝑥３ \ 𝑥０
０ + ≥ 𝑓<𝑥３+ \ 𝑓<𝑥０+

０ ｅ鐜艘褯儬赋壇荼盆禡儬赋壇褯
鐜艘Ｉ;

貘蛳舾褯嶇赋襏牝

１;８;３;３ 貘蛳舾褯菹快襏牝呤
貘蛳舾褯浪赋牝踨更口｜帹団裱斔笼衧鐜煟屴靿賣荼质毆捂北襏牝妛妛樀菹

唀癫;嬛谛茭畟郎笼衧舾褯菹快鎴郎;埸谛鎴郎褯餽嗲｜糫禡貘蛳舾褯养惤煟逥;
儬赋忑抆褯籦樕轘萐｜裱蛣犍涰謩覞谶辧匞褯詓浉瞲渶罛魺牝;
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起注穻 儬赋 ３３７

氐丷匊巖谛茭砲蛳儬赋褯忑抆;冚氐丷髡饙庺纺逥巖謩覞谶龩｜寝拐隋覞谶
褯搑辧防夙団雀駜鏱放;踺埶団儬赋况閆褯趣菹｜覞谶褯辧匞晖饦髡谛茭床放褯
吖赋萐谛茭床盆褯吖赋詓浉｜糲洃閯団鏱挻褯陞防鐜;埸谛逥巖饦餽嗲菹快襏牝
呤褯稺品;

𝑥

𝑦

𝑂

𝑓 ′<−３;９+ } ５

𝑓 ′<−５;９+ } ５

𝑓 ′<３+ % ５

忑 １;２ 砲蛳儬赋ｉ覞谶辧匞 𝑓 ′<𝑥+裤礊况鏱

裱斔犍｜儬赋褯貘蛳舾褡謩谛择嶇赋褯裤礊舾饦质豎褯;

牝迹 １;７ 趑儬赋 𝑓<𝑥+団鑽衟 𝐼 犍琱駜｜鈩団 𝐼 褯跔趣栦嶇;

• 𝑓<𝑥+団 𝐼 犍饦砲蛳儬赋褯沔菹霔楀麠蚩饦謩嶇儬赋 𝑓 ′<𝑥+団 𝐼 褯跔趣
裤礊况鏱;

• 𝑓<𝑥+団 𝐼 犍饦犍蛳儬赋褯沔菹霔楀麠蚩饦謩嶇儬赋 𝑓 ′<𝑥+団 𝐼 褯跔趣
裤礊况閆;

麀茡 栔麀茡砲蛳褯研呅ｐ犍蛳研呅栦麘 −𝑓 靿賣柗袎多盽襮笋;
綃趑 𝑓 譽砲蛳儬赋;涰砲蛳牝踨栦浣鈽喕谶辧匞褯裤礊舾｜踺僢翆娠捺 𝑥３ }

𝑥０ } 𝑥１褯注艘｜駨

𝑓<𝑥０+ − 𝑓<𝑥３+
𝑥０ − 𝑥３

≤ 𝑓<𝑥１+ − 𝑓<𝑥３+
𝑥１ − 𝑥３

≤ 𝑓<𝑥１+ − 𝑓<𝑥０+
𝑥１ − 𝑥０

闹 𝑥０媸晫 𝑥３? 𝑥１褯挻饊脺懞鈩浪紴砲蛳牝踨｜栦襮

𝑓<𝑥０+ ≤ 𝑥１ − 𝑥０
𝑥１ − 𝑥３

𝑓<𝑥３+ \ 𝑥０ − 𝑥３
𝑥１ − 𝑥３

𝑓<𝑥１+?

凟迹踺栦襮笋犍蟋慏饘荼质毆; 麘僢翆 𝑎? 𝑏 ∈ 𝐼 褯跔趣壿 𝑎 } 𝑏｜団犍蟋荼质毆鐜
猏 𝑥３ " 𝑎? 𝑥１ " 𝑏｜棼菹廒猏 𝑥０ → 𝑎\褡 𝑥０ → 𝑏−｜襮

𝑓 ′<𝑎+ ≤ 𝑓<𝑏+ − 𝑓<𝑎+
𝑏 − 𝑎 ≤ 𝑓 ′<𝑏+;
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３３２ １;８ 貘蛳舾

婻薏 𝑓 ′<𝑎+ ≤ 𝑓 ′<𝑏+｜踺 𝑓 ′団 𝐼 褯跔趣裤礊况鏱;
鸼陞挴｜趑 𝑓 ′ 団 𝐼 褯跔趣裤礊况鏱; 僢缉 𝑥３ } 𝑥０ 褡 𝑡 ∈ <５? ３+｜猏 𝑥𝑡 "

<３ − 𝑡+𝑥３ \ 𝑡𝑥０;涰储勇雮醴鐜壇牝迹｜韓団 𝜉３ ∈ <𝑥３? 𝑥𝑡+褡 𝜉０ ∈ <𝑥𝑡? 𝑥０+｜埶襮

𝑓<𝑥𝑡+ − 𝑓<𝑥３+
𝑥𝑡 − 𝑥３

" 𝑓 ′<𝜉３+? 𝑓<𝑥０+ − 𝑓<𝑥𝑡+
𝑥０ − 𝑥𝑡

" 𝑓 ′<𝜉０+;

婻譽 𝜉３ } 𝜉０壿 𝑓 ′裤礊况鏱｜罛碴窼谛喕谶辧匞荼放禡猡谛喕谶辧匞;闹 𝑥𝑡 − 𝑥３ "
𝑡<𝑥０ − 𝑥３+褡 𝑥０ − 𝑥𝑡 " <３ − 𝑡+<𝑥０ − 𝑥３+浪紴鈩凟迹｜襮

𝑓<𝑥𝑡+ ≤ <３ − 𝑡+𝑓<𝑥３+ \ 𝑡𝑓<𝑥０+;

冚 𝑡 " ５衉 𝑡 " ３龩质毆鰑懩晫嗲｜邔 𝑓 譽砲蛳儬赋; □

埸茭牝迹闹貘蛳舾褯襏牝暁戓｜肷浉譽鹹謕璖浨褯裤礊舾襏牝暁戓｜鷭荼陞
襏牝褯麘龠饦嶇儬赋 𝑓 ′<𝑥+;謕侴｜谛茭儬赋ｅ薏閯譽 𝑓 ′<𝑥+Ｉ褯裤礊舾涰謩緭楒褯嶇
赋｜踺 𝑓″<𝑥+褯殙镎罛魺牝;埸礶趤鈽鹹望洃褯。晖饦望簳賣褯菹快襏牝呤;

牝迹 １;２ <湗择嶇赋襏牝呤+ 趑儬赋 𝑓<𝑥+団鑽衟 𝐼 犍琱駜｜鈩団 𝐼 褯跔趣湗
择栦嶇;

• 钴団 𝐼 褯跔趣绵駨 𝑓″<𝑥+ ≥ ５｜鴸 𝑓<𝑥+団 𝐼 犍饦砲蛳褯;

• 钴団 𝐼 褯跔趣绵駨 𝑓″<𝑥+ ≤ ５｜鴸 𝑓<𝑥+団 𝐼 犍饦犍蛳褯;

麀茡 钴 𝑓″<𝑥+ ≥ ５｜鴸麘僢翆 𝑎? 𝑏 ∈ 𝐼 褯跔趣壿 𝑎 } 𝑏｜闹储勇雮醴鐜壇牝迹賣禡儬
赋 𝑓 ′栦襮韓団 𝜉 ∈ <𝑎? 𝑏+｜埶襮

𝑓 ′<𝑏+ − 𝑓 ′<𝑎+ " 𝑓″<𝜉+<𝑏 − 𝑎+ ≥ ５;

婻藗 𝑓 ′団 𝐼 褯跔趣裤礊况鏱｜涰犍谛麠牝迹襮 𝑓 団 𝐼 犍砲蛳;
钴 𝑓″<𝑥+ ≤ ５｜柗迹栦襮 𝑓 ′<𝑏+ − 𝑓 ′<𝑎+ ≤ ５｜踺 𝑓 ′ 団 𝐼 褯跔趣裤礊况閆｜髡藗 𝑓

団 𝐼 犍犍蛳; □

薏牝迹闹襏鶜貘蛳舾褯暁戓望洃鷵多譽鲥呪谛茭荼质毆｜踺襏鶜湗择嶇赋
𝑓″<𝑥+褯殙镎;

１;８;３;０ 砫艘
儬赋髡谛耼籦樕呅俀陞驠笋蝙谛耼褯榟戗艘｜俋譽砫艘;

牝踨 １;４ <砫艘+ 钴儬赋 𝑦 " 𝑓<𝑥+褯忑抆団艘 𝑃<𝑥５? 𝑓<𝑥５++閯貘蛳舾拐娖默
詓｜鴸俋艘 𝑃 譽玴儬赋忑抆褯谛茭砫艘;
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起注穻 儬赋 ３０５

鏘渁湗择嶇赋襏牝呤｜砫艘褯鈽隋翆漺葛湗择嶇赋 𝑓″<𝑥+団玴艘慏閾褯殙镎
拐娖鹹默詓;婻薏｜钴儬赋団砫艘 𝑥５ 閯湗择栦嶇｜鴸霔懩駨 𝑓″<𝑥５+ " ５;𝑓″<𝑥５+ " ５
鷭饦砫艘褯霔楀麠蚩;ｅ鯌匊ｉ匊子儬赋 𝑓<𝑥+ " 𝑥６｜謩団 𝑥 " ５閯湗择嶇赋譽璩｜帹
玴艘閯褯貘蛳舾續雀荼詓;Ｉ

鮲戓 １;０１ 猁牝儬赋 𝑓<𝑥+ " 𝑥１ − ８𝑥０ \ ９𝑥 \ ３褯貘蛳鑽衟赍砫艘;

呪 綃鲥嶇｜谛择褡湗择嶇赋譽

𝑓 ′<𝑥+ " １𝑥０ − ３０𝑥 \ ９?

𝑓″<𝑥+ " ８𝑥 − ３０;

猏 𝑓″<𝑥+ " ５呪襮 𝑥 " ０｜薏譽橦谛褯砫艘褸烨;碴玴艘譽戗匊巖 𝑓″<𝑥+褯殙镎ｉ
• 冚 𝑥 ∈ <−∞? ０+龩｜𝑓″<𝑥+ } ５;鏘渁牝迹｜儬赋 𝑓<𝑥+団薏鑽衟犍饦犍蛳褯;

• 冚 𝑥 ∈ <０? \∞+龩｜𝑓″<𝑥+ % ５;鏘渁牝迹｜儬赋 𝑓<𝑥+団薏鑽衟犍饦砲蛳褯;

儬赋団 𝑥 " ０慏閾褯貘蛳舾拐娖默詓｜婻薏艘 <０? 𝑓<０++饦砫艘｜謩鐜 𝑓<０+ "
０１ − ８<００+ \ ９<０+ \ ３ " ７ − ０６ \ ３５ \ ３ " −９;
邔儬赋 𝑓<𝑥+褯犍蛳鑽衟譽 <−∞? ０+｜砲蛳鑽衟譽 <０? \∞+｜砫艘譽 <０? −９+;

１;８;０ 漘极荼质毆
貘蛳舾褯牝踨楷楒鯟狒鹹谛茭荼质毆多港;冚闹牝踨鐜琱屴慏艘褯鮙褡伾褯

稺苢｜髡慏茭艘緭懩萋浣狶笋僢翆淝茭艘龩｜礶襮笋鹹赋铙菹快鐜靿賣狶療褯漘
极荼质毆;

１;８;０;３ 漘极荼质毆褯谛塷呅毆
漘极荼质毆暞鈽ｉ砲蛳儬赋団挻饊脺懞艘閯褯儬赋壇｜荼放禡儬赋壇燨柗袎

饊稼褯挻饊脺懞;
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牝迹 １;３５ <漘极荼质毆+ 趑 𝑓<𝑥+饦牝踨団鑽衟 𝐼 犍褯儬赋;

３; 钴 𝑓<𝑥+譽砲蛳儬赋｜鴸麘禡僢翆翪凟赋 𝑛。僢翆 𝑥３? … ? 𝑥𝑛 ∈ 𝐼 碴赍僢
翆谛噯娠捺∑𝑛

𝑖"３ 𝜆𝑖 " ３褯膱吖饊稼 𝜆𝑖 ≥ ５｜绵駨ｉ

𝑓 <
𝑛

∑
𝑖"３

𝜆𝑖𝑥𝑖+ ≤
𝑛

∑
𝑖"３

𝜆𝑖𝑓<𝑥𝑖+ <１$３１+

０; 钴 𝑓<𝑥+譽犍蛳儬赋｜鴸犍蟋荼质镎轘萐蟳鸼;

麘禡更勇貘蛳儬赋｜质镎晫嗲褯沔菹霔楀麠蚩饦罛駨翪饊稼麘靿褯 𝑥𝑖蟳质;

麀茡 鷭麀茡砲蛳研呅ｐ犍蛳研呅栦麘 −𝑓 靿賣砲蛳多盽襮笋;
麘翪饊稼艘褯茭赋衧鷵驺;钴鷭駨谛茭翪饊稼｜鴸玴饊稼霔譽 ３｜荼质毆譽绵

质毆;趑多盽麘翪饊稼艘赋荼嗔陞 𝑛 − ３褯研呅晫嗲｜隋匊子駨 𝑛茭翪饊稼褯研呅;
荼季埸焂翪饊稼譽 𝜆３? … ? 𝜆𝑛｜壿 ５ } 𝜆𝑛 } ３;猏

𝜇𝑖 " 𝜆𝑖
３ − 𝜆𝑛

<𝑖 " ３? ０? … ? 𝑛 − ３+? 𝑦 "
𝑛−３
∑
𝑖"３

𝜇𝑖𝑥𝑖;

鴸 𝜇𝑖 ≥ ５壿∑𝑛−３
𝑖"３ 𝜇𝑖 " ３｜鈩壿

𝑛
∑
𝑖"３

𝜆𝑖𝑥𝑖 " <３ − 𝜆𝑛+𝑦 \ 𝜆𝑛𝑥𝑛;

涰砲蛳牝踨褡鷵驺雞趑｜

𝑓 <
𝑛

∑
𝑖"３

𝜆𝑖𝑥𝑖+ " 𝑓<<３ − 𝜆𝑛+𝑦 \ 𝜆𝑛𝑥𝑛+

≤ <３ − 𝜆𝑛+𝑓<𝑦+ \ 𝜆𝑛𝑓<𝑥𝑛+

≤ <３ − 𝜆𝑛+
𝑛−３
∑
𝑖"３

𝜇𝑖𝑓<𝑥𝑖+ \ 𝜆𝑛𝑓<𝑥𝑛+

"
𝑛

∑
𝑖"３

𝜆𝑖𝑓<𝑥𝑖+;

婻藗漘极荼质毆晫嗲;
钴 𝑓 更勇砲蛳｜壿庺舐駨慏茭翪饊稼麘靿褯艘荼柗｜鴸団犍蟋鷵驺陞防鐜寝

鈽隋谛占麘慏茭荼柗艘缉更勇挻饊脺懞褯謴柏｜蟳靿荼质镎譽更勇荼质镎｜邔凟
喚譽更勇荼质毆;鸼饲｜钴罛駨翪饊稼麘靿褯 𝑥𝑖 蟳质｜慏饘鰑懩蟳质;更勇犍蛳研
呅柗迹; □
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起注穻 儬赋 ３００

薏牝迹褯挻饊呅毆饦謩望畗凟褯鼣蟋;冚缉罛駨饊稼蟳质｜踺 𝜆𝑖 " ３`𝑛龩｜礶
襮笋鹹謩畟譽篽璖侴褯奮穦脺懞呅毆;

浣盽 １;０ <漘极荼质毆褯奮穦脺懞呅毆+ 趑 𝑓<𝑥+饦牝踨団鑽衟 𝐼 犍褯儬赋;

３; 钴 𝑓<𝑥+譽砲蛳儬赋｜鴸麘禡僢翆翪凟赋 𝑛塗僢翆 𝑥３? … ? 𝑥𝑛 ∈ 𝐼｜駨ｉ

𝑓 <𝑥３ \ ⋯ \ 𝑥𝑛
𝑛 + ≤ 𝑓<𝑥３+ \ ⋯ \ 𝑓<𝑥𝑛+

𝑛 <１$３６+

薏踺脺懞褯儬赋壇荼放禡儬赋壇褯脺懞;

０; 钴 𝑓<𝑥+譽犍蛳儬赋｜鴸荼质镎轘萐蟳鸼;

麀茡 <奮穦脺懞呅毆褯麀茡+ 団漘极荼质毆褯谛塷呅毆鐜缉质饊稼 𝜆３ " 𝜆０ " ⋯ "
𝜆𝑛 " ３`𝑛｜踺襮

𝑓 <𝑥３ \ ⋯ \ 𝑥𝑛
𝑛 + ≤ 𝑓<𝑥３+ \ ⋯ \ 𝑓<𝑥𝑛+

𝑛

麘砲蛳儬赋晫嗲;钴 𝑓 譽犍蛳儬赋｜鴸靿賣谛塷呅毆鐜褯犍蛳研呅｜荼质镎轘萐
蟳鸼; □

賣湗择嶇赋著麀蛳舾鈩浣懞壇

１;８;１ 髡鶟娖荼质毆笋懞壇荼质毆
殳淝椮浼荼质毆饦漘极荼质毆褯甘鮲;

鮲戓 １;０６ 麀茡奮穦$养惤脺懞壇荼质毆ｉ麘禡翪赋 𝑥３? … ? 𝑥𝑛｜𝑥３\⋯\𝑥𝑛
𝑛 ≥

𝑛
√𝑥３ … 𝑥𝑛;

呪 匊子儬赋 𝑓<𝑥+ " ｌｎ𝑥｜牝踨蟖譽 <５? \∞+;謩湗择嶇赋譽 𝑓″<𝑥+ " −３`𝑥０; 団
<５? \∞+跔｜𝑓″<𝑥+ } ５绵晫嗲｜邔 𝑓<𝑥+ " ｌｎ𝑥饦更勇犍蛳儬赋;
涰犍蛳儬赋褯漘极荼质毆｜

ｌｎ𝑥３ \ ⋯ \ ｌｎ𝑥𝑛
𝑛 ≤ ｌｎ<𝑥３ \ ⋯ \ 𝑥𝑛

𝑛 +

厈賣麘赋舾蛣｜饙閾浉譽

ｌｎ<𝑥３ … 𝑥𝑛+
𝑛 " ｌｎ <<𝑥３ … 𝑥𝑛+３`𝑛+ " ｌｎ< 𝑛√𝑥３ … 𝑥𝑛+

浪紴邖荼质毆｜襮 ｌｎ< 𝑛
√𝑥３ … 𝑥𝑛+ ≤ ｌｎ< 𝑥３\⋯\𝑥𝑛

𝑛 +;
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３０１ １;４ 鸼儬赋

涰禡麘赋儬赋饦更勇裤礊况鏱褯｜犍蟋荼质稺苢质豎禡謩緭詓薆饲衟褯荼质
稺苢ｉ

𝑛√𝑥３ … 𝑥𝑛 ≤ 𝑥３ \ ⋯ \ 𝑥𝑛
𝑛

麀獤;

涣 １;９ <漘极荼质毆褯靿賣锠镎+
団閯迹淝慊儬赋嵀壇暁戓龩｜钴侁澞鼣掑毆呅童∑ 𝑓<𝑥𝑖+｜鮲童 ０𝑥３ \ ０𝑥０ 衉
ѕіｎ𝐴 \ ѕіｎ𝐵 \ ѕіｎ𝐶｜壿詓薆娠捺塗譽牝壇褯儙鍖∑ 𝑥𝑖 " 𝐶｜埸礶饦靿賣漘极荼质毆褯陳馲
锠镎;

鮲戓 １;０９ 団△𝐴𝐵𝐶 鐜｜鲥 𝑆 " ѕіｎ𝐴 \ ѕіｎ𝐵 \ ѕіｎ𝐶 褯望放壇;

呪 薏暁戓殙元犍蟋靿賣牠毆;匊子儬赋 𝑓<𝑥+ " ѕіｎ𝑥｜牝踨蟖譽跔页騊祟 <５? 𝜋+｜詓
薆娠捺 𝐴 \ 𝐵 \ 𝐶 " 𝜋;
儬赋 𝑓<𝑥+ " ѕіｎ𝑥褯湗择嶇赋譽 𝑓″<𝑥+ " − ѕіｎ𝑥;団鑽衟 <５? 𝜋+跔｜ѕіｎ𝑥 % ５｜邔

𝑓″<𝑥+ } ５;婻薏 𝑓<𝑥+饦更勇犍蛳儬赋;
靿賣犍蛳儬赋褯漘极荼质毆｜

ѕіｎ𝐴 \ ѕіｎ𝐵 \ ѕіｎ𝐶
１ ≤ ѕіｎ<𝐴 \ 𝐵 \ 𝐶

１ +

浪紴儙鍖 𝐴 \ 𝐵 \ 𝐶 " 𝜋｜襮

𝑆
１ ≤ ѕіｎ<𝜋

１ + "
√

１
０

邔 𝑆 ≤ １
√

１
０ ;

质镎晫嗲麠蚩譽 𝐴 " 𝐵 " 𝐶 " 𝜋`１｜薏麠蚩栦碴掑笋ｅ冚△𝐴𝐵𝐶 譽翪注页呅
龩Ｉ; 婻薏｜𝑆褯望放壇譽 １

√
１

０ ;

１;４ 鸼儬赋
儬赋蜍牝踨蟖鐜褯円茭 𝑥橦谛萋麘靿笋壇蟖鐜褯谛茭 𝑦;氐丷稺诊褯暁戓饦｜

搬嚙髡 𝑦 橦谛萋镑伱 𝑥;童冧栦碴｜埸茭蜍 𝑦 隻伱 𝑥褯麘靿呤鴸銰俋譽儬赋 𝑓 褯
鸼儬赋;鸼儬赋褯忑抆蜍匭。叄钫澞逵籅｜婻薏钊褡邖儬赋褯忑抆稺禡煟谶 𝑦 " 𝑥
麘俋;
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起注穻 儬赋 ３０６

１;４;３ 鸼儬赋韓団褯麠蚩
趑竸牝儬赋 𝑓 ;谛茭髡壇蟖伱笋牝踨蟖褯麘靿呤鴸楀晫譽儬赋｜霔扢椈壇蟖鐜

褯円茭 𝑦怬橦谛麘靿牝踨蟖鐜褯谛茭 𝑥;埸翪庬楀鲥 𝑓 蜍荼柗褯曚紴隻笋荼柗褯
曚鈽｜踺盠駨慏茭荼柗褯 𝑥麘靿柗谛茭 𝑦;

牝踨 １;７ <裤誯+ 俋谛茭儬赋 𝑓 ∶ 𝐴 → 𝐶 饦裤誯｜童冧麘禡謩牝踨蟖 𝐴 跔
僢翆慏茭荼柗褯慊嶻 𝑥３? 𝑥０｜謩麘靿褯儬赋壇晖霔懩荼柗｜踺 𝑥３ ≠ 𝑥０ ⟹
𝑓<𝑥３+ ≠ 𝑓<𝑥０+;

裤誯舾竸鈽鹹鸼儬赋韓団褯沔菹霔楀麠蚩;

牝迹 １;３３ 趑儬赋 𝑓 褯牝踨蟖譽 𝐴｜壇蟖譽 𝐶 " 𝑓<𝐴+;鴸 𝑓 韓団髡 𝐶 笋 𝐴褯
鸼儬赋褯沔菹霔楀麠蚩饦 𝑓 譽裤誯;

麀茡 钴 𝑓 譽裤誯｜鴸麘僢翆 𝑦 ∈ 𝐶｜涰壇蟖牝踨｜庺舐韓団 𝑥 ∈ 𝐴埶 𝑓<𝑥+ " 𝑦ｐ
舃涰裤誯舾｜埸袎褯 𝑥庺淝谛茭;婻薏円茭 𝑦 ∈ 𝐶 怬橦谛麘靿谛茭 𝑥 ∈ 𝐴｜栦牝踨
𝑓−３<𝑦+ " 𝑥｜埸竸鈽鹹髡 𝐶 笋 𝐴褯儬赋;
鸼陞挴｜钴鸼儬赋 𝑓−３ ∶ 𝐶 → 𝐴 韓団｜藗 𝑓 荼饦裤誯｜鴸韓団 𝑥３ ≠ 𝑥０ 埶

𝑓<𝑥３+ " 𝑓<𝑥０+ " 𝑦;埸寝埶柗谛茭 𝑦 ∈ 𝐶 団忹陞防鐜柗龩麘靿 𝑥３ 褡 𝑥０｜褡 𝑓−３ 饦
儬赋楂埑;邔 𝑓 霔譽裤誯; □

団养惤犍｜氐丷賣龟脺谶姛著呤襏鶜谛茭儬赋饦嚙譽裤誯;僢缉谛麠龟脺煟
谶｜钴钊褡儬赋忑抆庺淝鷭駨谛茭减艘｜鴸玴儬赋饦裤誯｜婻藗韓団鸼儬赋;更勇
裤礊儬赋饦裤誯儬赋褯谛茭稼楀檫鉢;

𝑥

𝑦

𝑂

裤誯儬赋｜韓団鸼儬赋

𝑥

𝑦

𝑂

膱裤誯儬赋｜荼韓団鸼儬赋

忑 １;３５ 龟脺谶姛著呤
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３０９ １;４ 鸼儬赋

１;４;０ 鸼儬赋褯牝踨褡鲥呪

牝踨 １;２ <鸼儬赋+ 趑儬赋 𝑦 " 𝑓<𝑥+褯牝踨蟖譽 𝐴｜壇蟖譽 𝐶｜壿 𝑓 譽裤誯;麘
禡僢翆 𝑦 ∈ 𝐶｜轘防 𝑦 " 𝑓<𝑥+韓団橦谛褯呪 𝑥 ∈ 𝐴;埸茭呪 𝑥嵌钉禡 𝑦｜婻薏
栦牝踨谛茭岋儬赋 𝑔 ∶ 𝐶 → 𝐴｜埶襮 𝑥 " 𝑔<𝑦+;儬赋 𝑔俋譽 𝑓 褯鸼儬赋｜邋衧
𝑓−３;
燨聾漦鮲｜賣 𝑥鼣白緭詓薆｜𝑦鼣白婻詓薆｜邔闹 𝑥 " 𝑓−３<𝑦+媸譽 𝑦 " 𝑓−３<𝑥+;
薏龩｜鸼儬赋褯牝踨蟖饦邖儬赋褯壇蟖 𝐶;

殙镎 𝑓−３<𝑥+饦鸼儬赋褯澞抹邋呤｜钊褡 ３
𝑓<𝑥+ 醌畻稺苢;

猁黏 𝑓 饦裤誯猡｜鲥呪鸼儬赋栦菹注謴;

３; 鸼呪;髡 𝑦 " 𝑓<𝑥+鐜呪鈽 𝑥｜襮笋 𝑥 " 𝑓−３<𝑦+;
０; 逵籅;闹 𝑥褡 𝑦逵籅｜襮笋 𝑦 " 𝑓−３<𝑥+;
１; 涣茡牝踨蟖;鸼儬赋褯牝踨蟖饦邖儬赋褯壇蟖;

鮲戓 １;０８ 鲥儬赋 𝑓<𝑥+ " ０𝑥−３
𝑥\１ 褯鸼儬赋;

呪 綃猁牝邖儬赋 𝑓<𝑥+褯壇蟖;闹 𝑦 " ０𝑥−３
𝑥\１ 詓呅譽 𝑦 " ０ − ４

𝑥\１ ;涰禡 ４
𝑥\１ ≠ ５｜邔

𝑦 ≠ ０;邖儬赋褯壇蟖譽 <−∞? ０+ ∪ <０? \∞+｜薏踺鸼儬赋褯牝踨蟖;
屴葛｜髡 𝑦 " ０𝑥−３

𝑥\１ 鐜鸼呪 𝑥ｉ

𝑦<𝑥 \ １+ " ０𝑥 − ３

𝑥𝑦 \ １𝑦 " ０𝑥 − ３

１𝑦 \ ３ " 𝑥<０ − 𝑦+

𝑥 " １𝑦 \ ３
０ − 𝑦

逵籅 𝑥? 𝑦襮笋 𝑦 " １𝑥\３
０−𝑥 ;

婻薏｜罛鲥鸼儬赋譽 𝑓−３<𝑥+ " １𝑥\３
０−𝑥 ｜謩牝踨蟖譽 )𝑥 ∈ ℝ ∣ 𝑥 ≠ ０(;

１;４;１ 鸼儬赋褯舾蛣
儬赋 𝑦 " 𝑓<𝑥+褡钊褯鸼儬赋 𝑦 " 𝑓−３<𝑥+団浪赋褡养惤犍逵譽麘堩;砲顅竸鈽

遂麠簽楷舾蛣;
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起注穻 儬赋 ３０８

牝迹 １;３０ <鸼儬赋褯舾蛣+ 趑 𝑦 " 𝑓<𝑥+ 饦谛茭韓団鸼儬赋 𝑦 " 𝑓−３<𝑥+ 褯
儬赋;

３; 忑抆麘俋舾;𝑦 " 𝑓<𝑥+褯忑抆褡 𝑦 " 𝑓−３<𝑥+褯忑抆稺禡煟谶 𝑦 " 𝑥麘
俋;

０; 牝踨蟖褡壇蟖逵籅;𝑓 褯牝踨蟖饦 𝑓−３ 褯壇蟖｜𝑓 褯壇蟖饦 𝑓−３ 褯牝踨
蟖;

１; 裤礊舾谛摟舾;钴 𝑓<𝑥+団脫茭鑽衟犍裤礊况鏱ｅ閆Ｉ｜鴸謩鸼儬赋 𝑓−３<𝑥+
団麘靿褯鑽衟犍裤礊舾蟳柗;

６; 發元菄滃舾;麘禡 𝑓−３ 牝踨蟖鐜褯僢翆 𝑥｜𝑓<𝑓−３<𝑥++ " 𝑥;麘禡 𝑓 牝踨
蟖鐜褯僢翆 𝑥｜𝑓−３<𝑓<𝑥++ " 𝑥;

麀茡 麘禡忑抆麘俋舾｜钴艘 𝑃<𝑎? 𝑏+団 𝑦 " 𝑓<𝑥+褯忑抆犍｜鴸 𝑏 " 𝑓<𝑎+;鏘渁鸼儬
赋褯牝踨｜埸质豎禡 𝑎 " 𝑓−３<𝑏+;邔艘 𝑄<𝑏? 𝑎+団 𝑦 " 𝑓−３<𝑥+褯忑抆犍;艘 𝑃<𝑎? 𝑏+褡
𝑄<𝑏? 𝑎+稺禡煟谶 𝑦 " 𝑥麘俋｜薏多盽麘忑抆犍罛駨艘懞晫嗲｜邔慏儬赋忑抆稺禡
𝑦 " 𝑥麘俋;
麘禡牝踨蟖褡壇蟖逵籅｜涰鸼儬赋褯牝踨｜𝑓−３ 褯緭詓薆缉緭 𝑓 褯壇蟖 𝐶｜藗

儬赋壇伱笋 𝑓 褯牝踨蟖 𝐴｜婻薏牝踨蟖塗壇蟖逵籅;
麘禡裤礊舾谛摟舾｜趑 𝑓団鑽衟 𝐼犍裤礊况鏱｜壿 𝑦３ } 𝑦０譽鸼儬赋牝踨蟖鐜麘

靿褯慏茭壇;猏 𝑥３ " 𝑓−３<𝑦３+｜𝑥０ " 𝑓−３<𝑦０+;钴 𝑥３ ≥ 𝑥０｜涰 𝑓 况鏱襮 𝑓<𝑥３+ ≥ 𝑓<𝑥０+｜
踺 𝑦３ ≥ 𝑦０｜楂埑｜邔 𝑥３ } 𝑥０｜鸼儬赋况鏱;钴 𝑓 裤礊况閆｜柗迹涰 𝑥３ ≤ 𝑥０ 寝浣鈽
𝑦３ ≥ 𝑦０褯楂埑｜婻藗 𝑥３ % 𝑥０｜鸼儬赋况閆;
麘禡發元菄滃舾｜僢缉 𝑥骱禡 𝑓−３ 褯牝踨蟖｜趑 𝑢 " 𝑓−３<𝑥+｜鴸燨鸼儬赋牝踨

𝑓<𝑢+ " 𝑥｜踺 𝑓<𝑓−３<𝑥++ " 𝑥;僢缉 𝑥骱禡 𝑓 褯牝踨蟖｜猏 𝑦 " 𝑓<𝑥+｜鴸 𝑓−３<𝑦+ " 𝑥｜踺
𝑓−３<𝑓<𝑥++ " 𝑥; □

鮲戓 １;０４ 謕侴 𝑥３饦轘防 １𝑥 " ６
𝑥 褯鏘｜𝑥０饦轘防 ｌоｇ１ 𝑥 " ６

𝑥 褯鏘｜鲥 𝑥３𝑥０;

呪 埸慏茭轘防畻呤煟屴鲥呪;髡儬赋忑抆菹快;
轘防谛褯鏘 𝑥３ 饦儬赋 𝑦３ " １𝑥 褡 𝑦𝑔 " ６`𝑥忑抆减艘褯匭钫澞; 轘防湗褯鏘

𝑥０ 饦儬赋 𝑦０ " ｌоｇ１ 𝑥褡 𝑦𝑔 " ６`𝑥忑抆减艘褯匭钫澞; 埸慏茭减艘懞橦谛;轘防
１𝑥 " ６`𝑥质豎禡 𝑥１𝑥 " ６｜謩牝踨蟖跔霔扢駨 𝑥 % ５｜藗 𝑥１𝑥団 <５? \∞+犍更勇况鏱ｐ
轘防 ｌоｇ１ 𝑥 " ６`𝑥质豎禡 𝑥 ｌоｇ１ 𝑥 " ６｜謩呪霔扢娠捺 𝑥 % ３｜藗 𝑥 ｌоｇ１ 𝑥団 <３? \∞+
犍更勇况鏱;
菹快埸注茭儬赋褯麘俋舾; 𝑦３ " １𝑥 褡 𝑦０ " ｌоｇ１ 𝑥逵譽鸼儬赋｜钊丷褯忑抆稺

禡煟谶 𝑦 " 𝑥麘俋; 𝑦𝑔 " ６`𝑥褯鸼儬赋饦謩緭楒｜邔謩忑抆晖稺禡煟谶 𝑦 " 𝑥麘俋;
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３０４ １;７ 儬赋褯發元

𝑥

𝑦

𝑦 " 𝑥

𝑦 " 𝑒𝑥
𝑦 " ｌｎ𝑥

𝑃<𝑎? 𝑏+

𝑄<𝑏? 𝑎+

忑 １;３３ 儬赋褡鸼儬赋忑抆稺禡 𝑦 " 𝑥麘俋

趑 𝑃３<𝑥３? 𝑦３+饦 𝑦３ " １𝑥 褡 𝑦𝑔 " ６`𝑥褯谛茭减艘; 涰禡 𝑦３ 稺禡 𝑦 " 𝑥麘俋褯
忑抆饦 𝑦０｜藗 𝑦𝑔 稺禡 𝑦 " 𝑥麘俋褯忑抆锼饦 𝑦𝑔｜𝑦０褡 𝑦𝑔 褯减艘 𝑃０<𝑥０? 𝑦０+霔懩饦
𝑃３<𝑥３? 𝑦３+稺禡煟谶 𝑦 " 𝑥褯麘俋艘;
婻薏｜𝑃０褯钫澞譽 <𝑦３? 𝑥３+｜踺 𝑥０ " 𝑦３? 𝑦０ " 𝑥３;
涰 𝑃３艘褯牝踨｜駨 𝑦３ " ６`𝑥３; 多元 𝑥０ " 𝑦３｜襮 𝑥０ " ６`𝑥３;
邔 𝑥３𝑥０ " ６;

１;７ 儬赋褯發元
竸牝慏茭儬赋｜氐丷秗宂嵌占蜍钊丷褯麘靿呤鴸衧賣笋柗谛茭曚紴犍;埸耼

嵌占衧賣抾娖褯岋儬赋俋譽發元儬赋;氐丷稺诊發元儬赋褯牝踨蟖。壇蟖｜碴赍钊
褯裤礊舾褡痞堩舾童惤涰跔亥儬赋塗坉亥儬赋魺牝;

１;７;３ 發元儬赋褯牝踨
趑駨慏茭儬赋 𝑓 塗 𝑔;綃椈 𝑔衧賣禡 𝑥｜襮笋鐜衟壇 𝑢 " 𝑔<𝑥+ｐ棼椈 𝑓 衧賣禡 𝑢｜

襮笋 𝑦 " 𝑓<𝑢+;禡饦髡 𝑥笋 𝑦褯麘靿呤鴸牝踨鹹谛茭岋儬赋;

𝑥
𝑔

𝑢 " 𝑔<𝑥+
𝑓

𝑦 " 𝑓<𝑢+ " 𝑓<𝑔<𝑥++
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起注穻 儬赋 ３０７

牝踨 １;３５ <發元儬赋+ 趑駨儬赋 𝑢 " 𝑔<𝑥+塗 𝑦 " 𝑓<𝑢+｜鴸绝陞浪籅呅晫褯儬赋

𝑦 " 𝑓<𝑔<𝑥++ <１$３９+

俋譽涰儬赋 𝑔塗 𝑓 港晫褯發元儬赋;謩鐜｜𝑥饦緭詓薆｜𝑢饦鐜衟詓薆;氐丷
俋 𝑔譽跔亥儬赋｜𝑓 譽坉亥儬赋;

發元儬赋 𝑦 " 𝑓<𝑔<𝑥++駨牝踨褯窼夫饦｜跔亥儬赋 𝑔<𝑥+褯壇蟖彔狒禡坉亥儬
赋 𝑓<𝑢+褯牝踨蟖;

１;７;０ 發元儬赋褯簽楷舾蛣
１;７;０;３ 牝踨蟖
發元儬赋駨牝踨｜冚壿栔冚發元陞防褯円谛謴怬駨翆踨;

牝迹 １;３１ <發元儬赋牝踨蟖+ 趑儬赋 𝑓 褯牝踨蟖譽 𝐷𝑓｜儬赋 𝑔 褯牝踨蟖譽
𝐷𝑔;鴸發元儬赋 𝑦 " 𝑓<𝑔<𝑥++褯牝踨蟖 𝐷𝑓∘𝑔 饦柗龩娠捺碴砲慏茭麠蚩褯緭
詓薆 𝑥港晫褯容元;

３; 𝑥 ∈ 𝐷𝑔ｅ跔亥儬赋駨翆踨Ｉｐ
０; 𝑔<𝑥+ ∈ 𝐷𝑓ｅ坉亥儬赋駨翆踨Ｉ;

踺 𝐷𝑓∘𝑔 " )𝑥 ∈ 𝐷𝑔 ∣ 𝑔<𝑥+ ∈ 𝐷𝑓(;

麀茡 發元儬赋 𝑓<𝑔<𝑥++駨翆踨｜冚壿栔冚跔亥儬赋 𝑔<𝑥+綃駨翆踨壿罛襮壇栦碴衧
譽 𝑓 褯曚紴;窼幔质豎禡 𝑥 ∈ 𝐷𝑔｜猡幔质豎禡 𝑔<𝑥+ ∈ 𝐷𝑓 ;婻薏罛駨栦缉褯 𝑥葋譽

)𝑥 ∈ 𝐷𝑔 ∣ 𝑔<𝑥+ ∈ 𝐷𝑓(;

□

鮲戓 １;０７ 謕侴儬赋 𝑓<０𝑥 − ３+褯牝踨蟖譽 -５? ３'｜鲥儬赋 𝑓<√𝑥+褯牝踨蟖;

呪 薏暁戓嬛綃猁牝坉亥儬赋 𝑓 褯牝踨蟖; 涰戓趑｜冚 𝑥 ∈ -５? ３'龩｜𝑓<０𝑥 − ３+駨
翆踨;踺 𝑓 褯曚紴薆｜踺鐜衟詓薆 𝑢 " ０𝑥 − ３褯缉壇騊祟涰 𝑥 ∈ -５? ３' 魺牝; 冚
𝑥 ∈ -５? ３'龩｜𝑢 " ０𝑥 − ３ ∈ -−３? ３'; 婻薏｜坉亥儬赋 𝑓<𝑢+褯牝踨蟖譽 𝐷𝑓 " -−３? ３';
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３０２ １;７ 儬赋褯發元

麘禡岋儬赋 𝑓<√𝑥+｜謩牝踨蟖娠捺

⎧)
⎨)⎩

𝑥 ≥ ５ <跔亥儬赋√𝑥駨翆踨+
√𝑥 ∈ -−３? ３' <跔亥儬赋褯壇団坉亥儬赋褯牝踨蟖跔+

涰禡√𝑥 ≥ ５｜起湗茭麠蚩质豎禡 ５ ≤ √𝑥 ≤ ３｜脺轘襮 ５ ≤ 𝑥 ≤ ３; 舿嗲慏茭麠蚩｜儬
赋 𝑓<√𝑥+褯牝踨蟖譽 -５? ３';

１;７;０;０ 壇蟖
鲥呪發元儬赋 𝑦 " 𝑓<𝑔<𝑥++褯壇蟖｜栦碴涰跔萐坉捂北;

３; 綃団發元儬赋褯牝踨蟖跔鲥鈽跔亥儬赋 𝑢 " 𝑔<𝑥+褯壇蟖 𝑅𝑔;

０; 棼闹 𝑅𝑔 衧譽坉亥儬赋 𝑓<𝑢+褯岋牝踨蟖｜団薏牝踨蟖犍鲥 𝑓<𝑢+褯壇蟖｜踺譽
邖發元儬赋褯壇蟖;

鮲戓 １;０２ 鲥儬赋 𝑦 " ６𝑥 − ０𝑥\３ \ １褯壇蟖;

呪 氐丷賣籅慊呤梹廒謩發元多港;猏 𝑢 " ０𝑥｜鴸邖儬赋栦咹譽 𝑦 " 𝑢０ − ０𝑢 \ １; 埸
饦谛茭涰跔亥儬赋 𝑢 " 𝑔<𝑥+ " ０𝑥塗坉亥儬赋 𝑦 " 𝑓<𝑢+ " 𝑢０ − ０𝑢 \ １港晫褯發元
儬赋;
跔亥儬赋 𝑢 " ０𝑥褯牝踨蟖譽 ℝ｜謩壇蟖譽 𝑅𝑔 " <５? \∞+;
暁戓肷浉譽鲥湗占儬赋 𝑦 " 𝑓<𝑢+ " <𝑢 − ３+０ \ ０団牝踨蟖 𝑢 ∈ <５? \∞+犍褯

壇蟖; 薏譽椛癪萐犍｜麘俋察譽 𝑢 " ３褯锂泈谶;涰禡麘俋察 𝑢 " ３薼禡牝踨蟖
<５? \∞+跔｜儬赋団 𝑢 " ３閯缉襮望盆壇 𝑦міｎ " 𝑓<３+ " ０;
婻薏｜邖儬赋褯壇蟖譽 -０? \∞+;

１;７;０;１ 裤礊舾褡痞堩舾
砲顅捣盽發元儬赋褯裤礊舾褡痞堩舾;

牝迹 １;３６ <發元儬赋裤礊舾+ 趑發元儬赋 𝑦 " 𝑓<𝑔<𝑥++団鑽衟 𝐼 犍駨牝踨｜壿
𝑢 " 𝑔<𝑥+褡 𝑦 " 𝑓<𝑢+団貯緭麘靿褯牝踨蟖鑽衟犍裤礊;

• 钴 𝑓<𝑢+褡 𝑔<𝑥+裤礊舾蟳柗｜踺柗譽膱閆衉柗譽膱鏱｜鴸 𝑓<𝑔<𝑥++譽裤礊
况鏱ｅ膱閆Ｉ;

• 钴 𝑓<𝑢+褡 𝑔<𝑥+裤礊舾蟳瑥｜踺谛膱閆谛膱鏱｜鴸 𝑓<𝑔<𝑥++譽裤礊况閆ｅ膱
鏱Ｉ;

钴蟳靿褯慏茭裤礊舾懞譽更勇裤礊｜鴸多盽晖蟳靿譽更勇裤礊;
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起注穻 儬赋 ３１５

麀茡 趑 𝑥３? 𝑥０ ∈ 𝐼 壿 𝑥３ } 𝑥０｜猏 𝑢３ " 𝑔<𝑥３+｜𝑢０ " 𝑔<𝑥０+; 钴 𝑔 褡 𝑓 懞膱閆｜
鴸 𝑢３ ≤ 𝑢０｜捂藗 𝑓<𝑢３+ ≤ 𝑓<𝑢０+｜發元儬赋膱閆; 钴 𝑔 褡 𝑓 懞膱鏱｜鴸 𝑢３ ≥ 𝑢０｜
涰 𝑓 膱鏱襮 𝑓<𝑢３+ ≤ 𝑓<𝑢０+｜發元儬赋锼膱閆; 钴 𝑔 膱閆藗 𝑓 膱鏱｜鴸 𝑢３ ≤ 𝑢０
浣鈽 𝑓<𝑢３+ ≥ 𝑓<𝑢０+｜發元儬赋膱鏱; 钴 𝑔 膱鏱藗 𝑓 膱閆｜柗迹駨 𝑢３ ≥ 𝑢０ 浣
鈽 𝑓<𝑢３+ ≥ 𝑓<𝑢０+｜發元儬赋膱鏱;更勇裤礊研呅鷭嬛闹蟳靿荼质镎慶籅譽更勇荼
质镎; □

牝迹 １;３９ <發元儬赋痞堩舾+ 趑發元儬赋 𝑦 " 𝑓<𝑔<𝑥++褯牝踨蟖 𝐷稺禡邖艘
麘俋;

３; 钴跔亥儬赋 𝑔<𝑥+饦堩儬赋｜鴸 𝑦 " 𝑓<𝑔<𝑥++霔譽堩儬赋;

０; 钴跔亥儬赋 𝑔<𝑥+饦痞儬赋｜壿坉亥儬赋 𝑓<𝑢+団 𝑔<𝐷+犍譽堩儬赋衉痞
儬赋｜鴸發元儬赋褯痞堩舾褡坉亥儬赋 𝑓<𝑢+蟳柗;

麀茡 <痞堩舾牝迹麀茡+ 猏 𝐹<𝑥+ " 𝑓<𝑔<𝑥++; ３; 钴 𝑔譽堩儬赋ｉ𝐹<−𝑥+ " 𝑓<𝑔<−𝑥++ "
𝑓<𝑔<𝑥++ " 𝐹<𝑥+; 邔 𝐹<𝑥+ 譽堩儬赋; ０; 钴 𝑔 譽痞儬赋ｉ𝐹<−𝑥+ " 𝑓<𝑔<−𝑥++ "
𝑓<−𝑔<𝑥++; 钴 𝑓 譽堩儬赋｜𝑓<−𝑔<𝑥++ " 𝑓<𝑔<𝑥++ " 𝐹<𝑥+｜邔 𝐹<𝑥+ 譽堩儬赋; 钴 𝑓
譽痞儬赋｜𝑓<−𝑔<𝑥++ " −𝑓<𝑔<𝑥++ " −𝐹<𝑥+｜邔 𝐹<𝑥+譽痞儬赋; □

１;７;１ 儬赋蟳质
慏茭儬赋蟳质褯狒踨涰砲顅褯牝踨竸鈽;

牝踨 １;３３ <儬赋蟳质+ 钴慏茭儬赋 𝑓<𝑥+塗 𝑔<𝑥+褯牝踨蟖蟳柗｜壿麘靿呤鴸晖
蟳柗｜鴸俋埸慏茭儬赋蟳质｜邋譽 𝑓<𝑥+ " 𝑔<𝑥+;

襏鶜慏茭儬赋饦嚙蟳质｜嬛楀柗龩姛厴埸慏茭轘顅;绝簳栦綃蜍呪快毆浉笋
望箛｜棼涿床浉箛多冧;

鮲戓 １;１５ 襏鶜 𝑓<𝑥+ " 𝑥 \ ０褡 𝑔<𝑥+ " 𝑥０−６
𝑥−０ 饦嚙譽柗谛儬赋;

呪 綃伲牝踨蟖; 𝑓<𝑥+ " 𝑥 \ ０ 褯牝踨蟖譽 ℝ; 𝑔<𝑥+ " 𝑥０−６
𝑥−０ 褯菹頼荼搬譽璩｜踺

𝑥 ≠ ０;謩牝踨蟖譽 )𝑥 ∈ ℝ ∣ 𝑥 ≠ ０(;
涰禡牝踨蟖荼柗｜埸慏茭儬赋荼饦柗谛儬赋;
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１;２ 儬赋褯忑抆詓籅
氐丷髡簽楷儬赋褯忑抆鈽拐｜绝陞脺跢。愳劈。麘俋质笼衧港亻畟發鎥儬赋褯

忑抆;楷凥餽嗲埸焂养惤笼衧褡浪赋鼣白饲衟褯舿苢;

１;２;３ 詓籅褯鳖谛邖迹
罛駨忑抆詓籅怬鷵多譽岋鳾钫澞饲衟褯浪籅稺苢;
趑邖儬赋忑抆娠捺轘防 𝑦５ " 𝑓<𝑥５+｜謩犍僢翆谛艘譽 <𝑥５? 𝑦５+;钆陞詓籅｜玴艘

跢遣庺岋忑抆犍褯艘 <𝑥? 𝑦+;钴岋鳾钫澞衟褯詓籅稺苢栦鼣白譽

𝑥５ " 𝑔<𝑥? 𝑦+

𝑦５ " ℎ<𝑥? 𝑦+

鴸闹薏稺苢浪紴邖轘防 𝑦５ " 𝑓<𝑥５+｜踺襮岋忑抆褯轘防 ℎ<𝑥? 𝑦+ " 𝑓<𝑔<𝑥? 𝑦++;

涣 １;８ <钫澞詓籅褡轘防詓籅褯麘堩舾+
轘防褯詓籅褡艘褯钫澞詓籅団呅毆犍逵譽忹陞防;鮲童｜闹忑抆犍褯罛駨艘 <𝑥５? 𝑦５+萐纺脺跢
𝑎茭裤薼襮笋岋艘 <𝑥? 𝑦+｜謩钫澞稺苢譽 𝑥 " 𝑥５ \ 𝑎? 𝑦 " 𝑦５;譽餽嗲岋钫澞 <𝑥? 𝑦+娠捺褯轘防｜
霔扢賣岋钫澞鼣白鳾钫澞｜踺 𝑥５ " 𝑥 − 𝑎? 𝑦５ " 𝑦｜懩猡浪紴邖轘防｜襮笋 𝑦 " 𝑓<𝑥 − 𝑎+;衧賣禡
钫澞褯詓籅饦 \𝑎｜藗衧賣禡轘防鐜詓薆褯詓籅饦 −𝑎;

１;２;０ 簽楷忑抆詓籅

牝迹 １;３８ <脺跢褡愳劈詓籅+ 趑邖儬赋譽 𝑦 " 𝑓<𝑥+｜𝑎? 𝑏? 𝜔? 𝐴懞譽翪裱赋;

• 龟脺脺跢ｉ𝑦 " 𝑓<𝑥 − 𝑎+褯忑抆涰 𝑦 " 𝑓<𝑥+萐纺脺跢 𝑎茭裤薼襮笋;

• 鐉煟脺跢ｉ𝑦 " 𝑓<𝑥+ \ 𝑏褯忑抆涰 𝑦 " 𝑓<𝑥+萐犍脺跢 𝑏茭裤薼襮笋;

• 龟脺愳劈ｉ𝑦 " 𝑓<𝜔𝑥+褯忑抆涰 𝑦 " 𝑓<𝑥+犍貯艘褯匭钫澞詓譽邖挴褯
３`𝜔靼襮笋ｅ叄钫澞荼詓Ｉ;

• 鐉煟愳劈ｉ𝑦 " 𝐴𝑓<𝑥+褯忑抆涰 𝑦 " 𝑓<𝑥+犍貯艘褯叄钫澞詓譽邖挴褯 𝐴
靼襮笋ｅ匭钫澞荼詓Ｉ;

麀茡 趑邖忑抆犍谛艘譽 <𝑥５? 𝑦５+｜鴸 𝑦５ " 𝑓<𝑥５+; 龟脺纺跢 𝑎 猡岋艘娠捺 𝑥 "
𝑥５ \ 𝑎? 𝑦 " 𝑦５｜踺 𝑥５ " 𝑥 − 𝑎｜邔岋忑抆轘防譽 𝑦 " 𝑓<𝑥 − 𝑎+;鐉煟犍跢 𝑏猡岋艘娠
捺 𝑥 " 𝑥５? 𝑦 " 𝑦５ \ 𝑏｜踺 𝑦 − 𝑏 " 𝑓<𝑥+｜邔 𝑦 " 𝑓<𝑥+ \ 𝑏;
龟脺愳劈龩岋艘娠捺 𝑥 " 𝑥５`𝜔? 𝑦 " 𝑦５｜踺 𝑥５ " 𝜔𝑥｜邔岋忑抆轘防譽 𝑦 "

𝑓<𝜔𝑥+;鐉煟愳劈龩岋艘娠捺 𝑥 " 𝑥５? 𝑦 " 𝐴𝑦５｜踺 𝑦`𝐴 " 𝑓<𝑥+｜邔 𝑦 " 𝐴𝑓<𝑥+; □
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牝迹 １;３４ <麘俋詓籅+ 趑邖儬赋譽 𝑦 " 𝑓<𝑥+;

• 稺禡 х察麘俋褯忑抆轘防譽 𝑦 " −𝑓<𝑥+;
• 稺禡 у察麘俋褯忑抆轘防譽 𝑦 " 𝑓<−𝑥+;
• 稺禡邖艘麘俋褯忑抆轘防譽 𝑦 " −𝑓<−𝑥+;
• 稺禡煟谶 у"х麘俋褯忑抆轘防譽 𝑥 " 𝑓<𝑦+ｐ冚 𝑓 韓団鸼儬赋龩｜玴忑抆
栦媸譽 𝑦 " 𝑓−３<𝑥+;

麀茡 稺禡 𝑥察麘俋龩｜岋鳾艘娠捺 𝑥 " 𝑥５? 𝑦 " −𝑦５｜踺 −𝑦 " 𝑓<𝑥+｜邔 𝑦 " −𝑓<𝑥+;
稺禡 𝑦察麘俋龩｜岋鳾艘娠捺 𝑥 " −𝑥５? 𝑦 " 𝑦５｜踺 𝑦 " 𝑓<−𝑥+;稺禡邖艘麘俋龩｜岋
鳾艘娠捺 𝑥 " −𝑥５? 𝑦 " −𝑦５｜踺 −𝑦 " 𝑓<−𝑥+｜邔 𝑦 " −𝑓<−𝑥+;
稺禡煟谶 𝑦 " 𝑥麘俋龩｜岋鳾艘娠捺 𝑥 " 𝑦５? 𝑦 " 𝑥５;涰 𝑦５ " 𝑓<𝑥５+襮 𝑥 " 𝑓<𝑦+;

钴 𝑓 譽裤誯鈩韓団鸼儬赋｜鴸玴稺苢质豎禡 𝑦 " 𝑓−３<𝑥+; □

犍蟋詓籅怬栦涰鳖谛邖迹煟屴浣鈽;

１;２;１ 發元詓籅
麘禡呅童 𝑦 " 𝐴𝑓<𝜔𝑥 \ 𝜙+ \ 𝑘褯儬赋｜氐丷扢涣翆謩忑抆詓籅褯岽筆;譽餽嗲

钫澞稺苢｜綃蜍钊默媸譽澞抹呅毆

𝑦 − 𝑘 " 𝐴𝑓 <𝜔 <𝑥 \ 𝜙
𝜔++

髡簽儬赋 𝑦５ " 𝑓<𝑥５+笋侁澞儬赋褯钫澞隻誯稺苢譽

𝑥５ " 𝜔 <𝑥 \ 𝜙
𝜔+ ? 𝑦５ " 𝑦 − 𝑘

𝐴

鸼呪鈽岋钫澞 <𝑥? 𝑦+褡鳾钫澞 <𝑥５? 𝑦５+褯稺苢｜襮

𝑥 " ３
𝜔𝑥５ − 𝜙

𝜔? 𝑦 " 𝐴𝑦５ \ 𝑘

薏钫澞詓籅陞防栦菹呪譽愳劈｜衉麘俋詓籅褡脺跢詓籅褯發元;氐丷塞賣綃愳劈｜
猡脺跢褯衧忑岽筆;龟脺詓籅褡鐉煟詓籅褯占筆畻稺｜帹貯緭跔趣綃愳劈猡脺跢
褯占筆荼栦輻憵;

鮲戓 １;１３ 迸蟋涰 𝑦 " ѕіｎ𝑥褯忑抆詓籅襮笋 𝑦 " −０ ѕіｎ < ３
０ 𝑥 − 𝜋

８ + \ ３忑抆褯
陞防;

呪 闹侁澞儬赋默媸譽澞抹呅毆 𝑦 − ３ " −０ ѕіｎ < ３
０ <𝑥 − 𝜋

１ ++; 詓籅陞防童砲;
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３; 龟脺詓籅; <а+闹 𝑦 " ѕіｎ𝑥忑抆犍罛駨艘褯匭钫澞詓譽邖挴褯 ０靼｜襮笋
𝑦 " ѕіｎ< ３

０ 𝑥+褯忑抆; <ｂ+棼闹罛襮忑抆萐纺脺跢 𝜋
１ 茭裤薼｜襮笋 𝑦 " ѕіｎ< ３

０ <𝑥 − 𝜋
１ ++

褯忑抆;
０; 鐉煟詓籅; <а+闹窼谛謴罛襮忑抆犍罛駨艘褯叄钫澞詓譽邖挴褯 −０靼｜踺

愳菶笋 ０靼｜棼稺禡 х察麘俋｜襮笋 𝑦 " −０ ѕіｎ< ３
０ <𝑥 − 𝜋

１ ++褯忑抆; <ｂ+望猡闹罛襮
忑抆萐犍脺跢 ３茭裤薼｜襮笋望洃忑抆;

１;２;６ 醌麘壇詓籅
氐丷捣盽狒醌麘壇褯儬赋｜謩忑抆栦绝陞麘钫澞察矢萓襮笋;

牝迹 １;３７ <矢萓詓籅+ 趑邖儬赋譽 𝑦 " 𝑓<𝑥+;

３; 儬赋 𝑦 " 𝑓<!𝑥!+褯忑抆ｉ涰 𝑓<!𝑥!+ "
⎧)
⎨)⎩

𝑓<𝑥+? 𝑥 ≥ ５
𝑓<−𝑥+? 𝑥 } ５

栦侴｜岋儬赋譽堩

儬赋;謩忑抆燨慏謴港亻;續奸 𝑦 " 𝑓<𝑥+忑抆団 у察纺閾｜狒 у察褯趣
菹｜鈩闹薏趣菹稺禡 у察麘俋矢萓笋饙閾｜港晫畗凟忑抆;

０; 儬赋 𝑦 " !𝑓<𝑥+!褯忑抆ｉ涰 !𝑓<𝑥+! "
⎧)
⎨)⎩

𝑓<𝑥+? 𝑓<𝑥+ ≥ ５
−𝑓<𝑥+? 𝑓<𝑥+ } ５

栦侴｜岋儬赋

褯壇蟖膱吖;謩忑抆燨慏謴港亻;續奸 𝑦 " 𝑓<𝑥+忑抆団 х察犍轘｜狒 х
察褯趣菹｜鈩闹 х察砲轘褯趣菹稺禡 х察麘俋矢萓笋犍轘;

麀茡 麘 𝑦 " 𝑓<!𝑥!+｜冚 𝑥 ≥ ５龩 !𝑥! " 𝑥｜罛碴忑抆褡邖忑抆纺鳍趣菹谛摟ｐ冚 𝑥 } ５
龩 !𝑥! " −𝑥｜婻藗饙閾艘 <𝑥? 𝑓<!𝑥!++褡纺閾艘 <−𝑥? 𝑓<−𝑥++稺禡 𝑦察麘俋;埸癟茡續
奸纺鳍趣菹鈩稺禡 𝑦察矢萓踺栦襮笋踣忑;
麘 𝑦 " !𝑓<𝑥+!｜冚 𝑓<𝑥+ ≥ ５龩忑抆艘荼詓ｐ冚 𝑓<𝑥+ } ５龩 !𝑓<𝑥+! " −𝑓<𝑥+｜踺

邖挴薼禡 𝑥察砲轘褯艘 <𝑥? 𝑓<𝑥++罒隻笋稺禡 𝑥察麘俋褯艘 <𝑥? −𝑓<𝑥++;婻薏續奸 𝑥
察犍轘趣菹鈩闹砲轘趣菹萐犍矢萓踺栦襮笋踣忑; □

嶇儬赋麘俋舾

１;２;９ 嶇儬赋褯麘俋舾

牝迹 １;３２ 钴栦嶇儬赋 𝑦 " 𝑓<𝑥+褯忑抆稺禡煟谶 𝑥 " 𝑎察麘俋｜鴸謩嶇儬赋
𝑦 " 𝑓 ′<𝑥+褯忑抆稺禡艘 <𝑎? ５+鐜诊麘俋;
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𝑦 " 𝑓<𝑥+ " ѕіｎ<𝑥 − 𝜋`６+

𝑥

𝑦

𝑂

𝑦 " 𝑓<!𝑥!+

𝑥

𝑦

𝑂

𝑦 " !𝑓<𝑥+!

𝑥

𝑦

𝑂

忑 １;３０ 矢萓詓籅白鮲

麀茡 儬赋 𝑓<𝑥+褯忑抆稺禡 𝑥 " 𝑎麘俋｜质豎禡 𝑓<𝑎 − 𝑥+ " 𝑓<𝑎 \ 𝑥+;氐丷蜍埸茭
绵质毆慏饘稺禡 𝑥鲥嶇;涰跑毆呤鴸襮

-𝑓<𝑎 − 𝑥+'′ " -𝑓<𝑎 \ 𝑥+'′

𝑓 ′<𝑎 − 𝑥+ ⋅ <𝑎 − 𝑥+′ " 𝑓 ′<𝑎 \ 𝑥+ ⋅ <𝑎 \ 𝑥+′

−𝑓 ′<𝑎 − 𝑥+ " 𝑓 ′<𝑎 \ 𝑥+

埸翪饦嶇儬赋 𝑓 ′<𝑥+褯忑抆稺禡艘 <𝑎? ５+鐜诊麘俋褯牝踨; □

邖儬赋 𝑦 " 𝑓<𝑥+

𝑥

𝑦

𝑂

𝑥 " 𝑎

𝑓 ′<𝑎 \ 𝑥+ % ５𝑓 ′<𝑎 − 𝑥+ } ５

嶇儬赋 𝑦 " 𝑓 ′<𝑥+

𝑥

𝑦

𝑂 <𝑎? ５+

𝑓 ′<𝑎 \ 𝑥+

𝑓 ′<𝑎 − 𝑥+

忑 １;３１ 察麘俋邖儬赋褡鐜诊麘俋嶇儬赋
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３１９ １;３５ 簳誀淝團毆儬赋

涣 １;４

注占儬赋褯嵀壇。
砫艘褡覞谶麠赋捣
盽埶賣嶇赋仜君｜誀
起遂勎起 ３８穻;

１;３５ 簳誀淝團毆儬赋
淝團毆儬赋 𝑃<𝑥+ " 𝑎𝑛𝑥𝑛 \ 𝑎𝑛−３𝑥𝑛−３ \ ⋯ \ 𝑎３𝑥 \ 𝑎５ 涰报儬赋绝陞駨冫占挻

呤褡赋郓襮笋｜謩牝踨蟖譽 ℝ;氐丷綃伱獑谛占儬赋褡湗占儬赋褯鄢楀舾蛣｜棼菹
快注占儬赋褯麘俋舾。裤礊舾褡鏘;

１;３５;３ 谛占褡湗占儬赋伱獑
谛占儬赋 𝑓<𝑥+ " 𝑘𝑥 \ 𝑏 <𝑘 ≠ ５+褯辧匞 𝑘閯閯蟳质｜踺謩詓浉匞绵牝ｅ菹快仜

君鐜踺 𝑓 ′<𝑥+ " 𝑘譽簳赋｜誀起遂勎起 ３８穻Ｉ;団养惤犍｜煟谶饦緭楒団円谛艘褯
覞谶｜鈩壿稺禡謩犍僢翆谛艘怬港晫鐜诊麘俋忑呅;
湗占儬赋 𝑓<𝑥+ " 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐 <𝑎 ≠ ５+褯詓浉匞褯詓浉匞绵牝;謩籦樕轘萐団

凟茭牝踨蟖犍續雀荼詓ｅ菹快仜君鐜 𝑓″<𝑥+ " ０𝑎譽膱璩簳赋｜誀起遂勎起 ３８穻Ｉ
;锂泈谶褯簽楷舾蛣饦察麘俋舾｜麘俋察譽煟谶 𝑥 " − 𝑏

０𝑎 ;埸谛麘俋舾蜍儬赋褯养
惤褡浪赋舾蛣舿苢壎挴;趑轘防 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐 " ５褯慏鏘譽 𝑥３? 𝑥０｜鏘渁齙掑牝迹｜
𝑥３ \ 𝑥０ " −𝑏`𝑎;婻薏麘俋察褯匭钫澞 𝑥３\𝑥０

０ " − 𝑏
０𝑎 葋庬饦慏鏘褯奮穦脺懞壇;麘

俋察踺譽儬赋璩艘褯养惤鐜诊;

注占儬赋褯嶇赋咹页

１;３５;０ 注占儬赋
注占儬赋 𝑓<𝑥+ " 𝑎𝑥１ \ 𝑏𝑥０ \ 𝑐𝑥 \ 𝑑 <𝑎 ≠ ５+褯呅俀褡舾蛣畟匋隗｜謩谛择嶇赋

褡湗择嶇赋菹廒魺牝裤礊舾。嵀壇褡貘蛳舾。砫艘;

𝑓 ′<𝑥+ " １𝑎𝑥０ \ ０𝑏𝑥 \ 𝑐

𝑓″<𝑥+ " ８𝑎𝑥 \ ０𝑏

谛择嶇赋饦湗占儬赋｜魺牝邖儬赋褯裤礊舾褡嵀壇ｐ湗择嶇赋饦谛占儬赋｜魺牝邖
儬赋褯貘蛳舾褡砫艘;氐丷绝陞嶇儬赋拿戩邖儬赋;

１;３５;０;３ 裤礊舾褡嵀壇
注占儬赋褯裤礊舾畗踣缉魺禡謩嶇儬赋 𝑓 ′<𝑥+ " １𝑎𝑥０ \ ０𝑏𝑥 \ 𝑐褯殙镎;𝑓 ′<𝑥+

饦湗占儬赋｜謩殙镎涰襏廒毆Κ " <０𝑏+０ − ６<１𝑎+𝑐 " ６<𝑏０ − １𝑎𝑐+魺牝;

３; 冚 Κ % ５ 龩｜踺 𝑏０ − １𝑎𝑐 % ５｜轘防 𝑓 ′<𝑥+ " ５ 駨慏茭荼蟳质褯裱
赋鏘 𝑥３? 𝑥０;埸慏茭鏘饦 𝑓<𝑥+ 褯嵀壇艘;儬赋 𝑓<𝑥+ 団 <−∞?міｎ)𝑥３? 𝑥０(+ 塗
<мах)𝑥３? 𝑥０(? \∞+犍褯裤礊舾蟳柗｜団 <міｎ)𝑥３? 𝑥０(?мах)𝑥３? 𝑥０(+犍裤礊舾
蟳鸼;謩忑抆犃 Ѕ呅｜駨谛茭嵀放壇艘塗谛茭嵀盆壇艘;
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起注穻 儬赋 ３１８

０; 冚 Κ " ５龩｜踺 𝑏０ − １𝑎𝑐 " ５｜轘防 𝑓 ′<𝑥+ " ５駨慏茭蟳质褯裱赋鏘 𝑥５;薏龩
𝑓 ′<𝑥+団 ℝ犍炏谛艘坉绵譽翪衉绵譽吖;儬赋 𝑓<𝑥+団凟茭牝踨蟖 ℝ犍饦裤礊
褯｜盠駨嵀壇艘;帹団 𝑥５閯｜謩覞谶辧匞譽璩｜玴艘饦谛茭龟脺砫艘;

１; 冚Κ } ５龩｜踺 𝑏０ − １𝑎𝑐 } ５｜轘防 𝑓 ′<𝑥+ " ５畻裱赋鏘;𝑓 ′<𝑥+団 ℝ犍绵譽翪衉
绵譽吖;儬赋 𝑓<𝑥+団凟茭牝踨蟖 ℝ犍饦更勇裤礊褯｜胅畻嵀壇艘｜晖畻龟脺
覞谶;

Κ % ５ｅ慏嵀壇艘Ｉ

𝑥

𝑦

𝑂

Κ " ５ｅ裤礊Ｉ

𝑥

𝑦

砫艘

Κ } ５ｅ裤礊Ｉ

𝑥

𝑦

𝑂

忑 １;３６ 注占儬赋褯注耼簽楷呅俀 <𝑎 % ５+

１;３５;０;０ 麘俋舾
湗占儬赋褯忑抆饦察麘俋褯｜注占儬赋褯忑抆饦鐜诊麘俋褯;

牝迹 １;０５ 僢惤注占儬赋 𝑓<𝑥+ " 𝑎𝑥１ \ 𝑏𝑥０ \ 𝑐𝑥 \ 𝑑 <𝑎 ≠ ５+褯忑抆怬饦鐜诊
麘俋忑呅｜謩麘俋鐜诊饦橦谛褯砫艘 <𝑥５? 𝑓<𝑥５++;

麀茡 儬赋褯砫艘麘靿貘蛳舾褯默詓｜涰湗择嶇赋 𝑓″<𝑥+ " ５猁牝;

𝑓″<𝑥+ " ８𝑎𝑥 \ ０𝑏 " ５ ⟹ 𝑥５ " − 𝑏
１𝑎

薏踺砫艘褯匭钫澞;玴艘晖饦嶇儬赋 𝑓 ′<𝑥+ " １𝑎𝑥０ \ ０𝑏𝑥 \ 𝑐埸麠锂泈谶褯麘俋察;
譽麀茡 <𝑥５? 𝑓<𝑥５++饦麘俋鐜诊｜氐丷著麀 𝑓<𝑥５ \ 𝑡+ \ 𝑓<𝑥５ − 𝑡+ " ０𝑓<𝑥５+麘僢

翆裱赋 𝑡绵晫嗲;闹注占儬赋団 𝑥５閯柤椛｜襮

𝑓<𝑥５ \ 𝑡+ " 𝑓<𝑥５+ \ 𝑓 ′<𝑥５+𝑡 \ 𝑓″<𝑥５+
０ 𝑡０ \ 𝑎𝑡１;

婻譽 𝑓″<𝑥５+ " ５｜駨

𝑓<𝑥５ \ 𝑡+ " 𝑓<𝑥５+ \ 𝑓 ′<𝑥５+𝑡 \ 𝑎𝑡１? 𝑓<𝑥５ − 𝑡+ " 𝑓<𝑥５+ − 𝑓 ′<𝑥５+𝑡 − 𝑎𝑡１;
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３１４ １;３５ 簳誀淝團毆儬赋

慏毆蟳挻踺襮 𝑓<𝑥５ \ 𝑡+ \ 𝑓<𝑥５ − 𝑡+ " ０𝑓<𝑥５+｜邔忑抆稺禡 <𝑥５? 𝑓<𝑥５++鐜诊麘俋;涰
禡注占儬赋鷭駨谛茭湗择嶇赋璩艘｜玴砫艘橦谛; □

涰埸谛麘俋舾栦襮谛茭浣盽;钴注占儬赋韓団慏茭嵀壇艘 𝑥３? 𝑥０｜鴸钊丷稺禡
麘俋鐜诊褯匭钫澞 𝑥５ 麘俋｜踺 𝑥５ " 𝑥３\𝑥０

０ ;柗龩｜慏茭嵀壇 𝑓<𝑥３+? 𝑓<𝑥０+晖稺禡麘
俋鐜诊褯叄钫澞 𝑓<𝑥５+麘俋｜踺 𝑓<𝑥５+ " 𝑓<𝑥３+\𝑓<𝑥０+

０ ;

１;３５;０;１ 注占轘防裱鏘茭赋褯襏牝
注占轘防 𝑓<𝑥+ " 𝑎𝑥１ \ 𝑏𝑥０ \ 𝑐𝑥 \ 𝑑 " ５裱鏘褯茭赋｜质禡儬赋忑抆 𝑦 " 𝑓<𝑥+

褡 𝑥察褯减艘茭赋;氐丷涰嵀壇舾蛣襏牝埸茭养惤暁戓;
氐丷綃匊巖嶇儬赋 𝑓 ′<𝑥+ " １𝑎𝑥０ \ ０𝑏𝑥 \ 𝑐;謩襏廒毆 Κ " ６<𝑏０ − １𝑎𝑐+竸鈽菹

鉢褯玅胬;
綃伲儬赋荼韓団嵀壇褯研呅;冚 𝑏０ − １𝑎𝑐 ≤ ５龩｜嶇儬赋 𝑓 ′<𝑥+団裱赋蟖犍庺

淝駨谛茭璩艘｜髡藗 𝑓 ′<𝑥+绵譽膱吖衉绵譽膱翪;邔邖儬赋 𝑓<𝑥+団凟茭牝踨蟖 ℝ
犍饦裤礊褯;谛茭琱駜褯裤礊儬赋｜謩忑抆褡僢翆龟脺煟谶ｅ彔爷 𝑥察Ｉ庺淝駨谛
茭减艘;舃婻 ｌім𝑥→¾∞ 𝑓<𝑥+殙镎蟳鸼｜邔霔駨谛茭减艘;婻薏｜団薏研呅砲｜轘防
𝑓<𝑥+ " ５駨壿栔駨谛茭裱鏘;
冚 𝑏０ − １𝑎𝑐 % ５龩｜儬赋 𝑓<𝑥+韓団谛茭嵀放壇褡谛茭嵀盆壇｜荼季趑钊丷菹廒

鈽隋団 𝑥３ 褡 𝑥０ 閯;儬赋忑抆犃诞$銼$诞衉銼$诞$銼褯呅俀;忑抆褡 𝑥察褯减艘茭
赋｜畗踣缉魺禡慏茭嵀壇 𝑓<𝑥３+塗 𝑓<𝑥０+蟳麘禡 𝑥察褯薼送;氐丷匊巖慏茭嵀壇褯
郓鰦 𝑓<𝑥３+ ⋅ 𝑓<𝑥０+褯殙镎;

• 钴 𝑓<𝑥３+ ⋅ 𝑓<𝑥０+ % ５｜踺慏茭嵀壇艘懞団 𝑥察褯柗谛閾ｅ柗譽翪衉柗譽吖Ｉ;薏
龩｜儬赋忑抆団掑笋谛茭嵀壇猡萓趿｜帹団笋掑蝙谛茭嵀壇窼拝席教赍 𝑥察;
婻薏｜忑抆栔褡 𝑥察駨谛茭减艘｜轘防栔駨谛茭裱鏘;

• 钴 𝑓<𝑥３+ ⋅ 𝑓<𝑥０+ " ５｜踺謩鐜谛茭嵀壇艘葋庬穬団 𝑥察犍;薏龩｜儬赋忑抆団 𝑥
察犍駨谛茭覞艘ｅ湗稼鏘Ｉ塗谛茭银鏘艘;婻薏｜轘防駨慏茭荼蟳质褯裱鏘;

• 钴 𝑓<𝑥３+ ⋅ 𝑓<𝑥０+ } ５｜踺嵀放壇団 𝑥察犍轘｜藗嵀盆壇団 𝑥察砲轘;鏘渁琱駜儬
赋觲壇牝迹｜儬赋忑抆団慏茭嵀壇艘饲衟霔懩楀银爍谛占 𝑥察;挻犍慏紦瞲
禡畻柎褯北譽｜忑抆滰褡 𝑥察駨注茭荼柗褯减艘;婻薏｜轘防駨注茭荼蟳质褯
裱鏘;

氐丷蜍注占轘防裱鏘茭赋褯襏牝麠蚩伢多童砲;趑 𝑓<𝑥+ " 𝑎𝑥１ \𝑏𝑥０ \𝑐𝑥\𝑑 "
５｜壿 𝑥３? 𝑥０饦謩嶇儬赋 𝑓 ′<𝑥+ " ５褯鏘;

• 谛茭裱鏘褯沔楀麠蚩饦 𝑏０ − １𝑎𝑐 ≤ ５｜衉 𝑏０ − １𝑎𝑐 % ５壿 𝑓<𝑥３+𝑓<𝑥０+ % ５;
• 慏茭荼质裱鏘褯沔楀麠蚩饦 𝑏０ − １𝑎𝑐 % ５壿 𝑓<𝑥３+𝑓<𝑥０+ " ５;
• 注茭荼质裱鏘褯沔楀麠蚩饦 𝑏０ − １𝑎𝑐 % ５壿 𝑓<𝑥３+𝑓<𝑥０+ } ５;

鮲戓 １;１０ 猁牝轘防 ０𝑥１ − ２𝑥０ \ ３０𝑥 − ６ " ５褯裱鏘茭赋;
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谛茭裱鏘ｉ𝑓<𝑥３+𝑓<𝑥０+ % ５

𝑥

𝑦

𝑂𝑥３ 𝑥０

慏茭荼质裱鏘ｉ𝑓<𝑥３+𝑓<𝑥０+ " ５

𝑥

𝑦

𝑂𝑥３ 𝑥０

注茭荼质裱鏘ｉ𝑓<𝑥３+𝑓<𝑥０+ } ５

𝑥

𝑦

𝑂𝑥３ 𝑥０

忑 １;３９ 注占儬赋韓団嵀壇龩｜裱鏘茭赋褯养惤研呅

呪 薏暁戓质豎禡匊巖儬赋 𝑓<𝑥+ " ０𝑥１ − ２𝑥０ \ ３０𝑥 − ６褯忑抆褡 𝑥察褯减艘茭赋｜
蒉鴴饦綃涰嶇赋猁牝裤礊舾褡嵀壇｜棼嵌嵀壇褡璩褯薼送稺苢襏牝鏘褯赋侁;
鲥嶇襮

𝑓 ′<𝑥+ " ８𝑥０ − ３７𝑥 \ ３０ " ８<𝑥０ − １𝑥 \ ０+ " ８<𝑥 − ３+<𝑥 − ０+

猏 𝑓 ′<𝑥+ " ５｜襮榟戗艘 𝑥３ " ３褡 𝑥０ " ０｜邔 𝑓<𝑥+駨慏茭嵀壇艘;慏嵀壇譽

𝑓<３+ " ０<３+１ − ２<３+０ \ ３０<３+ − ６ " ０ − ２ \ ３０ − ６ " ３

𝑓<０+ " ０<０+１ − ２<０+０ \ ３０<０+ − ６ " ３８ − １８ \ ０６ − ６ " ５

嵀盆壇 𝑓<０+葋庬譽璩｜踺儬赋忑抆団艘 <０? ５+閯褡 𝑥察蟳覞;
嵀壇饲鰦譽 𝑓<３+ ⋅ 𝑓<０+ " ３ ⋅ ５ " ５;嵌襏牝抹鴸｜嵀壇饲鰦譽璩龩｜儬赋忑抆褡

𝑥察駨谛茭覞艘塗谛茭银鏘艘;
婻薏｜邖轘防駨慏茭荼蟳质褯裱鏘｜謩鐜谛茭饦湗稼鏘;

鮲戓 １;１１ 捣盽稺禡 𝑥 褯轘防 𝑥１ − １𝑥 " 𝑚 褯裱鏘茭赋浆急赋 𝑚 褯詓浉
研哄;

呪 燨急赋 𝑚 褯缉壇麘注占轘防 𝑥１ − １𝑥 − 𝑚 " ５ 褯鏘褯多港衧畗凟菹鉢; 猏
𝑓<𝑥+ " 𝑥１ − １𝑥 − 𝑚｜菹快 𝑓<𝑥+褯璩艘茭赋;
謩嶇儬赋譽 𝑓 ′<𝑥+ " １𝑥０ − １ " １<𝑥０ − ３+｜猏 𝑓 ′<𝑥+ " ５襮嵀壇艘 𝑥３ " −３褡

𝑥０ " ３｜嵀壇艘褯韓団褡急赋𝑚畻稺;慏嵀壇譽

𝑓<−３+ " <−３+１ − １<−３+ − 𝑚 " −３ \ １ − 𝑚 " ０ − 𝑚

𝑓<３+ " <３+１ − １<３+ − 𝑚 " ３ − １ − 𝑚 " −０ − 𝑚
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裱鏘茭赋缉魺禡慏嵀壇郓鰦褯殙镎ｉ

𝑓<−３+𝑓<３+ " <０ − 𝑚+<−０ − 𝑚+ " <𝑚 − ０+<𝑚 \ ０+

渁薏麘𝑚菹鉢ｉ
• 冚駨注茭荼质裱鏘龩｜扢 𝑓<−３+𝑓<３+ } ５｜踺 <𝑚 − ０+<𝑚 \ ０+ } ５;呪襮 −０ }

𝑚 } ０;
• 冚駨慏茭荼质裱鏘龩｜扢 𝑓<−３+𝑓<３+ " ５｜踺 <𝑚 − ０+<𝑚 \ ０+ " ５;呪襮 𝑚 " ０
衉𝑚 " −０;

• 冚栔駨谛茭裱鏘龩｜扢 𝑓<−３+𝑓<３+ % ５｜踺 <𝑚 − ０+<𝑚 \ ０+ % ５;呪襮 𝑚 % ０衉
𝑚 } −０;

涣 １;７ <菹沢急赋呤+
谛茭质豎壿养惤煟逥畟桽褯咹页饦菹沢急赋;邖轘防 𝑥１ − １𝑥 " 𝑚褯鏘褯茭赋｜质豎禡儬赋
𝑔<𝑥+ " 𝑥１ − １𝑥褯忑抆褡龟脺煟谶 𝑦 " 𝑚褯减艘茭赋;绝陞菹快 𝑔<𝑥+褯嵀放壇 𝑔<−３+ " ０褡
嵀盆壇 𝑔<３+ " −０｜栦煟逥萋襮鈽蟳柗褯多盽;

鮲戓 １;１６ 謕侴儬赋 𝑓<𝑥+ " 𝑥１ − 𝑎𝑥０ \ <𝑎０ − ０𝑎+𝑥;钴 𝑓<𝑥+団鑽衟 <３? ０+跔葋
駨谛茭嵀壇艘｜鲥裱赋 𝑎褯缉壇騊祟;

呪 儬赋 𝑓<𝑥+団鑽衟 <３? ０+跔葋駨谛茭嵀壇艘｜质豎禡嶇儬赋

𝑓 ′<𝑥+ " １𝑥０ − ０𝑎𝑥 \ <𝑎０ − ０𝑎+

団 <３? ０+跔葋駨谛茭璩艘｜壿玴璩艘閯嶇赋殙镎拐娖默詓;涰禡 𝑓 ′<𝑥+饦椛癪萐犍
褯湗占儬赋｜綃賣紦艘殙镎猁牝鏘褯薼送;
跠奮 𝑓 ′<３+褡 𝑓 ′<０+｜襮

𝑓 ′<３+ " １ − ０𝑎 \ 𝑎０ − ０𝑎 " 𝑎０ − ６𝑎 \ １ " <𝑎 − ３+<𝑎 − １+

𝑓 ′<０+ " １<６+ − ０𝑎<０+ \ 𝑎０ − ０𝑎 " 𝑎０ − ８𝑎 \ ３０

麘禡 𝑓 ′<０+ " 𝑎０ − ８𝑎 \ ３０ " <𝑎 − １+０ \ １｜謩壇绵譽翪;
婻薏｜麠蚩 𝑓 ′<３+ ⋅ 𝑓 ′<０+ } ５銰质豎禡 𝑓 ′<３+ } ５;

<𝑎 − ３+<𝑎 − １+ } ５

呪襮 ３ } 𝑎 } １; 団薏騊祟跔｜𝑓 ′<３+ } ５藗 𝑓 ′<０+ % ５｜邔涰琱駜舾栦侴 𝑓 ′<𝑥+団 <３? ０+
跔庺舐駨谛茭璩艘;舃婻譽椛癪萐犍褯湗占儬赋団 𝑥 " ３閯缉吖壇｜𝑥 " ０閯缉翪
壇｜罛碴 𝑥 " ０薼禡慏茭鏘褯纺閾饲坉｜鑽衟 <３? ０+跔葋狒纺閾谛茭鏘ｐ玴鏘譽裤
鏘｜嶇赋殙镎涰吖詓翪｜麘靿 𝑓<𝑥+褯谛茭嵀盆壇艘;
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剓嬛姛著饘戗研哄; 钴 𝑓 ′<３+ " ５｜鴸 𝑎 " ３衉 𝑎 " １; 冚 𝑎 " ３龩｜𝑓 ′<𝑥+ "
１𝑥０ − ０𝑥 − ３ " <１𝑥 \ ３+<𝑥 − ３+;鏘譽 𝑥 " −３`１塗 𝑥 " ３;鑽衟 <３? ０+跔畻鏘｜荼殙;
冚 𝑎 " １龩｜𝑓 ′<𝑥+ " １𝑥０ − ８𝑥 \ １ " １<𝑥 − ３+０;鏘譽 𝑥 " ３ｅ湗稼鏘Ｉ;鑽衟 <３? ０+跔
畻鏘｜荼殙;
钴 𝑓 ′<０+ " ５｜涰禡 𝑓 ′<０+ " <𝑎 − １+０ \ １绵放禡璩｜薏研哄荼寝拐娖;
邔 𝑎褯缉壇騊祟饦 <３? １+;

鮲戓 １;１９ 趑儬赋 𝑓<𝑥+ " ３
１ 𝑥１ −𝑎𝑥０ \３;钴 𝑎 % ０｜襏鶜儬赋 𝑓<𝑥+団鑽衟 <５? ０+

跔褯璩艘茭赋;

呪 綃襏鶜 𝑓<𝑥+団鑽衟 <５? ０+犍褯裤礊舾｜棼多元紦艘閯儬赋壇褯殙镎猁牝璩艘
茭赋;
鲥嶇襮

𝑓 ′<𝑥+ " 𝑥０ − ０𝑎𝑥 " 𝑥<𝑥 − ０𝑎+

戓趑 𝑎 % ０竸鈽 ０𝑎 % ６;麘僢翆 𝑥 ∈ <５? ０+｜𝑥 % ５壿 𝑥 − ０𝑎 } ０ − ６ " −０ } ５｜慏婻
檫瑥镎｜邔 𝑓 ′<𝑥+ " 𝑥<𝑥 − ０𝑎+ } ５绵晫嗲｜𝑓<𝑥+団 <５? ０+犍更勇裤礊况閆;
棼伲鑽衟紦艘ｉ饙紦艘 𝑓<５+ " ３ % ５ｐ纺紦艘 𝑓<０+ " ３

１ <０+１ − 𝑎<０+０ \ ３ "
７
１ − ６𝑎 \ ３ " ３３

１ − ６𝑎;涰 𝑎 % ０侴 ６𝑎 % ７｜邔 𝑓<０+ " ３３
１ − ６𝑎 } ３３

１ − ７ " − ３１
１ } ５;

𝑓<𝑥+ 団 -５? ０' 犍琱駜｜団 <５? ０+ 犍更勇裤礊况閆｜壿慏紦艘褯壇瑥镎 <𝑓<５+ %
５? 𝑓<０+ } ５+;涰琱駜儬赋觲壇牝迹｜𝑓<𝑥+団 <５? ０+跔韓団橦谛璩艘;
邔儬赋団鑽衟 <５? ０+犍葋庬駨 ３茭璩艘;

鮲戓 １;１８ 趑 𝑎譽裱赋｜儬赋 𝑓<𝑥+ " −𝑥１ \ １𝑥 \ 𝑎;

３; 鲥 𝑓<𝑥+褯嵀壇;

０; 钴儬赋 𝑦 " 𝑓<𝑥+葋庬駨慏茭璩艘｜鲥 𝑎褯壇;

呪 <３+嵀壇涰嶇赋褯璩艘魺牝;鲥嶇襮

𝑓 ′<𝑥+ " −１𝑥０ \ １

猏 𝑓 ′<𝑥+ " ５｜踺 −１𝑥０ \ １ " ５｜呪襮 𝑥 " ¾３;
嵌 𝑓 ′<𝑥+褯殙镎｜冚 𝑥 ∈ <−∞? −３+ ∪ <３? ∞+龩｜𝑓 ′<𝑥+ } ５｜儬赋裤礊况閆ｐ冚

𝑥 ∈ <−３? ３+龩｜𝑓 ′<𝑥+ % ５｜儬赋裤礊况鏱;
婻薏｜𝑓<𝑥+団 𝑥 " −３閯缉襮嵀盆壇 𝑓嵀盆 " 𝑓<−３+ " −<−３+１ \ １<−３+ \ 𝑎 "

３ − １ \ 𝑎 " 𝑎 − ０｜団 𝑥 " ３ 閯缉襮嵀放壇 𝑓嵀放 " 𝑓<３+ " −<３+１ \ １<３+ \ 𝑎 "
−３ \ １ \ 𝑎 " 𝑎 \ ０;
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３６３ １;３５ 簳誀淝團毆儬赋

<０+儬赋 𝑦 " 𝑓<𝑥+葋駨慏茭璩艘｜踺忑抆褡 𝑥察葋駨慏茭减艘;麘胅駨嵀放壇
舃駨嵀盆壇褯注占儬赋｜埸冚壿栔冚謩鐜谛茭嵀壇艘葋庬穬団 𝑥察犍｜踺嵀放壇
衉嵀盆壇饲谛譽璩;邔

𝑓嵀盆 " 𝑎 − ０ " ５ 衉 𝑓嵀放 " 𝑎 \ ０ " ５

呪襮 𝑎 " ０衉 𝑎 " −０;

鮲戓 １;１４ 謕侴儬赋 𝑓<𝑥+ " ３
１ 𝑥１ − 𝑎𝑥０ \ 𝑏｜壿謩団 𝑥 " −０閯缉襮嵀壇;

３; 鲥儬赋 𝑓<𝑥+褯裤礊鑽衟;

０; 钴儬赋 𝑓<𝑥+ 団惜鑽衟 -−１? １' 犍駨壿栔駨谛茭璩艘｜鲥裱赋 𝑏 褯缉壇
騊祟;

呪 <І+嵀壇艘饦嶇儬赋褯璩艘;鲥嶇襮

𝑓 ′<𝑥+ " 𝑥０ − ０𝑎𝑥

戓趑 𝑓<𝑥+団 𝑥 " −０閯缉襮嵀壇｜邔 𝑓 ′<−０+ " ５｜踺 𝑓 ′<−０+ " <−０+０ − ０𝑎<−０+ "
６ \ ６𝑎 " ５｜呪襮 𝑎 " −３;
涰薏 𝑓 ′<𝑥+ " 𝑥０ \ ０𝑥 " 𝑥<𝑥 \ ０+;猏 𝑓 ′<𝑥+ % ５襮 𝑥 % ５衉 𝑥 } −０ｐ猏 𝑓 ′<𝑥+ } ５

襮 −０ } 𝑥 } ５;
邔 𝑓<𝑥+褯更勇裤礊况鏱鑽衟饦 <−∞? −０+塗 <５? \∞+｜更勇裤礊况閆鑽衟饦

<−０? ５+;
<ІІ+涰 <І+｜罛拿戩儬赋譽 𝑓<𝑥+ " ３

１ 𝑥１ \ 𝑥０ \ 𝑏｜団 <−∞? −０+犍况鏱｜団 <−０? ５+
犍况閆｜団 <５? ∞+犍况鏱;缉鑽衟紦艘赍跔趣嵀壇艘閯褯儬赋壇ｉ

𝑓<−１+ " ３
１<−１+１ \ <−１+０ \ 𝑏 " −２ \ ２ \ 𝑏 " 𝑏

𝑓<−０+ " ３
１<−０+１ \ <−０+０ \ 𝑏 " −７

１ \ ６ \ 𝑏 " 𝑏 \ ６
１ <鑽衟跔褯嵀放壇+

𝑓<５+ " 𝑏 <鑽衟跔褯嵀盆壇+

𝑓<１+ " ３
１<１+１ \ <１+０ \ 𝑏 " ２ \ ２ \ 𝑏 " 𝑏 \ ３７

儬赋忑抆団 -−１? １'犍褯呅俀鬽牝｜栔浆 𝑏鐉煟脺跢;譽埶儬赋団薏鑽衟犍駨壿栔
駨谛茭璩艘｜忑抆褯望靓艘褡望譡艘扢养塡畗踣薼禡 𝑥察褯谛閾;菹慏耼研呅ｉ
研呅谛ｉ嵀放壇譡禡 𝑥察｜踺 𝑓<−０+ } ５｜崙踺 𝑏 } −６`１;薏龩 𝑓<−１+ " 𝑏｜𝑓<−０+

褡 𝑓<５+ " 𝑏懞譽吖;韓団橦谛璩艘扢壿鷭嬛鑽衟纺紦艘褯壇膱吖｜踺 𝑓<１+ ≥ ５｜崙
踺 𝑏 ≥ −３７;元鈩襮 −３７ ≤ 𝑏 } −６`１;
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研呅湗ｉ嵀盆壇靓禡 𝑥察｜踺 𝑓<５+ % ５｜崙踺 𝑏 % ５;薏龩 𝑓<５+? 𝑓<−０+? 𝑓<１+懞譽
翪;韓団橦谛璩艘扢壿鷭嬛 𝑓<−１+ ≤ ５｜踺 𝑏 ≤ ５;薏褡 𝑏 % ５楂埑｜邔薏研呅荼栦搬
拐娖;
棼姛著饘戗;钴 𝑓<−０+ " ５ <𝑏 " −６`１+｜鴸儬赋団 𝑥 " −０ 閯駨湗稼鏘｜壿

𝑓<１+ " −６`１ \ ３７ % ５｜𝑓<５+ " −６`１ } ５｜邔 <５? １+跔剓駨谛鏘｜荼殙;钴 𝑓<５+ " ５
<𝑏 " ５+｜鴸 𝑓<𝑥+ " 𝑥０< ３

１ 𝑥 \ ３+｜璩艘譽 𝑥 " ５褡 𝑥 " −１｜団 -−１? １'跔駨慏茭璩艘｜
荼殙;
邔裱赋 𝑏褯缉壇騊祟饦 -−３７? −６`１+;

１;３５;０;６ 鏘褡苢赋褯稺苢

牝迹 １;０３ <注占轘防鏘褡苢赋褯稺苢+ 趑 𝑎 ≠ ５｜轘防 𝑎𝑥１ \ 𝑏𝑥０ \ 𝑐𝑥 \ 𝑑 " ５
褯注茭鏘ｅ燨稼赋跠奮｜栦搬譽發赋鏘Ｉ譽 𝑥３? 𝑥０? 𝑥１｜鴸ｉ

𝑥３ \ 𝑥０ \ 𝑥１ " −𝑏`𝑎 <１$３８+

𝑥３𝑥０ \ 𝑥３𝑥１ \ 𝑥０𝑥１ " 𝑐`𝑎 <１$３４+

𝑥３𝑥０𝑥１ " −𝑑`𝑎 <１$３７+

麀茡 涰浪赋簽楷牝迹塗婻毆牝迹｜淝團毆 𝑎𝑥１ \ 𝑏𝑥０ \ 𝑐𝑥 \ 𝑑 栦橦谛萋菹呪譽
𝑎<𝑥 − 𝑥３+<𝑥 − 𝑥０+<𝑥 − 𝑥１+;柤椛纺閾褯鼣掑毆｜鈩褡饙閾褯柗占團苢赋涿床｜踺栦
嶇鈽犍蟋注茭稺苢毆; □

注占儬赋覞谶褡嵀壇养惤

１;３５;０;９ 覞谶暁戓
陞脺顅犍僢翆谛艘｜栦碴衧注占儬赋忑抆钴箕麠覞谶｜麠赋浆艘褯薼送藗詓;

趑覞艘譽 <𝑡? 𝑓<𝑡++｜鴸覞谶轘防譽 𝑦 − 𝑓<𝑡+ " 𝑓 ′<𝑡+<𝑥 − 𝑡+;钴玴覞谶钆陞艘 𝑃<𝑥５? 𝑦５+｜
鴸

𝑦５ − 𝑓<𝑡+ " 𝑓 ′<𝑡+<𝑥５ − 𝑡+

闹 𝑓<𝑡+塗 𝑓 ′<𝑡+褯鼣掑毆浪紴｜埸饦谛茭稺禡覞艘匭钫澞 𝑡褯注占轘防;薏轘防裱
鏘褯茭赋踺譽陞艘 𝑃 栦衧褯覞谶麠赋;麘薏注占轘防鏘褯茭赋菹快｜栦碴襮笋谛
茭养惤多盽;
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３６１ １;３５ 簳誀淝團毆儬赋

牝迹 １;００ <覞谶麠赋襏牝+ 注占儬赋 𝑦 " 𝑓<𝑥+褯忑抆赍謩団砫艘閯褯覞谶
ｅ俋饲譽砫艘覞谶Ｉ｜闹凟茭脺顅疵菹譽遂茭鑽蟖;

• 钴艘 𝑃<𝑥５? 𝑦５+薼禡涰儬赋忑抆褡砫艘覞谶罛磘褯慏茭椛鑽蟖跔｜鴸陞
玴艘栦衧 １麠荼柗褯覞谶;

• 钴艘 𝑃 薼禡儬赋忑抆犍衉砫艘覞谶犍ｅ帹膱砫艘楷楒Ｉ｜鴸栦衧 ０麠覞
谶;

• 钴艘 𝑃 薼禡謩睸慏茭椛鑽蟖跔｜衉 𝑃 葋譽砫艘｜鴸栔栦衧 ３麠覞谶;

麀茡 钆陞脺跢钫澞。閆誢砫艘覞谶麘靿褯谛占儬赋鈩衧膱璩涿鮲愳劈｜栦闹谛塷
注占儬赋栦忹萋浉譽澞抹注占樕谶 𝑦 " 𝑥１;埸耼栦忹杶誯詓籅蜍煟谶隻譽煟谶。
續雀蟳覞稺苢｜晖續雀艘蟳麘儬赋忑抆塗砫艘覞谶罛磘鑽蟖褯薼送稺苢;婻薏鷭
嬛麀茡 𝑦 " 𝑥１褯研呅｜謩砫艘譽邖艘｜砫艘覞谶譽 𝑦 " ５;
趑覞艘譽 <𝑡? 𝑡１+;玴艘閯覞谶譽

𝑦 − 𝑡１ " １𝑡０<𝑥 − 𝑡+?

钴覞谶钆陞 𝑃<𝑢? 𝑣+｜鴸

𝑣 " １𝑢𝑡０ − ０𝑡１? 踺 ０𝑡１ − １𝑢𝑡０ \ 𝑣 " ５; <３+

陞 𝑃 褯荼柗覞谶麠赋质禡轘防 <３+褯荼柗裱鏘茭赋｜帹稼鏘麘靿稼元覞谶嬛鷭跠
谛占;
猏 Β<𝑡+ " １𝑢𝑡０ − ０𝑡１;冚 𝑢 % ５龩｜Β′<𝑡+ " ８𝑡<𝑢 − 𝑡+｜嵀盆壇譽 Β<５+ " ５｜嵀

放壇譽 Β<𝑢+ " 𝑢１;邔轘防 𝑣 " Β<𝑡+団 ５ } 𝑣 } 𝑢１ 龩駨注茭荼柗裱鏘ｐ団 𝑣 " ５衉
𝑣 " 𝑢１壿 𝑃 荼饦邖艘龩駨慏茭荼柗裱鏘ｐ団謩瘉研呅鷭駨谛茭荼柗裱鏘;冚 𝑢 } ５
龩柗迹｜儬赋忑抆褡 𝑥察饲衟褯椛鑽蟖麘靿注茭荼柗裱鏘｜饘戗麘靿慏茭｜謩睸麘
靿谛茭;冚 𝑢 " ５龩｜轘防譽 ０𝑡１ \ 𝑣 " ５｜鷭駨谛茭荼柗裱鏘;
麘 𝑦 " 𝑥１ 藗君｜儬赋忑抆塗砫艘覞谶 𝑦 " ５罛磘褯慏茭椛鑽蟖翪饦犍蟋注裱

鏘研呅ｐ忑抆衉砫艘覞谶犍膱砫艘褯艘麘靿慏茭荼柗裱鏘ｐ謩睸椛鑽蟖塗砫艘麘
靿谛茭荼柗裱鏘;涰钫澞詓籅栦忹｜谛塷注占儬赋研呅浆饲晫嗲; □

鮲戓 １;１７ 謕侴儬赋 𝑓<𝑥+ " −𝑥１ \ ０𝑥０ − 𝑥｜钴陞艘 𝑃<３? 𝑡+栦衧樕谶 𝑦 " 𝑓<𝑥+
褯注麠覞谶｜鲥裱赋 𝑡褯缉壇騊祟;

呪 涰覞谶麠赋襏牝牝迹｜栦衧注麠覞谶质豎禡艘 𝑃<３? 𝑡+更勇薼禡儬赋忑抆 𝑦 "
𝑓<𝑥+褡謩砫艘覞谶饲衟｜邔 𝑡扢觲禡匭钫澞 𝑥 " ３閯儬赋忑抆褯叄钫澞褡砫艘覞
谶褯叄钫澞饲衟;
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起注穻 儬赋 ３６６

𝑥

𝑦

砫艘 𝑂

𝑦 " 𝑓<𝑥+
砫艘覞谶 ３

３

１

１

𝑃３

𝑃０

忑 １;３８ 陞脺顅谛艘衧注占儬赋覞谶麠赋褯鑽蟖疵菹 <𝑎 % ５+
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３６９ １;３５ 簳誀淝團毆儬赋

儬赋団 𝑥 " ３閯褯壇譽

𝑓<３+ " −<３+１ \ ０<３+０ − ３ " −３ \ ０ − ３ " ５

棼鲥砫艘覞谶褯轘防;涰 𝑓 ′<𝑥+ " −１𝑥０ \６𝑥−３襮 𝑓″<𝑥+ " −８𝑥\６;猏 𝑓″<𝑥+ "
５｜呪襮砫艘匭钫澞 𝑥５ " ０`１｜儬赋壇 𝑓<０`１+ " −<０`１+１ \ ０<０`１+０ − ０`１ " −７`０４ \
７`２ − ０`１ " −０`０４｜覞谶辧匞 𝑘５ " 𝑓 ′<０`１+ " −１<０`１+０ \ ６<０`１+ − ３ " −６`１ \ ７`１ −
３ " ３`１;
涰薏砫艘覞谶轘防譽 𝑦 − <−０`０４+ " <３`１+<𝑥 − ０`１+｜浉箛襮 𝑦 " ３

１ 𝑥 − ７
０４ ;団

𝑥 " ３閯｜覞谶犍褯叄钫澞譽

𝑦覞谶 " ３
１<３+ − ７

０４ " ２ − ７
０４ " ３

０４

𝑃<３? 𝑡+褯叄钫澞 𝑡扢更勇觲禡 𝑓<３+ " ５褡 ３`０４饲衟;
邔裱赋 𝑡褯缉壇騊祟饦 <５? ３`０４+;

１;３５;０;８ 麘俋舾
儬赋褯麘俋舾褡謩嶇儬赋褯麘俋舾饲衟韓団葛谛耼麘堩稺苢;

牝迹 １;０１ 趑栦嶇儬赋 𝑦 " 𝑓<𝑥+;

３; 钴 𝑓<𝑥+褯忑抆稺禡煟谶 𝑥 " 𝑎察麘俋｜鴸謩嶇儬赋 𝑦 " 𝑓 ′<𝑥+褯忑抆
稺禡艘 <𝑎? ５+鐜诊麘俋;

０; 钴 𝑓<𝑥+褯忑抆稺禡艘 <𝑎? 𝑏+鐜诊麘俋｜鴸謩嶇儬赋 𝑦 " 𝑓 ′<𝑥+褯忑抆稺
禡煟谶 𝑥 " 𝑎察麘俋;

麀茡 綃麀起谛麠;儬赋 𝑓<𝑥+忑抆稺禡煟谶 𝑥 " 𝑎察麘俋褯浪赋鼣掑毆譽 𝑓<𝑎 −
𝑡+ " 𝑓<𝑎 \ 𝑡+;麘薏绵质毆慏饘稺禡 𝑡鲥嶇｜靿賣跑毆呤鴸ｉ

−𝑓 ′<𝑎 − 𝑡+ " 𝑓 ′<𝑎 \ 𝑡+?

踺 𝑓 ′<𝑎 \ 𝑡+ \ 𝑓 ′<𝑎 − 𝑡+ " ５;埸翪饦嶇儬赋忑抆稺禡艘 <𝑎? ５+鐜诊麘俋褯牝踨;
棼麀起湗麠;儬赋 𝑓<𝑥+褯忑抆稺禡艘 <𝑎? 𝑏+麘俋｜质豎禡 𝑓<𝑎\𝑡+\𝑓<𝑎−𝑡+ " ０𝑏;

埸饦稺禡詓薆 𝑡褯绵质毆;氐丷蜍钊慏饘稺禡 𝑡鲥嶇;涰跑毆呤鴸襮
𝑑
𝑑𝑡 -𝑓<𝑎 \ 𝑡+' \ 𝑑

𝑑𝑡 -𝑓<𝑎 − 𝑡+' " 𝑑
𝑑𝑡 -０𝑏'

𝑓 ′<𝑎 \ 𝑡+ ⋅ <𝑎 \ 𝑡+′
𝑡 \ 𝑓 ′<𝑎 − 𝑡+ ⋅ <𝑎 − 𝑡+′

𝑡 " ５

𝑓 ′<𝑎 \ 𝑡+ ⋅ ３ \ 𝑓 ′<𝑎 − 𝑡+ ⋅ <−３+ " ５
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起注穻 儬赋 ３６８

涰薏襮 𝑓 ′<𝑎 \ 𝑡+ " 𝑓 ′<𝑎 − 𝑡+;埸翪饦嶇儬赋 𝑓 ′<𝑥+褯忑抆稺禡煟谶 𝑥 " 𝑎察麘俋褯
牝踨; □

氐丷伱挴伲注占儬赋褯麘俋舾;謕钆麀茡｜僢惤注占儬赋 𝑓<𝑥+ " 𝑎𝑥１ \ 𝑏𝑥０ \
𝑐𝑥 \ 𝑑怬稺禡謩橦谛褯砫艘 <𝑥５? 𝑓<𝑥５++鐜诊麘俋｜謩鐜 𝑥５ " −𝑏`<１𝑎+;涰犍蟋牝迹｜
謩嶇儬赋 𝑓 ′<𝑥+ " １𝑎𝑥０ \ ０𝑏𝑥 \ 𝑐褯忑抆稺禡煟谶 𝑥 " 𝑥５ " −𝑏`<１𝑎+察麘俋;埸褡
湗占儬赋褯麘俋察劷毆谛摟;

１;３５;０;４ 嵀壇艘琱谶褯养惤舾蛣
冚注占儬赋韓団慏茭嵀壇艘龩｜氐丷拿戩琱屴埸慏茭艘褯喕谶辧匞褡砫艘閯

覞谶辧匞褯稺苢;

牝迹 １;０６ 钴注占儬赋 𝑓<𝑥+ " 𝑎𝑥１ \ 𝑏𝑥０ \ 𝑐𝑥 \ 𝑑 <𝑎 ≠ ５+韓団慏茭嵀壇艘
<𝑥３? 𝑓<𝑥３++褡 <𝑥０? 𝑓<𝑥０++｜鴸琱屴埸慏艘褯喕谶辧匞譽

𝑓<𝑥３+ − 𝑓<𝑥０+
𝑥３ − 𝑥０

" −𝑎
０<𝑥３ − 𝑥０+０

鈩壿玴辧匞褡砫艘閯褯覞谶辧匞 𝑓 ′<𝑥５+晫翪涿｜
𝑓<𝑥３+ − 𝑓<𝑥０+

𝑥３ − 𝑥０
" ０

１𝑓 ′<𝑥５+;

謩鐜 𝑥５ " 𝑥３\𝑥０
０ 饦儬赋砫艘褯匭钫澞;

麀茡 氐丷麀茡喕谶辧匞褡砫艘閯覞谶辧匞饲衟褯稺苢;
嵀壇艘 𝑥３? 𝑥０ 饦嶇儬赋 𝑓 ′<𝑥+ " １𝑎𝑥０ \ ０𝑏𝑥 \ 𝑐 " ５ 褯慏鏘｜涰齙掑牝迹

𝑥３ \ 𝑥０ " −０𝑏`<１𝑎+｜𝑥３𝑥０ " 𝑐`<１𝑎+;
喕谶辧匞譽

𝑓<𝑥３+ − 𝑓<𝑥０+
𝑥３ − 𝑥０

" <𝑎𝑥１
３ \ 𝑏𝑥０

３ \ 𝑐𝑥３ \ 𝑑+ − <𝑎𝑥１
０ \ 𝑏𝑥０

０ \ 𝑐𝑥０ \ 𝑑+
𝑥３ − 𝑥０

" 𝑎<𝑥０
３ \ 𝑥３𝑥０ \ 𝑥０

０+ \ 𝑏<𝑥３ \ 𝑥０+ \ 𝑐

闹 𝑥０
３ \ 𝑥０

０ " <𝑥３ \ 𝑥０+０ − ０𝑥３𝑥０ " ６𝑏０
２𝑎０ − ０𝑐

１𝑎 浪紴｜襮

辧匞 " 𝑎 << ６𝑏０

２𝑎０ − ０𝑐
１𝑎+ \ 𝑐

１𝑎+ \ 𝑏 <− ０𝑏
１𝑎+ \ 𝑐

" 𝑎 < ６𝑏０

２𝑎０ − 𝑐
１𝑎+ − ０𝑏０

１𝑎 \ 𝑐

" ６𝑏０

２𝑎 − 𝑐
１ − ８𝑏０

２𝑎 \ 𝑐 " −０𝑏０

２𝑎 \ ０𝑐
１ " −０𝑏０ \ ８𝑎𝑐

２𝑎 " −０<𝑏０ − １𝑎𝑐+
２𝑎
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３６４ １;３３ 暞赋儬赋

柗龩｜

−𝑎
０<𝑥３ − 𝑥０+０ " −𝑎

０<<𝑥３ \ 𝑥０+０ − ６𝑥３𝑥０+

" −𝑎
０ <<− ０𝑏

１𝑎+
０

− ６ 𝑐
１𝑎+

" −𝑎
０ <６𝑏０ − ３０𝑎𝑐

２𝑎０ + " −０<𝑏０ − １𝑎𝑐+
２𝑎 ;

邔起谛茭质毆晫嗲;
砫艘匭钫澞 𝑥５ " −𝑏`<１𝑎+｜薏閯褯嶇赋壇譽

𝑓 ′<𝑥５+ " １𝑎<𝑥５+０ \ ０𝑏𝑥５ \ 𝑐 " １𝑎 <− 𝑏
１𝑎+

０
\ ０𝑏 <− 𝑏

１𝑎+ \ 𝑐

" 𝑏０

１𝑎 − ０𝑏０

１𝑎 \ 𝑐 " − 𝑏０

１𝑎 \ 𝑐 " −𝑏０ \ １𝑎𝑐
１𝑎 " −𝑏０ − １𝑎𝑐

１𝑎

涿床犍蟋辧匞褡 𝑓 ′<𝑥５+｜襮

辧匞 " −０<𝑏０ − １𝑎𝑐+
２𝑎 " ０

１ <−𝑏０ − １𝑎𝑐
１𝑎 + " ０

１𝑓 ′<𝑥５+;

麀獤; □

薏牝迹竸鈽童砲养惤梲裱;琱屴注占儬赋慏茭嵀壇艘褯煟谶褯辧匞｜葋庬饦
謩砫艘閯覞谶辧匞褯 ０`１;砫艘閯褯覞谶辧匞饦嶇儬赋 𝑓 ′<𝑥+褯嵀壇｜麘靿邖儬赋
詓浉匞望瞒衉望桅褯嗷衟;婻薏｜埸谛稺苢蜍儬赋褯虆逥壎濆｜踺涰嵀壇艘魺牝褯
壎濆｜褡謩镛趣詓浉望楾蔃閯ｅ砫艘Ｉ舿苢壎挴;

１;３３ 暞赋儬赋

涣 １;２
緭懩鴤 𝑒褯嵀冫牝踨褡 <𝑒𝑥+′ " 𝑒𝑥誀起遂勎起 ３８穻; 楷凥蜍 𝑒冚衧琱駜發厈嵀冫竸鈽褯簳赋
ｅ儙 ０;４３７Ｉ｜鈩竸鈽暞赋眫奮呤鴸褡忑抆;

団緭懩戗褡贑寝钆潡隋龠鐜｜殳淝苢鳖褯鏱菶衉穋閆陞防郎駨谛茭滰柗甘彀;
謩詓浉匞褡苢鳖冚窼褯伢薆晫翪涿;鮲童｜団迹薺麠蚩砲｜谛茭憹失磏穬褯鏱埉鬖
匞褡謩隋駨褯憹失赋薆晫翪涿ｐ椑誯舾慊嶻褯穋詓鬖匞褡謩瓈睸褯邖檫踳赋薆晫
翪涿ｐ谛埿燨發厈跠约褯韓匑｜謩厈约褯鏱菶鬖匞褡冚窼褯楷厈塗晫翪涿;
譽鹹犑猁萋朢吢埸耼鏱菶牠毆｜氐丷蜍报眫奮浣狶笋僢翆裱暞赋｜鈩涰薏牝

踨暞赋儬赋;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



起注穻 儬赋 ３６７

１;３３;３ 暞赋褯烈离褡暞赋儬赋褯牝踨
氐丷謕璖浨凟赋暞赋报褯眫奮｜鮲童 𝑎１ " 𝑎 ⋅ 𝑎 ⋅ 𝑎碴赍 𝑎−０ " ３`𝑎０;隋団氐丷

闹暞赋褯盥帄髡凟赋蟖 ℤ褚柤笋凟茭裱赋蟖 ℝ｜鈩猁續円谛謴褚柤怬褡邖駨眫奮
鞲蟳絘;
觉綃｜氐丷牝踨駨迹赋暞赋报;麘禡僢翆翪裱赋 𝑎塗駨迹赋 𝑝`𝑞 <𝑝? 𝑞 ∈ ℤ? 𝑞 %

５+｜氐丷牝踨
𝑎𝑝`𝑞 " 𝑞√𝑎𝑝

埸谛牝踨續雀报眫奮鞲 <𝑎𝑥+𝑦 " 𝑎𝑥𝑦;
畻迹赋暞赋报褯翆踨嬛楀裤渷癟茡;鮲童 ０𝜋 荼搬迹呪譽駨冫占郓呤衉椛轘;

謩牝踨嵌钉裱赋苢褯畗咞舾;缉谛釮駨迹赋 𝑟３? 𝑟０? 𝑟１? … 髇糐 𝜋｜童 １? １;３? １;３６? …｜
赋釮 ０𝑟３ ? ０𝑟０ ? ０𝑟１ ? … 寝髇糐谛茭猁牝褯裱赋;裱赋苢褯畗咞舾續麀玴嵀冫韓団壿
橦谛｜薏嵀冫壇踺牝踨譽 ０𝜋;
绝陞埸耼轘毆｜栦闹 𝑎𝑥褯牝踨蟖髡駨迹赋容 ℚ褚柤庺凟茭裱赋容 ℝ;

牝踨 １;３０ <暞赋儬赋+ 儬赋 𝑦 " 𝑎𝑥ｅ𝑎 % ５壿 𝑎 ≠ ３Ｉ俋譽暞赋儬赋｜謩鐜 𝑥饦
緭詓薆;謩牝踨蟖譽踣喚裱赋 ℝ;

鴤赋 𝑎霔扢譽翪赋｜嚙鴸儬赋団凟茭裱赋蟖犍畻牝踨｜鮲童｜<−０+３`０団裱赋蟖
跔畻翆踨;钴 𝑎 " ３｜鴸 𝑦 " ３𝑥 " ３饦簳赋儬赋｜謩舾蛣逛浉｜绝簳荼裤渷衧譽暞赋
儬赋拿戩;

鮲戓 １;１２ <暞赋儬赋褯牝踨譣快+ 钴儬赋 𝑦 " <𝑎０ − ９𝑎 \ ４+𝑎𝑥饦暞赋儬赋｜鲥
急赋 𝑎褯壇;

呪 楀猁牝急赋 𝑎褯壇｜氐丷伱鷵暞赋儬赋褯牝踨;暞赋儬赋褯澞抹呅毆譽 𝑦 " 𝑏𝑥｜
钊娠捺慏茭儙鍖;

３; 儬赋褯苢赋霔扢譽 ３;
０; 鴤赋 𝑏霔扢譽翪赋壿荼质禡 ３;

闹埸焂儙鍖靿賣禡 𝑦 " <𝑎０ − ９𝑎 \ ４+𝑎𝑥｜苢赋趣菹扢譽 ３;

𝑎０ − ９𝑎 \ ４ " ３

凟迹襮
𝑎０ − ９𝑎 \ ８ " ５

婻毆菹呪譽 <𝑎 − ０+<𝑎 − １+ " ５｜呪襮 𝑎 " ０衉 𝑎 " １;
棼姛著埸慏茭褸烨壇饦嚙娠捺 𝑎 % ５壿 𝑎 ≠ ３;
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３６２ １;３３ 暞赋儬赋

• 冚 𝑎 " ０龩｜０ % ５壿 ０ ≠ ３｜麠蚩娠捺;

• 冚 𝑎 " １龩｜１ % ５壿 １ ≠ ３｜麠蚩柗袎娠捺;

慏茭褸烨壇懞绝陞姛著;婻薏｜急赋 𝑎褯壇譽 ０衉 １;

鮲戓 １;６５ <涰艘猁牝暞赋儬赋+ 謕侴暞赋儬赋 𝑦 " 𝑓<𝑥+褯忑抆钆陞艘 <０? ６+｜
鲥 𝑓<１+褯壇;

呪 涰戓趑｜𝑓<𝑥+饦暞赋儬赋｜邔栦趑 𝑓<𝑥+ " 𝑎𝑥｜謩鐜 𝑎 % ５壿 𝑎 ≠ ３;
儬赋忑抆钆陞艘 <０? ６+｜踺 𝑓<０+ " ６;禡饦

𝑎０ " ６

呪襮 𝑎 " ０衉 𝑎 " −０;
涰暞赋儬赋牝踨｜𝑎 % ５｜邔齼誢 𝑎 " −０; 婻薏｜鴤赋 𝑎罒橦谛猁牝譽 ０｜儬赋鼣

掑毆譽 𝑓<𝑥+ " ０𝑥;
禡饦

𝑓<１+ " ０１ " ７;

邔 𝑓<１+褯壇譽 ７;

１;３３;０ 暞赋儬赋褯忑抆褡舾蛣
暞赋儬赋褯舾蛣涰謩鴤赋 𝑎褯缉壇騊祟魺牝;氐丷菹 𝑎 % ３塗 ５ } 𝑎 } ３慏耼

研呅挴捣盽;

𝑥

𝑦

𝑂

𝑦 " 𝑎𝑥? <𝑎 % ３+

𝑦 " 𝑎𝑥? <５ } 𝑎 } ３+

<５? ３+

𝑦"
𝑎𝑥
褡

𝑦"
<３

`𝑎
+𝑥
稺
禡

𝑦察
麘
俋

忑 １;３４ 暞赋儬赋褯忑抆

暞赋儬赋 𝑦 " 𝑎𝑥 <𝑎 % ５? 𝑎 ≠ ３+褯鄢楀舾蛣童砲;

３; 牝踨蟖褡壇蟖ｉ謩牝踨蟖譽 ℝ｜壇蟖譽 <５? \∞+;
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起注穻 儬赋 ３９５

０; 甘牝艘ｉ畻盽鴤赋 𝑎譽惤壇｜儬赋忑抆绵陞牝艘 <５? ３+｜婻譽 𝑎５ " ３;
１; 裤礊舾ｉ

• 冚 𝑎 % ３龩｜暞赋儬赋団 ℝ犍饦更勇裤礊况鏱褯;

• 冚 ５ } 𝑎 } ３龩｜暞赋儬赋団 ℝ犍饦更勇裤礊况閆褯;

６; 豫糐谶ｉ𝑥察饦暞赋儬赋忑抆褯龟脺豫糐谶;

氐丷碴 𝑎 % ３褯研呅譽鮲｜厈賣牝踨呤更勇麀茡謩裤礊舾;

麀茡 荼季趑 𝑎 % ３;団牝踨蟖 ℝ鐜僢缉 𝑥３? 𝑥０壿 𝑥３ } 𝑥０;匊巖謩儬赋壇褯涿壇

𝑓<𝑥０+
𝑓<𝑥３+ " 𝑎𝑥０

𝑎𝑥３
" 𝑎𝑥０−𝑥３ ;

涰禡 𝑥３ } 𝑥０｜邔 𝑥０ − 𝑥３ % ５; 冚鴤赋 𝑎 % ３壿暞赋譽翪赋龩｜报褯壇霔懩放禡
３;踺 𝑎𝑥０−𝑥３ % ３; 婻薏｜𝑓<𝑥０+

𝑓<𝑥３+ % ３; 舃婻譽暞赋儬赋褯壇蟖譽 <５? \∞+｜𝑓<𝑥３+绵譽
翪｜邔栦襮 𝑓<𝑥０+ % 𝑓<𝑥３+; 鏘渁牝踨｜儬赋 𝑓<𝑥+ " 𝑎𝑥 団 𝑎 % ３龩饦更勇裤礊况鏱
褯;５ } 𝑎 } ３褯研呅栦鉢矇麀茡; □

鮲戓 １;６３ 鲥呪荼质毆 ６𝑥０\𝑥 } < ３
０ +𝑥−９;

呪 慏紦鴤赋荼柗｜荼搬煟屴涿床暞赋;氐丷綃蜍钊丷浉譽柗鴤赋｜棼厈賣暞赋儬
赋褯裤礊舾襮笋暞赋趣菹褯荼质毆;
鴤赋 ６塗 ３

０ 怬饦 ０褯报｜婻薏鳖谛譽鴤赋 ０;

６ " ００? ３
０ " ０−３

浪紴邖荼质毆｜襮
<００+𝑥０\𝑥 } <０−３+𝑥−９;

涰报褯眫奮呤鴸｜犍毆质豎禡

００<𝑥０\𝑥+ } ０−<𝑥−９+;

荼质毆慏紦饦柗谛茭暞赋儬赋 𝑓<𝑡+ " ０𝑡 団慏茭荼柗艘 𝑡３ " ０<𝑥０ \ 𝑥+ 塗 𝑡０ "
−<𝑥 − ９+褯缉壇;
涰禡鴤赋 ０ % ３｜暞赋儬赋 𝑓<𝑡+ " ０𝑡団 ℝ犍更勇裤礊况鏱; 婻薏｜𝑓<𝑡３+ } 𝑓<𝑡０+

质豎禡 𝑡３ } 𝑡０｜踺
０<𝑥０ \ 𝑥+ } −<𝑥 − ９+;
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３９３ １;３３ 暞赋儬赋

凟迹襮
０𝑥０ \ １𝑥 − ９ } ５;

婻毆菹呪襮 <０𝑥 \ ９+<𝑥 − ３+ } ５;
邔薏荼质毆褯呪容譽 <− ９

０ ? ３+;

鮲戓 １;６０ 鲥呪轘防 ６𝑥 \ ８𝑥 " ０ ⋅ ２𝑥;

呪 轘防 ６𝑥 \ ８𝑥 " ０ ⋅ ２𝑥 狒駨注茭荼柗鴤赋;埸焂鴤赋饲衟韓団浪赋舿苢｜钊丷怬
栦涰 ０塗 １褯报占噯元藗晫｜６ " ００? ８ " ０ ⋅ １? ２ " １０;婻薏氐丷賣炏呤箛浉轘防｜閆
舐鴤赋褯耼鉢;
轘防慏饘柗炏碴 ２𝑥ｅ钊绵譽翪｜荼默詓呪容Ｉ｜襮

６𝑥

２𝑥 \ ８𝑥

２𝑥 " ０;

涰暞赋眫奮呤鴸 < 𝑎
𝑏 +𝑥 " 𝑎𝑥

𝑏𝑥｜犍毆浉譽

<６
２+

𝑥
\ <８

２+
𝑥

" ０

<<０
１+

０
+

𝑥

\ <０
１+

𝑥
− ０ " ５

<０
１+

０𝑥
\ <０

１+
𝑥

− ０ " ５;

猏 𝑡 " < ０
１ +𝑥;涰禡暞赋儬赋褯壇蟖譽翪｜駨 𝑡 % ５;犍蟋轘防浉譽

𝑡０ \ 𝑡 − ０ " ５

婻毆菹呪襮 <𝑡 \ ０+<𝑡 − ３+ " ５; 呪襮 𝑡 " −０衉 𝑡 " ３;
多元 𝑡 % ５褯儙鍖｜氐丷齼誢 𝑡 " −０; 婻薏｜橦谛駨侃褯呪饦 𝑡 " ３;
浪伱 𝑡 " < ０

１ +𝑥｜襮

<０
１+

𝑥
" ３;

涰僢惤膱璩裱赋褯璩占报质禡 ３｜襮 𝑥 " ５;婻薏｜邖轘防褯呪譽 𝑥 " ５;

鮲戓 １;６１ <暞赋鏱菶牠馲褯舾蛣譣快+ 脫俻僓鐜老慼褯顅鰦 𝑦ｅ裤薼ｉм０Ｉ褡
龩衟 𝑡褯稺苢譽暞赋儬赋牠馲 𝑦 " 𝑓<𝑡+ " 𝑘𝑎𝑡 <𝑘 % ５? 𝑎 % ５? 𝑎 ≠ ３+｜謩鐜 𝑡碴
鑃譽裤薼｜謩忑抆童忑罛白;此襏鶜砲釮癟呤褯翪娦;
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起注穻 儬赋 ３９０

𝑡

𝑦

𝑂 ３ ０ １

３

０

１

６

А; 老慼円鑃鏱挻褯顅鰦怬蟳质;

В; 起 ８茭鑃龩｜老慼褯顅鰦寝嗔陞 １５м０;

С; 老慼顅鰦髡 ０м０摚芩笋 ８６м０鷭嬛钆陞 ９茭鑃;

Ｄ; 钴老慼顅鰦摚芩笋 ６м０? ８м０? ２м０ 罛钆陞褯龩衟菹廒譽 𝑡３? 𝑡０? 𝑡１｜鴸
𝑡３ \ 𝑡１ " ０𝑡０;

呪 氐丷綃髡忑抆鐜鷢缉急赋;忑抆钆陞艘 <５? ３+｜浪紴 𝑦 " 𝑘𝑎𝑡襮

３ " 𝑘 ⋅ 𝑎５ ⟹ 𝑘 " ３;

婻薏 𝑦 " 𝑎𝑡;忑抆剓钆陞艘 <３? ０+｜浪紴襮 ０ " 𝑎｜踺 𝑎 " ０; 著麀艘 <０? ６+;𝑓<０+ " ００ "
６｜褡忑抆笢元;婻薏｜老慼顅鰦褯鏱菶牠馲譽 𝑦 " 𝑓<𝑡+ " ０𝑡;
氐丷顫谛菹快貯茭喬戓;
麘禡喬戓 А｜円鑃鏱挻褯顅鰦譽 𝑓<𝑡 \ ３+ − 𝑓<𝑡+;

𝑓<𝑡 \ ３+ − 𝑓<𝑡+ " ０𝑡\３ − ０𝑡 " ０𝑡;

薏鏱薆譽 ０𝑡｜浆 𝑡詓浉;邔 А團舸娦;
麘禡喬戓 В｜起 ８茭鑃插褯顅鰦譽

𝑓<８+ " ０８ " ８６ <м０+;

涰禡 ８６ % １５｜邔 В團翪猁;
麘禡喬戓 С｜涰 ０𝑡 " ０ 襮 𝑡 " ３｜涰 ０𝑡 " ８６ " ０８ 襮 𝑡 " ８; 罛嬛龩衟譽

Κ𝑡 " ８ − ３ " ９茭鑃;邔 С團翪猁;
麘禡喬戓 Ｄ｜氐丷姛著 𝑡３ \ 𝑡１ " ０𝑡０饦嚙晫嗲;涰戓翆｜

６ " ０𝑡３ ? ８ " ０𝑡０ ? ２ " ０𝑡１ ?

质毆饙閾譽
𝑡３ \ 𝑡１ " ｌоｇ０ ６ \ ｌоｇ０ ２ " ｌоｇ０<６ ⋅ ２+ " ｌоｇ０ １８?
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３９１ １;３３ 暞赋儬赋

质毆纺閾譽
０𝑡０ " ０ ｌоｇ０ ８ " ｌоｇ０<８０+ " ｌоｇ０ １８;

湗幔蟳质｜邔 Ｄ團翪猁;
翪猁褯癟呤譽 В。С。Ｄ;

涣 １;３５ <质涿褡质璁褯麘堩舾+
烨團 Ｄ癟茡鹹谛茭舾蛣;钴暞赋儬赋褯婻詓薆港晫质涿赋釮ｅ楷鮲鐜 ６? ８? ２褯劷涿譽 １`０Ｉ｜鴸
謩麘靿褯緭詓薆港晫质璁赋釮;埸饦麘赋眫奮闹郓呤稺苢肷浉譽挻呤稺苢褯煟屴喚隋;

鮲戓 １;６６ <暞赋穋閆牠馲褯餽嗲褡鲥呪+ 脫萋鑽跠疵麘伢顅鰦譽 𝐴褯駀鳾
禶腲捂北脺默傠鎴防;钆干奮｜钴默亻牠毆譽円蛟默亻褯顅鰦饦冚蛟瓈睸席
默亻顅鰦褯谛茭鬽牝村菹涿 𝑝｜楀団 ３５蛟跔畗晫鎴防伢薆褯谛鳍｜此蘋奮埸
茭村菹涿 𝑝褯壇;ｅ急匊赋渁ｉ<３`０+３`３５ ≈ ５;２１１Ｉ

呪 氐丷餽嗲暞赋穋閆牠馲历蟋瓈睸薆;趑鎴防伢顅鰦譽 𝐴｜𝑡蛟猡瓈睸席默亻褯
顅鰦譽 𝑅<𝑡+;懌糲蕩俀譽 𝑅<５+ " 𝐴;
鏘渁戓翆｜円蛟默亻褯顅鰦饦冚蛟瓈睸顅鰦褯村菹涿 𝑝;婻薏起 𝑡 \ ３蛟插褯

瓈睸顅鰦譽
𝑅<𝑡 \ ３+ " 𝑅<𝑡+ − 𝑝 ⋅ 𝑅<𝑡+ " <３ − 𝑝+𝑅<𝑡+;

埸饦劷涿譽 𝑟 " ３ − 𝑝褯况浣稺苢｜謩绝團劷毆譽 𝑅<𝑡+ " 𝑅<５+ ⋅ 𝑟𝑡 " 𝐴<３ − 𝑝+𝑡;
涰戓翆｜３５蛟猡畗晫鎴防伢薆褯谛鳍｜踺 𝑡 " ３５龩 𝑅<３５+ " 𝐴`０; 浪紴牠馲｜襮

𝐴<３ − 𝑝+３５ " 𝐴
０ ;

滃誢 𝐴｜襮 <３ − 𝑝+３５ " ３
０ ;

涰薏呪襮劷涿 𝑟 " ３ − 𝑝譽

３ − 𝑝 " <３
０+

３
３５

;

厈賣戓侁竸鈽褯急匊赋渁 <３`０+３`３５ ≈ ５;２１１｜襮 ３ − 𝑝 ≈ ５;２１１;
婻薏｜罛鲥村菹涿 𝑝 " ３ − < ３

０ +３`３５ ≈ ３ − ５;２１１ " ５;５８４;
邔円蛟儙嬛默亻冚蛟瓈睸顅鰦褯 ８;４*;

涣 １;３３ <暞赋牠馲褡谶舾牠馲褯麘涿+
埸耼燨瓈睸薆村菹涿捂北默亻褯牠毆｜迹盽犍搳棧畻呤畗晫 ３５５*褯鎴防｜婻譽瓈睸薆伢饦団
荼鶜閆盆帹搳荼譽璩;埸褡円蛟默亻鬽牝顅鰦｜鮲童｜伢顅鰦褯 ９*褯谶舾牠馲荼柗;団谶舾牠
馲鐜｜鎴防闹団 ０５蛟猡畗晫;
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起注穻 儬赋 ３９６

緭懩鴤 𝑒褡 <𝑒𝑥+′ " 𝑒𝑥

１;３３;１ 緭懩鴤赋 𝑒褯趤紴
暞赋儬赋 𝑦 " 𝑎𝑥褯鴤赋 𝑎栦碴饦僢惤荼譽 ３褯翪裱赋;荼柗褯鴤赋魺牝儬赋

鏱菶衉穋閆褯楾蔃防夙;団罛駨栦搬褯鴤赋鐜｜猁裱韓団谛茭望緭懩褯鴤赋｜钊麘
靿褯暞赋儬赋郎駨渷甘褯箛囀舾;
氐丷綃伲琱駜發厈埸茭郐飼暁戓;
趑薺闹谛埿楷郐韓紴悩北｜蛟厈匞譽 𝑟; 钴円蛟跠约谛占｜谛蛟猡楷厈塗譽

𝑃３ " 𝑃５<３ \ 𝑟+; 钴円鳍蛟跠约谛占｜鴸円占跠约褯厈匞譽 𝑟`０｜谛蛟跔跠约慏占;
谛蛟猡楷厈塗譽 𝑃０ " 𝑃５<３ \ 𝑟

０ +０; 钴円鑃跠约谛占｜鴸谛蛟猡楷厈塗譽 𝑃３０ "
𝑃５<３ \ 𝑟

３０ +３０;
谛塷萋｜钴谛蛟跔跠约 𝑛占｜鴸円占褯厈匞譽 𝑟`𝑛｜谛蛟猡楷厈塗譽

𝑃𝑛 " 𝑃５ <３ \ 𝑟
𝑛+

𝑛
;

跠约茣爖畻冫劈糜｜踺跠约貐匞 𝑛瞲禡畻柎放龩｜楷厈塗寝跩棂笋谛茭猁牝褯嵀
冫壇;
譽鹹菹快謩多港｜氐丷趑楷郐譽 ３裤薼｜蛟厈匞譽 ３５５*｜踺 𝑟 " ３｜碴帴沢畻稺

急赋;薏龩｜谛蛟猡褯楷厈塗鼣掑毆譽

<３ \ ３
𝑛+

𝑛
;

氐丷褯暁戓肷浉譽拿戩冚 𝑛 → ∞龩｜薏鼣掑毆褯嵀冫北譽;跠奮栦侴｜浆葛 𝑛褯鏱
放｜埸茭壇猁裱団鏱菶｜帹鏱菶褯謴畫爍挴爍桅｜鈩臺牝萋瞲萐禡谛茭甘牝褯赋壇;

• 𝑛 " ３ｉ<３ \ ３`３+３ " ０
• 𝑛 " ３５ｉ<３ \ ３`３５+３５ ≈ ０;９２１４
• 𝑛 " ３５５ｉ<３ \ ３`３５５+３５５ ≈ ０;４５６７
• 𝑛 " ３５５５ｉ<３ \ ３`３５５５+３５５５ ≈ ０;４３８２

埸茭嵀冫韓団壿橦谛;謩更勇麀茡嬛楀菹快鎴郎｜誀起遂勎起 ３８穻;埸茭嵀冫壇
饦谛茭畻迹赋｜賣鈮頼 𝑒鼣白;

牝踨 １;３１ <緭懩鴤赋 𝑒+ 緭懩鴤赋 𝑒牝踨譽童砲嵀冫;

𝑒 " ｌім
𝑛→∞

<３ \ ３
𝑛+

𝑛
≈ ０;４３７０７ …

裱斔犍｜麘禡僢翆蛟厈匞 𝑟｜琱駜發厈砲褯楷厈塗嵀冫譽 𝑃５𝑒𝑟;婻薏｜𝑒饦裤薼
厈匞砲裤薼楷郐琱駜鏱菶褯嵀冫靼匞;
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３９９ １;３３ 暞赋儬赋

琱駜發厈牠馲竸鈽鹹 𝑒褯谛耼挴糫;钊褯蝙谛挴糫団禡菹快舾蛣;氐丷伱笋望
懌夫鈽褯暁戓｜団罛駨褯暞赋儬赋 𝑦 " 𝑎𝑥鐜镑鈽嶇赋褡謩儬赋壇楷楒稺苢望譽箛
囀褯倪谛茭;団杁鰦菹鐜｜緭懩銰饦箛囀;
栦碴麀茡｜暞赋儬赋 𝑓<𝑥+ " 𝑎𝑥 褯嶇赋褡謩緭楒晫翪涿｜踺 <𝑎𝑥+′ " <ｌｎ 𝑎+ ⋅ 𝑎𝑥｜

謩鐜涿鮲簳赋 ｌｎ 𝑎畗踣涰鴤赋 𝑎魺牝;氐丷楀镑谛茭鴤赋 𝑎｜埶埸茭涿鮲簳赋葋庬
譽 ３｜儬赋褯詓浉匞団円谛艘怬犑猁萋质禡謩儬赋壇;
埸茭甘昍褯鴤赋翪饦緭懩鴤赋 𝑒;

牝迹 １;０９ <緭懩暞赋儬赋褯簽楷舾蛣+ 団踣喚栦嶇儬赋鐜｜碴 𝑒譽鴤褯暞赋
儬赋 𝑓<𝑥+ " 𝑒𝑥｜俋譽緭懩暞赋儬赋饦橦谛娠捺 𝑓<５+ " ３壿 𝑓 ′<𝑥+ " 𝑓<𝑥+褯
儬赋;钊娠捺

<𝑒𝑥+′ " 𝑒𝑥;

麀茡 綃麀韓団舾;涰緭懩鴤赋 𝑒褯牝踨碴赍暞赋儬赋褯嶇赋劷毆栦襮 <𝑒𝑥+′ " 𝑒𝑥｜
壿 𝑒５ " ３｜婻藗 𝑒𝑥娠捺戓趑麠蚩;
棼麀橦谛舾;趑栦嶇儬赋 𝑔<𝑥+娠捺 𝑔′<𝑥+ " 𝑔<𝑥+壿 𝑔<５+ " ３;港亻

ℎ<𝑥+ " 𝑔<𝑥+𝑒−𝑥;

涰郓鰦鲥嶇呤鴸｜

ℎ′<𝑥+ " 𝑔′<𝑥+𝑒−𝑥 − 𝑔<𝑥+𝑒−𝑥 " <𝑔′<𝑥+ − 𝑔<𝑥++𝑒−𝑥 " ５;

婻薏 ℎ<𝑥+団 ℝ犍譽簳赋;舃 ℎ<５+ " 𝑔<５+𝑒５ " ３｜邔 ℎ<𝑥+ ≡ ３｜踺 𝑔<𝑥+ " 𝑒𝑥;禡饦娠
捺麠蚩褯栦嶇儬赋橦谛; □

埸茭舾蛣埶襮 𝑒𝑥 魥元历蟋鏱菶匞翪涿禡韓薆褯陞防; 婻薏｜𝑒 饦望緭懩褯
鴤赋;

𝑥

𝑦

𝑂

𝑦 " 𝑒𝑥

𝑃<𝑥５? 𝑒𝑥５ +

団艘 𝑃 閯｜
覞谶辧匞𝑚 " 𝑒𝑥５

葋庬质禡謩叄钫澞

忑 １;３７ 緭懩暞赋儬赋褯养惤翆踨;忑抆犍僢翆谛艘褯覞谶辧匞质禡玴艘褯儬赋壇;
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起注穻 儬赋 ３９８

１;３０ 报儬赋
氐丷謕钆拿戩鹹詓薆薼禡暞赋薼送褯儬赋 𝑦 " 𝑎𝑥｜踺暞赋儬赋;隋団｜氐丷蜍

涣翆餂肷萐蝙谛鉢簽楷儬赋｜謩鐜詓薆薼禡鴤赋薼送;

１;３０;３ 牝踨褡譣快

牝踨 １;３６ <报儬赋+ 呅童 𝑦 " 𝑥𝛼褯儬赋俋譽报儬赋｜謩鐜 𝑥饦緭詓薆｜𝛼 ∈ ℝ
饦谛茭簳赋｜俋譽暞赋;

氐丷綃賣谛茭鮲檫鑽菹报儬赋褡暞赋儬赋;慏枆儬赋褯鼣掑毆怬鈽隋报眫奮｜
帹詓薆罛閯褯薼送荼柗;报儬赋 𝑦 " 𝑥𝛼碴 𝑥譽鴤赋。𝛼譽簳赋｜暞赋儬赋 𝑦 " 𝑎𝑥鴸
碴 𝑥譽暞赋。𝑎譽簳赋;埸耼璁瑥埶钊丷褯牝踨蟖。忑抆呅俀塗裤礊舾怬荼谛袎;

• 报儬赋 𝑦 " 𝑥𝛼ｉ緭詓薆 𝑥饦鴤赋｜暞赋 𝛼饦簳赋;

• 暞赋儬赋 𝑦 " 𝑎𝑥ｉ緭詓薆 𝑥饦暞赋｜鴤赋 𝑎饦簳赋;

鮲童｜𝑦 " 𝑥０褡 𝑦 " ０𝑥団 𝑥 % ５龩怬饦鏱儬赋｜帹鏱菶鬖夙畗踣荼柗;冚 𝑥捺訖放
龩｜０𝑥寝棧棧嗔陞 𝑥０｜童忑 １;３２罛白;

𝑥

𝑦

𝑂 ３ ０ １ ６ ９

３５

０５

１５

𝑦 " 𝑥０

𝑦 " ０𝑥 <０? ６+

<６? ３８+

９０ " ０９０９ " １０

忑 １;３２ 报儬赋褡暞赋儬赋褯鏱菶涿床;団 𝑥 % ６猡｜暞赋儬赋褯鏱菶鬖夙棧嗔报儬赋;

１;３０;０ 忑抆褡舾蛣菹快
报儬赋 𝑦 " 𝑥𝛼 褯舾蛣涰暞赋 𝛼魺牝;氐丷缉养茭陳馲壇｜鷵驺謩忑抆褡舾蛣

褯瑥柗;
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３９４ １;３０ 报儬赋

𝑥

𝑦

𝑂
<３? ３+

𝑦 " 𝑥１<𝛼 " １+

𝑦 " 𝑥<𝛼 " ３+

𝑦 " 𝑥３`１

𝑦 " 𝑥−３

忑 １;０５ 荼柗暞赋 𝛼砲报儬赋褯忑抆

髡忑抆褡浪赋慏轘顅伲｜氐丷襮笋报儬赋 𝑦 " 𝑥𝛼褯谛塷舾蛣;

３; 牝踨蟖;牝踨蟖嵌钉禡 𝛼;钴 𝛼譽翪凟赋｜牝踨蟖譽 ℝ;钴 𝛼譽吖凟赋｜牝踨蟖
譽 ℝ ∖ )５(;钴 𝛼譽菹赋｜鴸嬛鏘渁菹頼褯痞堩舾猁牝;鮲童 𝑦 " 𝑥３`０褯牝踨蟖
譽 -５? \∞+;

０; 痞堩舾;痞堩舾柗袎缉魺禡 𝛼;钴 𝑓<𝑥+ " 𝑥𝛼 褯牝踨蟖稺禡邖艘麘俋｜鴸冚 𝛼
饦凟赋龩｜謩痞堩舾褡 𝛼褯痞堩舾谛摟;钴 𝛼 " 𝑝`𝑞ｅ望箛菹赋Ｉ｜鴸冚 𝑞譽痞
赋龩｜謩痞堩舾褡菹檫 𝑝褯痞堩舾谛摟;

１; 劷滰艘;畻盽 𝛼譽惤壇ｅ炏 𝛼 " ５坉Ｉ｜报儬赋褯忑抆绵陞牝艘 <３? ３+｜婻譽
３𝛼 " ３;

６; 裤礊舾ｅ団起谛龠冫｜踺 𝑥 % ５龩Ｉｉ
• 冚 𝛼 % ５龩｜儬赋団 <５? \∞+犍更勇裤礊况鏱;

• 冚 𝛼 } ５龩｜儬赋団 <５? \∞+犍更勇裤礊况閆;

９; 貘蛳舾ｅ団起谛龠冫｜踺 𝑥 % ５龩Ｉｉ
• 冚 𝛼 % ３衉 𝛼 } ５龩｜忑抆饦砲蛳褯ｅ萐犍籦樕Ｉ;
• 冚 ５ } 𝛼 } ３龩｜忑抆饦犍蛳褯ｅ萐砲籦樕Ｉ;

埸焂舾蛣賣禡涿床放盆褡鲥呪荼质毆;

鮲戓 １;６９ 涿床 ５;４５;７? ５;７５;４? ５;７５;７褯放盆;
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起注穻 儬赋 ３９７

呪 注茭赋鴤赋。暞赋怬荼柗｜畻呤煟屴涿床;氐丷賣鐜衟薆蜍钊丷醹晫栦碴煟屴
賣裤礊舾閯迹褯涿床;
綃蜍 ５;７５;４褡 ５;７５;７涿床;埸栦碴咹譽暞赋儬赋 𝑓<𝑥+ " ５;７𝑥団慏茭荼柗艘犍褯

缉壇;涰禡鴤赋 𝑎 " ５;７ ∈ <５? ３+｜薏暞赋儬赋団 ℝ犍更勇裤礊况閆;婻譽 ５;４ } ５;７｜
涰裤礊况閆褯牝踨襮 𝑓<５;４+ % 𝑓<５;７+｜踺 ５;７５;４ % ５;７５;７;
棼蜍 ５;４５;７ 褡 ５;７５;７ 涿床;埸栦碴咹譽报儬赋 𝑔<𝑥+ " 𝑥５;７ 団慏茭荼柗艘犍褯

缉壇;涰禡暞赋 𝛼 " ５;７ % ５｜薏报儬赋団牝踨蟖 <５? \∞+犍更勇裤礊况鏱;婻譽
５;４ } ５;７｜涰裤礊况鏱褯牝踨襮 𝑔<５;４+ } 𝑔<５;７+｜踺 ５;４５;７ } ５;７５;７;
邔注茭赋褯放盆稺苢譽

５;４５;７ } ５;７５;７ } ５;７５;４;

鮲戓 １;６８ 謕侴儬赋 𝑓<𝑥+ " <𝑚０ − 𝑚 − ３+𝑥𝑚−０ 饦谛茭报儬赋｜壿団鑽衟
<５? \∞+犍饦閆儬赋｜鲥裱赋𝑚褯壇;

呪 氐丷綃髡报儬赋褯牝踨夫缉麘𝑚褯儙鍖｜棼賣裤礊舾仂烨褸烨壇;
鏘渁报儬赋褯牝踨｜儬赋褯澞抹呅毆譽 𝑦 " 𝑥𝛼｜婻薏緭詓薆 𝑥窼褯苢赋霔扢

譽 ３; 禡饦苢赋霔扢娠捺
𝑚０ − 𝑚 − ３ " ３

凟迹襮𝑚０ − 𝑚 − ０ " ５婻毆菹呪譽 <𝑚 − ０+<𝑚 \ ３+ " ５｜呪襮𝑚 " ０衉𝑚 " −３;
棼賣裤礊舾仂烨埸慏茭褸烨壇;戓趑儬赋団鑽衟 <５? \∞+犍饦閆儬赋;鏘渁报

儬赋褯舾蛣｜冚 𝑥 % ５龩｜𝑦 " 𝑥𝛼 裤礊况閆褯沔楀麠蚩饦謩暞赋 𝛼 } ５;団楷戓鐜｜
暞赋譽𝑚 − ０｜邔

𝑚 − ０ } ５ ⟹ 𝑚 } ０

闹慏茭麠蚩襮笋褯呪容鲥减容;起谛茭麠蚩竸鈽 𝑚 ∈ )０? −３(ｐ起湗茭麠蚩楀
鲥𝑚 } ０; 橦谛柗龩娠捺埸慏茭麠蚩褯𝑚壇饦𝑚 " −３;
邔裱赋𝑚褯壇譽 −３;

１;３１ 麘赋儬赋
暞赋儬赋 𝑦 " 𝑎𝑥蜍緭詓薆 𝑥｜晖銰饦暞赋｜隻譽儬赋壇 𝑦｜晖銰饦报;埸谛麘靿

栦碴忹肷｜謕侴 𝑦褡鴤赋 𝑎銰搬橦谛猁牝暞赋 𝑥;
鮲童｜０𝑥 " ７褯呪饦 𝑥 " １;帹 ０𝑥 " ９褯呪荼饦凟赋;髡 𝑦 " ０𝑥 更勇裤礊况鏱

褯忑抆伲｜韓団橦谛裱赋 𝑥埶 ０𝑥 " ９;譽鼣白埸茭赋｜氐丷趤紴麘赋;
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３９２ １;３１ 麘赋儬赋

１;３１;３ 麘赋褯牝踨褡麘赋儬赋

牝踨 １;３９ <麘赋+ 钴 𝑎𝑥 " 𝑁 <𝑎 % ５? 𝑎 ≠ ３+｜鴸赋 𝑥俋譽碴 𝑎譽鴤 𝑁 褯麘赋｜
邋衧

𝑥 " ｌоｇ𝑎 𝑁

謩鐜｜𝑎俋譽麘赋褯鴤赋｜𝑁 俋譽渖赋;

埸茭牝踨鼣茡麘赋褡暞赋逵譽忹眫奮｜踺 𝑎𝑥 " 𝑁 ⟺ 𝑥 " ｌоｇ𝑎 𝑁 ;禡饦
ｌоｇ𝑎 𝑁 銰饦娠捺 𝑎𝑥 " 𝑁 褯倪茭暞赋 𝑥;
涰薏栦餽嗲麘赋儬赋;

牝踨 １;３８ <麘赋儬赋+ 儬赋 𝑦 " ｌоｇ𝑎 𝑥 <𝑎 % ５? 𝑎 ≠ ３+俋譽麘赋儬赋｜謩鐜 𝑥饦
緭詓薆;

麘赋儬赋褯鴤赋褡牝踨蟖髶誜緭暞赋儬赋;

• 鴤赋儙鍖 <𝑎 % ５? 𝑎 ≠ ３+;褡暞赋儬赋蟳柗｜楀鲥 𝑎 % ５壿 𝑎 ≠ ３;
• 牝踨蟖ｅ渖赋儙鍖 𝑥 % ５Ｉ;麘赋儬赋褯緭詓薆 𝑥饦暞赋儬赋 𝑦 " 𝑎𝑥褯婻詓薆;
涰禡暞赋儬赋褯壇蟖譽 <５? \∞+｜麘赋儬赋褯牝踨蟖晖霔扢饦 <５? \∞+;

１;３１;０ 麘赋儬赋褯忑抆褡舾蛣
麘赋儬赋 𝑦 " ｌоｇ𝑎 𝑥饦暞赋儬赋 𝑦 " 𝑎𝑥 褯鸼儬赋;婻薏钊丷褯忑抆稺禡煟谶

𝑦 " 𝑥麘俋;謩睸浪赋舾蛣怬涰薏嶇鈽;
氐丷釮鈽麘赋儬赋 𝑦 " ｌоｇ𝑎 𝑥 <𝑎 % ５? 𝑎 ≠ ３+褯鄢楀舾蛣;

３; 牝踨蟖褡壇蟖;謩牝踨蟖譽 <５? \∞+｜壇蟖譽 ℝ;湗幔葋庬饦暞赋儬赋牝踨蟖
褡壇蟖褯逵籅;

０; 甘牝艘;畻盽鴤赋 𝑎譽惤壇｜儬赋忑抆绵陞牝艘 <３? ５+｜婻譽 ｌоｇ𝑎 ３ " ５;
１; 裤礊舾ｉ

• 冚 𝑎 % ３龩｜麘赋儬赋団 <５? \∞+犍饦更勇裤礊况鏱褯;

• 冚 ５ } 𝑎 } ３龩｜麘赋儬赋団 <５? \∞+犍饦更勇裤礊况閆褯;

６; 豫糐谶;𝑦察｜踺煟谶 𝑥 " ５饦麘赋儬赋忑抆褯曥煟豫糐谶;

鮲戓 １;６４ <麘赋褡暞赋褯發元靿賣+ 謕侴麘赋儬赋 𝑓<𝑥+褯忑抆褡谛占儬赋
ℎ<𝑥+ " ３

１ 𝑥 − ３
１ 褯忑抆减禡 𝐴? 𝐵慏艘｜壿艘 𝐵褯匭钫澞譽 ６;
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起注穻 儬赋 ３８５

𝑥

𝑦

𝑂

𝑦 " 𝑥

𝑦 " 𝑎𝑥? <𝑎 % ３+
𝑦 " ｌоｇ𝑎 𝑥? <𝑎 % ３+<５? ３+ <３? ５+

忑 １;０３ 暞赋儬赋褡麘赋儬赋忑抆褯麘俋舾 <𝑎 % ３+
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３８３ １;３１ 麘赋儬赋

𝑥

𝑦

𝑂

𝑦 " 𝑓<𝑥+
𝑦 " ℎ<𝑥+

𝐴

𝐵

６

３; 鲥 𝑓<𝑥+褯呪快毆;

０; 钴稺禡 𝑥褯荼质毆 ６𝑓<𝑥+ } 𝑘葋駨 ３茭凟赋呪｜鲥裱赋 𝑘褯缉壇騊祟;

呪 綃猁牝 𝑓<𝑥+褯呪快毆;趑 𝑓<𝑥+ " ｌоｇ𝑎 𝑥｜謩鐜 𝑎 % ５壿 𝑎 ≠ ３;
艘 𝐵饦慏茭儬赋忑抆褯劷滰艘｜謩钫澞霔扢柗龩娠捺慏茭儬赋褯呪快毆;謕

侴艘 𝐵褯匭钫澞譽 ６｜栦跠奮謩叄钫澞｜襮

ℎ<６+ " ３
１<６+ − ３

１ " ３

婻薏｜艘 𝐵褯钫澞譽 <６? ３+;
闹艘 𝐵<６? ３+褯钫澞浪紴 𝑓<𝑥+ " ｌоｇ𝑎 𝑥鐜｜襮稺禡鴤赋 𝑎褯轘防

𝑓<６+ " ｌоｇ𝑎 ６ " ３

鏘渁麘赋褯牝踨｜薏毆质豎禡 𝑎３ " ６｜邔 𝑎 " ６; 婻薏｜儬赋 𝑓<𝑥+ 褯呪快毆譽
𝑓<𝑥+ " ｌоｇ６ 𝑥;
棼菹快荼质毆 ６𝑓<𝑥+ } 𝑘;蜍 𝑓<𝑥+ " ｌоｇ６ 𝑥浪紴｜饙閾浉箛譽

６ｌоｇ６ 𝑥 } 𝑘

涰麘赋褡暞赋褯逵忹稺苢｜６ｌоｇ６ 𝑥 " 𝑥｜荼质毆浉譽

𝑥 } 𝑘

捣盽霔扢団 𝑓<𝑥+褯牝踨蟖 <５? \∞+跔捂北;
婻薏｜荼质毆褯畗凟呪容饦 ５ } 𝑥 } 𝑘;氐丷楀镑急赋 𝑘褯缉壇｜埶襮椛鑽衟

<５? 𝑘+跔葋庬彔狒谛茭凟赋;
鑽衟 <５? 𝑘+跔褯凟赋髡盆笋放嵌占譽 ３? ０? １? … ; 楀埶玴鑽衟跔葋庬彔狒谛茭

凟赋｜埸茭凟赋鷭搬饦 ３;
譽鹹椈 ３晫譽呪容褯谛趣菹｜霔扢駨 ３ } 𝑘; 譽鹹椈 ０荼晫譽呪容褯谛趣菹｜霔

扢駨 𝑘 ≤ ０;
鲇元埸慏茭麠蚩｜襮 ３ } 𝑘 ≤ ０; 邔裱赋 𝑘褯缉壇騊祟饦 <３? ０';
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起注穻 儬赋 ３８０

鮲戓 １;６７ <麘赋儬赋忑抆褯养惤靿賣+ 童忑｜麘赋儬赋 𝑓<𝑥+ " ｌоｇ𝑎 𝑥 <𝑎 % ３+
忑抆犍褯艘 𝐴褡 𝑥察犍褯艘 𝐵<３? ５+塗艘 𝐶 港晫碴 𝐵𝐶 譽辧饘褯质嵋煟页
注页呅;钴△𝐸𝐶𝐷褡△𝐴𝐵𝐶 蟳矇｜艘 𝐸 団儬赋 𝑓<𝑥+褯忑抆犍｜艘 𝐷薼禡
艘 𝐶 褯纺閾｜壿慏茭注页呅褯蟳矇涿譽 ０ ∶ ３｜鲥鴤赋 𝑎褯壇;

𝑥

𝑦

𝑂

𝑦 " 𝑓<𝑥+

𝐴

𝐵<３? ５+ 𝐶

𝐸

𝐷

呪 薏暁戓嬛闹养惤麠蚩肷浉譽艘钫澞饲衟褯浪赋稺苢;
趑艘 𝐴褯钫澞譽 <𝑥３? 𝑦３+;婻譽 𝑎 % ３｜儬赋 𝑓<𝑥+ " ｌоｇ𝑎 𝑥団 <５? \∞+犍更勇裤

礊况鏱｜罛碴 𝑦３ % ５;舃婻譽△𝐴𝐵𝐶 碴 𝐵𝐶 譽辧饘壿譽质嵋煟页注页呅｜艘 𝐴団
辧饘犍轘｜邔 𝐴笋 𝐵𝐶 褯曥谶菶夙质禡 𝐵𝐶 褯谛鳍｜曥捺譽 𝐵𝐶 褯鐜艘;
艘 𝐴褯叄钫澞 𝑦３踺譽注页呅褯靓;趑 𝐶艘钫澞譽 <𝑐? ５+｜鴸辧饘菶譽 𝑐 − ３; 襮

稺苢 𝑦３ " ３
０ <𝑐 − ３+; 柗龩｜艘 𝐴褯匭钫澞 𝑥３霔譽 𝐵𝐶 褯鐜艘匭钫澞｜踺 𝑥３ " ３\𝑐

０ ;
髡埸慏茭稺禡 𝑥３? 𝑦３? 𝑐 褯稺苢毆鐜｜栦滃誢 𝑐;涰 𝑐 " ０𝑥３ − ３ 浪紴窼毆｜襮

𝑦３ " ３
０ <<０𝑥３ −３+−３+ " 𝑥３ −３; 忑抆犍褯艘𝐴<𝑥３? 𝑦３+霔扢娠捺谶舾稺苢 𝑦３ " 𝑥３ −３;
屴砲挴｜趤紴 △𝐸𝐶𝐷 褯锠约; 趑艘 𝐸 褯钫澞譽 <𝑥０? 𝑦０+; 涰禡 △𝐸𝐶𝐷 ∼

△𝐴𝐵𝐶 壿蟳矇涿譽 ０｜謩麘靿靓褯涿晖譽 ０;△𝐸𝐶𝐷 褯靓踺譽艘 𝐸 褯叄钫澞 𝑦０;
婻薏｜𝑦０ " ０𝑦３;
婻譽艘 𝐴<𝑥３? 𝑦３+塗 𝐸<𝑥０? 𝑦０+懞団儬赋 𝑓<𝑥+ " ｌоｇ𝑎 𝑥褯忑抆犍｜駨

𝑦３ " ｌоｇ𝑎 𝑥３? 𝑦０ " ｌоｇ𝑎 𝑥０

多元 𝑦０ " ０𝑦３｜襮 ｌоｇ𝑎 𝑥０ " ０ ｌоｇ𝑎 𝑥３ " ｌоｇ𝑎<𝑥０
３+; 涰禡麘赋儬赋饦裤誯｜薏毆鯟狒鹹

𝑥０ " 𝑥０
３;
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３８１ １;３１ 麘赋儬赋

剓嬛楀谛茭稺禡 𝑥３? 𝑥０ 褯稺苢;柗袎厈賣△𝐸𝐶𝐷褯养惤舾蛣｜謩鴤饘 𝐶𝐷褯
菶夙饦 𝐵𝐶褯慏靼｜踺 𝐶𝐷 " ０𝐵𝐶 " ０<𝑐 − ３+ " ６𝑦３; 艘 𝐸褯匭钫澞 𝑥０饦 𝐶𝐷褯鐜
艘匭钫澞;

𝑥０ " 𝑐 \ ３
０𝐶𝐷 " 𝑐 \ ０𝑦３

隋団鲴駨谛茭稺禡 𝑥３? 𝑦３? 𝑥０褯轘防噯

⎧))
⎨))⎩

𝑦３ " 𝑥３ − ３
𝑥０ " 𝑥０

３

𝑥０ " 𝑐 \ ０𝑦３ " <０𝑥３ − ３+ \ ０𝑦３

闹起谛。湗茭毆檫浪紴起注茭毆檫

𝑥０
３ " <０𝑥３ − ３+ \ ０<𝑥３ − ３+ " ６𝑥３ − １

凟迹襮笋谛茭稺禡 𝑥３褯谛慊湗占轘防

𝑥０
３ − ６𝑥３ \ １ " ５

婻毆菹呪襮 <𝑥３ − ３+<𝑥３ − １+ " ５｜呪襮 𝑥３ " ３衉 𝑥３ " １;
钴 𝑥３ " ３｜鴸 𝑦３ " ｌоｇ𝑎 ３ " ５｜埸闹嶇摟△𝐴𝐵𝐶逛浉譽谛茭谶拄｜荼元戓翆｜邔

齼誢; 婻薏｜𝑥３ " １;
冚 𝑥３ " １龩｜𝑦３ " 𝑥３ − ３ " ０;邔艘 𝐴褯钫澞譽 <１? ０+;
望猡｜闹艘 𝐴<１? ０+褯钫澞浪紴儬赋呪快毆碴鲥呪鴤赋 𝑎

０ " ｌоｇ𝑎 １

鏘渁麘赋褯牝踨｜𝑎０ " １; 涰禡戓趑 𝑎 % ３｜襮 𝑎 "
√

１;

１;３１;１ 麘赋褯眫奮呤鴸
麘赋褯眫奮呤鴸栦煟屴髡暞赋眫奮呤鴸嶇鈽;氐丷蜍暞赋毆默媸晫麘赋仜君｜

踺栦顫麠襮笋;

牝迹 １;０８ <麘赋眫奮呤鴸+ 趑 𝑎 % ５? 𝑎 ≠ ３｜壿𝑀 % ５? 𝑁 % ５;

３; ｌоｇ𝑎<𝑀𝑁+ " ｌоｇ𝑎 𝑀 \ ｌоｇ𝑎 𝑁ｅ鰦褯麘赋质禡麘赋褯塗Ｉ;
０; ｌоｇ𝑎<𝑀`𝑁+ " ｌоｇ𝑎 𝑀 − ｌоｇ𝑎 𝑁ｅ騹褯麘赋质禡麘赋褯璁Ｉ;
１; ｌоｇ𝑎<𝑀𝑛+ " 𝑛 ｌоｇ𝑎 𝑀 <𝑛 ∈ ℝ+ｅ报褯麘赋质禡暞赋郓碴鴤褯麘赋Ｉ;
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起注穻 儬赋 ３８６

麀茡 趑 𝑢 " ｌоｇ𝑎 𝑀｜𝑣 " ｌоｇ𝑎 𝑁 ;鏘渁麘赋牝踨｜𝑀 " 𝑎𝑢｜𝑁 " 𝑎𝑣;
麘禡鰦褯呤鴸

𝑀𝑁 " 𝑎𝑢𝑎𝑣 " 𝑎𝑢\𝑣?

邔 ｌоｇ𝑎<𝑀𝑁+ " 𝑢 \ 𝑣 " ｌоｇ𝑎 𝑀 \ ｌоｇ𝑎 𝑁 ;
麘禡騹褯呤鴸｜涰禡 𝑁 % ５｜駨

𝑀
𝑁 " 𝑎𝑢

𝑎𝑣 " 𝑎𝑢−𝑣?

邔 ｌоｇ𝑎<𝑀`𝑁+ " 𝑢 − 𝑣 " ｌоｇ𝑎 𝑀 − ｌоｇ𝑎 𝑁 ;
麘禡报褯呤鴸｜僢缉裱赋 𝑛;涰裱暞赋报褯眫奮呤鴸

𝑀𝑛 " <𝑎𝑢+𝑛 " 𝑎𝑢𝑛?

邔 ｌоｇ𝑎<𝑀𝑛+ " 𝑢𝑛 " 𝑛 ｌоｇ𝑎 𝑀 ;注麠劷毆懞襮麀; □

裱斔跠奮鐜簳嬛楀鳖谛荼柗麘赋褯鴤赋;籅鴤劷毆翪饦埸茭鎴郎;

牝迹 １;０４ <籅鴤劷毆+ 趑 𝑎? 𝑏 % ５壿 𝑎? 𝑏 ≠ ３｜𝑁 % ５;鴸

ｌоｇ𝑎 𝑁 " ｌоｇ𝑏 𝑁
ｌоｇ𝑏 𝑎

麀茡 趑 ｌоｇ𝑎 𝑁 " 𝑥;鴸 𝑎𝑥 " 𝑁 ; 麘薏暞赋毆慏饘缉碴 𝑏譽鴤褯麘赋｜襮

ｌоｇ𝑏<𝑎𝑥+ " ｌоｇ𝑏 𝑁

靿賣报褯眫奮呤鴸襮 𝑥 ｌоｇ𝑏 𝑎 " ｌоｇ𝑏 𝑁 ; 涰禡 𝑎 ≠ ３｜ｌоｇ𝑏 𝑎 ≠ ５｜邔栦呪襮 𝑥 " ｌоｇ𝑏 𝑁
ｌоｇ𝑏 𝑎 ;

闹 𝑥 " ｌоｇ𝑎 𝑁 浪伱｜踺襮劷毆; □

籅鴤劷毆駨慏茭蛃駨賣褯浣盽;

• ｌоｇ𝑎 𝑏 " ３
ｌоｇ𝑏 𝑎ｅ绝陞猏 𝑁 " 𝑏襮笋Ｉ;

• ｌоｇ𝑎𝑚 𝑏𝑛 " 𝑛
𝑚 ｌоｇ𝑎 𝑏ｅ绝陞籅鴤笋碴 𝑎譽鴤褯麘赋襮笋Ｉ;

鮲戓 １;６２ 鲥呪荼质毆 ｌоｇ５;９<𝑥０ − ０𝑥 − １+ % ｌоｇ５;９<𝑥 − ３+;

呪 涰禡麘赋褯渖赋霔扢譽翪｜氐丷綃釮牝踨蟖儙鍖

⎧)
⎨)⎩

𝑥０ − ０𝑥 − １ % ５
𝑥 − ３ % ５
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３８９ １;３１ 麘赋儬赋

起谛茭荼质毆 <𝑥 − １+<𝑥 \ ３+ % ５ 褯呪容譽 <−∞? −３+ ∪ <１? \∞+; 起湗茭荼质毆
𝑥 % ３褯呪容譽 <３? \∞+; 慏茭呪容褯减容譽 <１? \∞+;埸饦匊子邖荼质毆龩緭詓薆
𝑥霔扢娠捺褯騊祟;
団牝踨蟖 𝑥 ∈ <１? \∞+跔鲥呪邖荼质毆;荼质毆慏紦饦柗谛茭麘赋儬赋 𝑓<𝑡+ "

ｌоｇ５;９ 𝑡団慏茭荼柗艘 𝑡３ " 𝑥０ − ０𝑥 − １塗 𝑡０ " 𝑥 − ３褯缉壇;
涰禡鴤赋 𝑎 " ５;９ ∈ <５? ３+｜麘赋儬赋 𝑓<𝑡+団謩牝踨蟖犍饦更勇裤礊况閆褯; 婻

薏｜𝑓<𝑡３+ % 𝑓<𝑡０+质豎禡 𝑡３ } 𝑡０

𝑥０ − ０𝑥 − １ } 𝑥 − ３

凟迹薏谛慊湗占荼质毆｜襮
𝑥０ − １𝑥 − ０ } ５

轘防 𝑥０ − １𝑥 − ０ " ５褯鏘譽 𝑥 " １¾√２−６<３+<−０+
０ " １¾

√
３４

０ ; 邔荼质毆 𝑥０ − １𝑥 − ０ } ５
褯呪容譽 < １−

√
３４

０ ? １\
√

３４
０ +;

望猡｜扢闹薏呪容褡綃窼猁牝褯儬赋牝踨蟖 <１? \∞+ 鲥减容; 涣翆笋 ６ }√
３４ } ９｜婻薏 １\６

０ } １\
√

３４
０ } １\９

０ ｜踺 １;９ } １\
√

３４
０ } ６; 柗龩｜１ " ８

０ "
√

１８
０ } １\

√
３４

０ ;

婻薏｜邖荼质毆褯呪容譽 <１? １\
√

３４
０ +;

鮲戓 １;９５ 謕侴儬赋 𝑓<𝑥+ " ｌоｇ𝑎
３\𝑥
３−𝑥 <𝑎 % ５? 𝑎 ≠ ３+;

３; 鲥 𝑓<𝑥+褯牝踨蟖;

０; 襏鶜 𝑓<𝑥+褯痞堩舾;

呪 儬赋褯牝踨蟖楀鲥謩渖赋譽翪｜踺
３ \ 𝑥
３ − 𝑥 % ５

薏菹毆荼质毆质豎禡 <３ \ 𝑥+<３ − 𝑥+ % ５｜踺 <𝑥 \ ３+<𝑥 − ３+ } ５; 呪襮 −３ } 𝑥 } ３;
邔 𝑓<𝑥+褯牝踨蟖譽椛鑽衟 <−３? ３+;
棼襏鶜痞堩舾;牝踨蟖 <−３? ３+稺禡邖艘麘俋｜婻薏栦碴捣盽痞堩舾;涰

𝑓<−𝑥+ " ｌоｇ𝑎
３ \ <−𝑥+
３ − <−𝑥+ " ｌоｇ𝑎

３ − 𝑥
３ \ 𝑥

譽鹹褡 𝑓<𝑥+餽嗲舿苢｜氐丷厈賣麘赋眫奮呤鴸;涣翆笋 ３−𝑥
３\𝑥 " < ３\𝑥

３−𝑥 +−３
; 婻薏

𝑓<−𝑥+ " ｌоｇ𝑎 <<３ \ 𝑥
３ − 𝑥+

−３
+

" −３ ⋅ ｌоｇ𝑎
３ \ 𝑥
３ − 𝑥
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起注穻 儬赋 ３８８

涣 １;３０

畟谛塷萋｜钴
𝑔<−𝑥+ " ３`𝑔<𝑥+｜鴸
儬赋
𝑓<𝑥+ " ｌоｇ𝑎 𝑔<𝑥+霔
譽痞儬赋;

" −𝑓<𝑥+

薏稺苢麘牝踨蟖跔褯罛駨 𝑥晫嗲｜邔 𝑓<𝑥+饦痞儬赋;

１;３６ 儬赋牠馲褡靿賣
赋铙荼栔拿戩廬龠多港｜晖栦賣挴历蟋緭懩。贑寝。钆潡鐜褯赋薆稺苢;蜍谛

茭裱斔暁戓廬龠譽赋铙多港褯陞防俋譽赋铙餽牠;餽牠龩｜氐丷鏘渁暁戓褯跔団
魯鞲褡钆著赋渁｜髡謕侴儬赋鉢馲鐜烨慈褸烨牠馲｜蘋奮急赋｜鈩绝陞涿床猁牝褡
赋渁望笢元褯鼣掑毆;
谛茭畗凟褯餽牠陞防绝簳彔爷碴砲养茭郦凥;

• 赋渁菹快褡牠馲懌烨;駠咹钆著赋渁褯詓浉瞲渶饦鏱菶剓饦穋閆。詓浉鬖匞
饦挻鬖。锛鬖剓饦閆鬖质甘彀｜渁薏仂烨鈽郎駨蟳矇迹盽北譽褯儬赋鉢馲衧
譽褸烨牠馲;

• 急赋蘋跠;厈賣赋渁鐜褯钴箕稺品锠约ｅ绝簳饦甘牝褯赋渁艘Ｉ｜餽嗲稺禡牠
馲痔牝急赋褯轘防噯｜鈩鲥呪埸焂急赋;

• 牠馲姛著褡傓浉;闹竖元鈽褯郎喚儬赋牠馲賣禡锯干謩瘉赋渁艘｜鈩涿床锯
干壇褡渖裱壇褯璁瑥｜踺娦璁｜碴嵯蘋牠馲褯傓琪;钴娦璁陞放｜鴸栦搬嬛楀畟
籅牠馲衉貁翪急赋;

碴砲绝陞裱鮲癟茡;

鮲戓 １;９３ <儬赋牠馲褯烨慈褡竖元+ 脫啢埉橽浆葛些穦褯捂謴塗魯牠褯烈
放｜敨蹠抾薆団荼鶜鏱挻;隋跩容笋 ０５０５蛟窼 ３５茭鑃玴啢埉橽犍鍥褯敨蹠
赋薆𝑊ｅ裤薼ｉ憞鷭Ｉ褡鑃尬𝑚褯赋渁童砲鼣ｉ

鑃尬𝑚 ３ ０ １ ６ ９

赋薆𝑊 ３;５０５ ０;５５５ ０;９４７ ０;２２４ １;１３１

鑃尬𝑚 ８ ４ ７ ２ ３５

赋薆𝑊 １;９４７ １;７５６ ６;５５５ ６;３４１ ６;１０２

赋薆𝑊 塗鑃尬𝑚饲衟栦搬韓団碴砲遂耼儬赋稺苢ｉ
３⃝ 𝑊<𝑚+ " 𝑏 ⋅ 𝑎𝑚

０⃝ 𝑊<𝑚+ " 𝑏 ⋅ 𝑚𝑐

１⃝ 𝑊<𝑚+ " 𝑏 \ ｌоｇ𝑎 𝑚
６⃝ 𝑊<𝑚+ " 𝑎 − 𝑏

𝑚 <𝑎 % ５? 𝑏 % ５+

３; 蝎髡埸遂茭儬赋牠馲鐜誢扨谛茭褡鼣勇鐜赋渁荼笢元褯儬赋牠馲｜鈩
癟茡迹涰;
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３８４ １;３６ 儬赋牠馲褡靿賣

０; 蝎髡鼣勇鐜烨慈 ０鑃尬塗 ７鑃尬褯赋渁｜棼髡起 <３+暁瓈砲褯注茭牠
馲鐜僢烨慏茭儬赋牠馲捂北餽牠｜鲥鈽謩儬赋鼣掑毆｜棼菹廒鲥鈽埸
慏茭牠馲砲 ６鑃尬褯敨蹠赋薆｜鈩癟茡续茭儬赋牠馲畟庬;ｅ急匊赋渁ｉ
１√３８ ≈ ０;９３２?

√
０ ≈ ３;６３６Ｉ

呪 <３+綃菹快赋渁瞲渶;涰鼣勇栦侴｜𝑊 浆 𝑚鏱挻藗鏱挻｜帹鏱菶褯鬖匞団詓浉;
蟳薢鑃尬褯鏱薆童砲

𝑊<０+ − 𝑊<３+ ≈ ５;２７５

𝑊<１+ − 𝑊<０+ ≈ ５;９４７

𝑊<６+ − 𝑊<１+ ≈ ５;６３２

…

𝑊<３５+ − 𝑊<２+ ≈ ５;３９８

円鑃鏱挻褯赋薆况閆｜婻薏埸饦閆鬖鏱菶;
棼菹快遂茭褸烨牠馲褯迹盽北譽;

• 牠馲 ３⃝ 𝑊<𝑚+ " 𝑏 ⋅ 𝑎𝑚饦谛茭暞赋鏱菶牠馲;譽續麀鏱菶｜霔扢駨 𝑎 % ３;団薏
麠蚩砲｜謩鏱薆譽𝑊<𝑚 \ ３+ − 𝑊<𝑚+ " 𝑏 ⋅ 𝑎𝑚<𝑎 − ３+｜埸饦谛茭浆𝑚鏱挻藗更
勇况鏱褯薆;邔暞赋牠馲历蟋褯饦挻鬖鏱菶陞防;

• 牠馲 ０⃝ 𝑊<𝑚+ " 𝑏 ⋅ 𝑚𝑐 饦谛茭报儬赋牠馲;譽續麀鏱菶｜嬛 𝑏 % ５? 𝑐 % ５;钴
５ } 𝑐 } ３｜謩鏱菶匞饦况閆褯ｐ钴 𝑐 % ３｜謩鏱菶匞饦况鏱褯;

• 牠馲 １⃝ 𝑊<𝑚+ " 𝑏 \ ｌоｇ𝑎 𝑚饦谛茭麘赋儬赋牠馲;譽續麀鏱菶｜嬛 𝑎 % ３;麘赋
儬赋褯鏱菶匞饦况閆褯;

• 牠馲 ６⃝ 𝑊<𝑚+ " 𝑎 − 𝑏`𝑚饦谛茭鸼涿鮲儬赋脺跢猡褯牠馲;謩鏱菶匞晖饦况
閆褯;

涿床湗幔栦侴｜牠馲 ３⃝历蟋挻鬖鏱菶｜褡赋渁褯閆鬖鏱菶楂埑;婻薏靿誢扨牠馲
３⃝;

<０+烨缉 ０鑃尬褯赋渁 <０? ０;５５５+塗 ７鑃尬褯赋渁 <７? ６;５５５+;氐丷烨慈牠馲 ０⃝
塗 １⃝捂北竖元;
麘牠馲 ０⃝;趑𝑊<𝑚+ " 𝑏 ⋅ 𝑚𝑐;
闹赋渁艘 <０? ０+塗 <７? ６+浪紴｜襮笋稺禡急赋 𝑏? 𝑐褯轘防噯

⎧)
⎨)⎩

０ " 𝑏 ⋅ ０𝑐

６ " 𝑏 ⋅ ７𝑐
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起注穻 儬赋 ３８７

慏毆蟳炏碴滃誢 𝑏｜襮

６
０ " 𝑏 ⋅ ７𝑐

𝑏 ⋅ ０𝑐 ⟹ ０ " <７
０+

𝑐
" ６𝑐

呪襮 𝑐 " ３`０; 闹 𝑐 " ３`０浪伱起谛茭轘防襮 ０ " 𝑏 ⋅ ０３`０ " 𝑏
√

０｜呪襮 𝑏 "
√

０; 婻薏｜
报儬赋牠馲譽𝑊０<𝑚+ "

√
０ ⋅ 𝑚３`０ "

√
０𝑚;

厈賣薏牠馲锯干 ６鑃尬褯敨蹠赋薆

𝑊０<６+ "
√

０ ⋅ ６ "
√

７ " ０
√

０ ≈ ０ ÷ ３;６３６ " ０;７０７ｅ憞鷭Ｉ

麘牠馲 １⃝;趑𝑊<𝑚+ " 𝑏 \ ｌоｇ𝑎 𝑚;
闹赋渁艘 <０? ０+塗 <７? ６+浪紴｜襮笋稺禡急赋 𝑎? 𝑏褯轘防噯

⎧)
⎨)⎩

０ " 𝑏 \ ｌоｇ𝑎 ０
６ " 𝑏 \ ｌоｇ𝑎 ７

慏毆蟳閆｜碴滃誢急赋 𝑏

６ − ０ " <ｌоｇ𝑎 ７+ − <ｌоｇ𝑎 ０+ ⟹ ０ " ｌоｇ𝑎<７`０+ " ｌоｇ𝑎 ６

鏘渁麘赋褯牝踨｜𝑎０ " ６;涰禡鴤赋 𝑎 % ５? 𝑎 ≠ ３｜邔 𝑎 " ０; 闹 𝑎 " ０浪伱起谛茭轘
防襮 ０ " 𝑏 \ ｌоｇ０ ０ " 𝑏 \ ３｜呪襮 𝑏 " ３; 婻薏｜麘赋儬赋牠馲譽𝑊１<𝑚+ " ３ \ ｌоｇ０ 𝑚;
厈賣薏牠馲锯干 ６鑃尬褯敨蹠赋薆

𝑊１<６+ " ３ \ ｌоｇ０ ６ " ３ \ ０ " １;５５５ｅ憞鷭Ｉ

涿床慏牠馲;
蜍慏茭牠馲褯锯干壇褡鼣勇鐜𝑊<６+ " ０;２２４涿床;
牠馲 ０⃝褯锯干娦璁譽 !０;７０７ − ０;２２４! " ５;３８２; 牠馲 １⃝褯锯干娦璁譽 !１;５５５ −

０;２２４! " ５;５５１;
麘赋儬赋牠馲褯娦璁棧盆禡报儬赋牠馲｜婻薏団楷戓鐜牠馲 １⃝畟庬;

鮲戓 １;９０ 篽毺麘缼夙褯蠖侴褡盋桽 𝐼 褯麘赋駨稺｜謩鐜 𝐼 褯裤薼饦Ｗ`м０;
雐铙汩賣盋桽嚾 𝑌ｅ裤薼菹髌Ｉ朢吢缼夙｜劷毆譽

𝑌 " ３５ ｌｇ< 𝐼
３５−３０ +

謩鐜 ３５−３０ Ｗ`м０饦篽毺搬硷笋褯啃壇盋桽;

３; 脺簳篽减镃龩褯盋桽儙譽 ３５−８ Ｗ`м０｜鲥謩盋桽嚾;
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３８２ １;３９ 儬赋褯璩艘ｅ谛Ｉ

涣 １;３６

璩艘韓団舾褯更勇
麀茡嵌钉琱駜儬赋
褯觲壇牝迹｜誀起
遂勎起 ３８穻; 忑抆
琱駜壿慏紦瑥镎鴸
霔駨减艘｜饦觲壇牝
迹褯养惤鼣蟋;

０; 谛塷簳篽搬硷笋褯望譡盋桽嚾饦 ５菹髌｜鲥搬硷笋褯望譡盋桽譽淝舐Ｓ
１; 涿床迹薺褯骠玻郦龊楀鲥盋桽嚾 𝑌 ≤ ９５菹髌;謕侴耯窦猡慏薼柗铙団
鼶齼癟颌褯盋桽譽 ９ ÷ ３５−４ Ｗ`м０｜暁埸慏薼柗铙饦嚙寝困缼謩瘉柗铙
笐约Ｓｅ急匊赋渁ｉｌｇ ０ ≈ ５;１５３Ｉ

呪 盋桽嚾 𝑌 褡盋桽 𝐼 涰麘赋牠馲舿苢;
<３+脺簳减镃 𝐼 " ３５−８ Ｗ`м０

𝑌 " ３５ ｌｇ< ３５−８

３５−３０ + " ３５ ｌｇ<３５８+ " ８５ｅ菹髌Ｉ;

<０+望譡栦硷麘靿 𝑌 " ５;涰 ３５ ｌｇ< 𝐼
３５−３０ + " ５｜襮 𝐼

３５−３０ " ３｜邔 𝐼 " ３５−３０ Ｗ`м０｜
葋譽牠馲鐜褯簽抹盋桽;

<１+鼶齼镃颌 𝐼 " ９ ÷ ３５−４ Ｗ`м０

𝑌 " ３５ ｌｇ<９ ÷ ３５−４

３５−３０ + " ３５ ｌｇ<９ ÷ ３５９+ " ３５<ｌｇ ９ \ ９+;

涰 ｌｇ ９ " ｌｇ<３５`０+ " ３ − ｌｇ ０

𝑌 " ３５<８ − ｌｇ ０+ ≈ ３５<８ − ５;１５３+ " ９８;２２ｅ菹髌Ｉ?

靓禡 ９５菹髌褯骠玻犍冫｜邔寝困缼瘉篽笐约;

涣 １;３１ <麘赋澞夙褯翆踨+
盋铙。萋芞铙ｅ璗狆芞嚾Ｉ。浉铙 <рН+质狶療塞賣麘赋澞夙｜婻譽蟳稺泈迹薆褯颣夙嵀放｜藗蠖侴
畟嵌钉赋薆嚾;麘赋蜍郓呤馲褯赋薆嚾詓浉詓譽挻呤馲褯澞夙詓浉｜闹劣放遣俀騊祟熲劈笋栦
閯迹褯獽夙;

１;３９ 儬赋褯璩艘ｅ谛Ｉ
儬赋 𝑦 " 𝑓<𝑥+褯璩艘銰饦轘防 𝑓<𝑥+ " ５褯裱赋鏘｜晖饦忑抆 𝑦 " 𝑓<𝑥+褡 𝑥察

减艘褯匭钫澞;璩艘。轘防褯鏘。匭唭媌埸注耼癟呤暞柗谛茭麘龠;楷凥拿戩轘防
𝑓<𝑥+ " ５褯呪饦嚙韓団。駨淝舐茭。穬団惤閯;

１;３９;３ 璩艘褯韓団舾
氐丷楀伱礿褯饦｜童惤猁锠谛茭儬赋韓団璩艘｜魏謩饦団畻呤煟屴呪鈽 𝑓<𝑥+ "

５龩;礿隃鯟狒団琱駜舾鐜;
趑薺谛麠琱駜樕谶｜谛紦団 𝑥察砲轘｜蝙谛紦団 𝑥察犍轘;冚钊髡谛紦琱笋蝙

谛紦龩｜霔懩银陞 𝑥察;埸銰饦璩艘韓団舾牝迹褯煟逥鞗梦;
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起注穻 儬赋 ３４５

璩艘韓団舾 <觲壇牝迹+

牝迹 １;０７ <璩艘韓団舾牝迹+ 钴儬赋 𝑦 " 𝑓<𝑥+団惜鑽衟 -𝑎? 𝑏'犍褯忑抆饦谛
麠琱駜荼鶜褯樕谶｜鈩壿謩団鑽衟紦艘閯褯儬赋壇瑥镎｜踺 𝑓<𝑎+ ⋅ 𝑓<𝑏+ } ５｜
鴸団椛鑽衟 <𝑎? 𝑏+跔｜儬赋 𝑦 " 𝑓<𝑥+庺舐韓団谛茭璩艘;

麀茡 氐丷賣觲壇牝迹;涰 𝑓<𝑎+𝑓<𝑏+ } ５栦侴 𝑓<𝑎+褡 𝑓<𝑏+瑥镎｜婻薏 ５更勇觲禡
𝑓<𝑎+褡 𝑓<𝑏+饲衟;
婻譽 𝑓 団惜鑽衟 -𝑎? 𝑏'犍琱駜｜涰觲壇牝迹｜韓団 𝑐 ∈ -𝑎? 𝑏'埶襮 𝑓<𝑐+ " ５;舃

𝑓<𝑎+褡 𝑓<𝑏+懞荼譽 ５｜罛碴 𝑐荼栦搬饦紦艘 𝑎衉 𝑏｜髡藗 𝑐 ∈ <𝑎? 𝑏+;婻薏儬赋団 <𝑎? 𝑏+
跔庺舐韓団谛茭璩艘; □

𝑥

𝑦

𝑂𝑎 𝑏

𝑓<𝑎+ } ５

𝑓<𝑏+ % ５

儬赋団 <𝑎? 𝑏+跔庺舐韓団谛茭璩艘

忑 １;００ 璩艘韓団舾牝迹褯养惤煟逥;涰禡 𝑓<𝑎+褡 𝑓<𝑏+瑥镎｜琱駜樕谶霔懩银爍 𝑥察;

麠蚩 𝑓<𝑎+ ⋅ 𝑓<𝑏+ } ５鷭饦儬赋団 <𝑎? 𝑏+跔韓団璩艘褯谛茭沔菹麠蚩;儬赋畗踣
栦搬団鑽衟跔韓団璩艘｜帹荼娠捺玴麠蚩;鮲童 𝑓<𝑥+ " 𝑥０団鑽衟 -−３? ３'犍駨璩艘
𝑥 " ５｜藗 𝑓<−３+𝑓<３+ " ３ % ５;埸绝簳拐娖団忑抆褡 𝑥察蟳覞｜衉银爍 𝑥察堩赋占龩;

嶇赋槔阈襏牝璩艘

鮲戓 １;９１ 儬赋 𝑓<𝑥+ " ｌｎ𝑥 \ 𝑥０ − ０褯璩艘罛団褯鑽衟饦ｅ　Ｉ;
А;<５?

√
０

０ + В;<
√

０
０ ? ３+ С;<３?

√
０+ Ｄ;<

√
０? ０+

呪 儬赋 𝑓<𝑥+褯牝踨蟖譽 <５? \∞+;轘防 ｌｎ𝑥 \ 𝑥０ − ０ " ５盠駨鰑毆鏘｜氐丷賣璩艘
韓団舾牝迹牝薼璩艘;玴牝迹鷭續麀韓団舾｜婻薏綃匊巖裤礊舾碴襏牝璩艘饦嚙
橦谛;
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３４３ １;３９ 儬赋褯璩艘ｅ谛Ｉ

𝑥

𝑦

𝑎 𝑏

𝑓<𝑎+ % ５ 𝑓<𝑏+ % ５

𝑥５ " ５

𝑓<𝑎+𝑓<𝑏+ % ５｜帹儬赋锼韓団璩艘

忑 １;０１ 璩艘韓団舾牝迹麠蚩褯膱霔楀舾

嶇儬赋 𝑓 ′<𝑥+ " ３
𝑥 \ ０𝑥;麘谛覞 𝑥 % ５駨 ３

𝑥 % ５壿 ０𝑥 % ５｜邔 𝑓 ′<𝑥+ % ５｜𝑓 団
<５? \∞+犍更勇况鏱｜庺淝谛茭璩艘;暁戓浉譽団遂茭烨團鐜牝薼埸橦谛褯璩艘;
綃伲 𝑥 " ３

𝑓<３+ " ｌｎ ３ \ ３０ − ０ " −３ } ５;

涰更勇况鏱｜璩艘 𝑥５霔団 ３褯纺閾｜婻薏 𝑥５ % ３｜锵炏 А。В;
棼伲烨團 С褯纺紦艘 𝑥 "

√
０

𝑓<
√

０+ " ｌｎ<
√

０+ \ <
√

０+０ − ０ " ３
０ ｌｎ ０ % ５;

禡饦 𝑓<３+ } ５｜𝑓<
√

０+ % ５;涰璩艘韓団舾牝迹｜<３?
√

０+跔庺舐駨谛茭璩艘ｐ多元裤
礊舾｜玴璩艘橦谛｜葋穬団鑽衟 <３?

√
０+跔;

邔烨 С;

１;３９;０ 璩艘褯鲥呪褡茭赋襏牝
璩艘韓団饲猡｜氐丷捂谛謴猁牝钊褯薼送褡茭赋;簳賣褯帝呤饦蜍浪赋菹快

褡养惤煟逥多元壎挴;

１;３９;０;３ 浪赋詓籅褡忑抆菹快
麘禡發鎥轘防 𝑓<𝑥+ " ５｜谛茭簳賣帝呤饦蜍钊丷质豎詓呅譽 𝑔<𝑥+ " ℎ<𝑥+｜謩鐜

𝑔? ℎ饦氐丷畟璖浨褯儬赋;禡饦 𝑓<𝑥+ " ５褯鏘褡 𝑔<𝑥+ " ℎ<𝑥+褯鏘蟳柗;埸袎｜鲥鏘
暁戓銰詓晫襏鶜慏麠樕谶减艘茭赋褯暁戓;

鮲戓 １;９６ 襏鶜儬赋 𝑓<𝑥+ " ｌｎ<𝑥 \ ３+ − ０
𝑥 褯璩艘茭赋;
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起注穻 儬赋 ３４０

呪 煟屴菹快 𝑓<𝑥+涿床發鎥;氐丷蜍钊质豎萋媸晫

ｌｎ<𝑥 \ ３+ " ０
𝑥;

禡饦邖暁戓质豎禡匊巖儬赋 𝑦３ " ｌｎ<𝑥 \ ３+褡儬赋 𝑦０ " ０
𝑥 褯忑抆褯减艘茭赋;

菹廒菹快;𝑦３ " ｌｎ<𝑥 \ ３+ 涰 𝑦 " ｌｎ𝑥 萐饙脺跢 ３ 茭裤薼襮笋｜牝踨蟖譽
<−３? \∞+｜更勇况鏱｜壿钆陞邖艘; 𝑦０ " ０

𝑥 譽鸼涿鮲儬赋｜忑抆団起谛。注龠
冫; 団柗谛钫澞苢鐜吢鈽謨忑｜誀忑 １;０６;

𝑥

𝑦

𝑂

𝑥 " −３

𝑦３ " ｌｎ<𝑥 \ ３+

𝑦０ " ０`𝑥

忑 １;０６ 儬赋 𝑦３ " ｌｎ<𝑥 \ ３+褡 𝑦０ " ０`𝑥褯忑抆

忑抆鰑白慏麠樕谶団起谛龠冫塗 <−３? ５+ 跔貯駨谛茭减艘;砲顅更勇麀茡埸
谛艘;
団 <５? \∞+犍｜𝑦３ " ｌｎ<𝑥 \ ３+更勇况鏱｜𝑦０ " ０`𝑥更勇况閆;婻薏钊丷褯忑抆

団薏鑽衟跔庺淝駨谛茭减艘;
鷭嬛著麀韓団舾;𝑦３<３+ " ｌｎ ０ } ３ } ０ " 𝑦０<３+｜藗 𝑦３<０+ " ｌｎ １ % ３ " 𝑦０<０+｜邔

<３? ０+跔霔駨减艘;
団鑽衟 <−３? ５+ 跔｜𝑦３ " ｌｎ<𝑥 \ ３+ 褯壇蟖譽 <−∞? ５+｜𝑦０ " ０`𝑥 褯壇蟖晖譽

<−∞? ５+;煟屴伲忑剓荼猁牝｜婻薏氐丷匊子槔阈儬赋 𝐹<𝑥+ " ｌｎ<𝑥 \ ３+ − ０`𝑥;謩嶇
赋 𝐹 ′<𝑥+ " ３

𝑥\３ \ ０
𝑥０ % ５｜邔 𝐹<𝑥+団 <−３? ５+犍裤礊况鏱;舃 ｌім𝑥→−３\ 𝐹<𝑥+ " −∞｜

ｌім𝑥→５− 𝐹<𝑥+ " \∞｜涰璩艘韓団舾牝迹｜薏鑽衟跔晖葋駨谛茭璩艘;
慏茭儬赋忑抆滰駨慏茭减艘｜邔邖儬赋 𝑓<𝑥+駨壿栔駨 ０茭璩艘;

賣嶇赋襏牝璩艘茭赋
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３４１ １;３９ 儬赋褯璩艘ｅ谛Ｉ

１;３９;０;０ 裤礊舾褡嵀壇菹快
麘禡荼搬醹晫慏茭箛裤儬赋褯 𝑓<𝑥+｜襏牝璩艘茭赋绝簳綃拿戩謩裤礊舾;裤

礊鑽衟涰 𝑓 ′<𝑥+褯殙镎魺牝ｐ嵀壇艘閯褯儬赋壇鴸饦襏鶜璩艘饦嚙韓団褯稺品;
襏牝龩嵌占帝注蚩梲;

３; 鲥嶇赋 𝑓 ′<𝑥+｜鈩鲥呪 𝑓 ′<𝑥+ " ５襮笋罛駨榟戗艘;

０; 鏘渁榟戗艘疵菹儬赋褯裤礊鑽衟;

１; 跠奮儬赋団罛駨嵀壇艘閯褯儬赋壇｜鈩匊巖儬赋団畻柎棧閯褯嵀冫北譽;

６; 多元裤礊舾褡犍蟋稺品艘褯儬赋壇殙镎｜団円茭裤礊鑽衟跔靿賣璩艘韓団舾
牝迹｜望洃猁牝璩艘褯伢茭赋;

鮲戓 １;９９ 捣盽儬赋 𝑓<𝑥+ " 𝑒𝑥 − 𝑎𝑥 <𝑎 ∈ ℝ+褯璩艘茭赋;

呪 氐丷綃髡 𝑓<𝑥+褯裤礊舾紴歲;玴暁戓质豎禡襏鶜 𝑒𝑥 " 𝑎𝑥褯鏘褯茭赋｜崙踺樕
谶 𝑦 " 𝑒𝑥褡煟谶 𝑦 " 𝑎𝑥褯减艘茭赋;
謩嶇儬赋譽 𝑓 ′<𝑥+ " 𝑒𝑥 − 𝑎;
猏 𝑓 ′<𝑥+ " ５｜襮 𝑒𝑥 " 𝑎;埸茭轘防饦嚙駨呪｜缉魺禡 𝑎褯壇;
研呅谛 <𝑎 } ５+; 钴 𝑎 } ５｜鴸 𝑒𝑥 " 𝑎畻呪｜壿 𝑓 ′<𝑥+ " 𝑒𝑥 − 𝑎 % ５麘罛駨 𝑥 ∈ ℝ

晫嗲; 邔 𝑓<𝑥+団 ℝ犍更勇裤礊况鏱; 𝑓 団 ℝ犍琱駜壿更勇况鏱｜婻薏褡 𝑥察庺淝駨
谛茭减艘; 舃 ｌім𝑥→−∞ 𝑓<𝑥+ " −∞｜壿 ｌім𝑥→\∞ 𝑓<𝑥+ " \∞｜涰觲壇牝迹｜儬赋庺舐
駨谛茭璩艘;婻薏｜𝑎 } ５龩 𝑓<𝑥+駨壿栔駨 ３茭璩艘;
冚 𝑎 " ５龩｜𝑓<𝑥+ " 𝑒𝑥 % ５麘罛駨 𝑥 ∈ ℝ绵晫嗲｜婻藗盠駨璩艘;
研呅湗 <𝑎 % ５+; 団薏研呅砲｜𝑓 ′<𝑥+ " ５駨橦谛呪 𝑥５ " ｌｎ 𝑎; 冚 𝑥 } ｌｎ 𝑎龩｜

𝑓 ′<𝑥+ } ５｜𝑓<𝑥+裤礊况閆; 冚 𝑥 % ｌｎ 𝑎龩｜𝑓 ′<𝑥+ % ５｜𝑓<𝑥+裤礊况鏱; 婻薏｜儬赋団
𝑥 " ｌｎ 𝑎閯缉襮橦谛褯嵀盆壇｜晖饦望盆壇;

𝑓міｎ " 𝑓<ｌｎ 𝑎+ " 𝑒ｌｎ𝑎 − 𝑎 ｌｎ 𝑎 " 𝑎 − 𝑎 ｌｎ 𝑎 " 𝑎<３ − ｌｎ 𝑎+

儬赋璩艘褯茭赋｜畗踣缉魺禡埸茭望盆壇褡璩褯放盆稺苢;

• 钴 𝑓міｎ % ５｜踺 𝑎<３ − ｌｎ 𝑎+ % ５;涰禡 𝑎 % ５｜埸质豎禡 ３ − ｌｎ 𝑎 % ５｜踺 ｌｎ 𝑎 } ３｜
呪襮 ５ } 𝑎 } 𝑒;薏龩｜儬赋褯望盆壇放禡璩｜忑抆绵団 𝑥察犍轘｜邔儬赋盠駨
璩艘;

• 钴 𝑓міｎ " ５｜踺 𝑎<３ − ｌｎ 𝑎+ " ５;涰禡 𝑎 % ５｜埸质豎禡 ３ − ｌｎ 𝑎 " ５｜踺 ｌｎ 𝑎 " ３｜
呪襮 𝑎 " 𝑒;薏龩｜儬赋褯望盆壇葋庬譽璩｜忑抆褡 𝑥察栔駨谛茭覞艘｜邔儬赋
駨壿栔駨 ３茭璩艘;

• 钴 𝑓міｎ } ５｜踺 𝑎<３ − ｌｎ 𝑎+ } ５;涰禡 𝑎 % ５｜埸质豎禡 ３ − ｌｎ 𝑎 } ５｜踺 ｌｎ 𝑎 % ３｜
呪襮 𝑎 % 𝑒;薏龩｜儬赋褯望盆壇盆禡璩;匊子笋 ｌім𝑥→¾∞ 𝑓<𝑥+ " \∞｜儬赋忑
抆団嵀盆壇艘饙閾塗纺閾霔懩貯褡 𝑥察蟳减谛占;邔儬赋駨 ０茭璩艘;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



起注穻 儬赋 ３４６

𝑥

𝑦

𝑂

𝑦 " 𝑒𝑥

𝑎 " 𝑒? ３茭减艘

𝑎 % 𝑒? ０茭减艘

５ } 𝑎 } 𝑒? ５茭减艘

𝑎 } ５? ３茭减艘

忑 １;０９ 轘防 𝑒𝑥 " 𝑎𝑥鏘褯茭赋褯养惤呪楍
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３４９ １;３８ 菹拄儬赋

涣 １;３９

菹拄艘閯褯琱駜舾
褡栦嶇舾埶賣嵀冫
仜君｜更勇牝踨誀
起遂勎起 ３８穻; 忑
抆犍栦綃襏鶜菹拄
艘饦嚙琱駜。饦嚙
駨鹉页;

儬赋 𝑓<𝑥+ " 𝑒𝑥 − 𝑎𝑥褯璩艘茭赋譽
• 冚 𝑎 ∈ <−∞? ５+ ∪ )𝑒(龩｜駨 ３茭璩艘;

• 冚 𝑎 ∈ -５? 𝑒+龩｜駨 ５茭璩艘;

• 冚 𝑎 ∈ <𝑒? \∞+龩｜駨 ０茭璩艘;

１;３８ 菹拄儬赋
氐丷伲谛鉢儬赋;钊褯麘靿呤鴸団牝踨蟖褯荼柗趣菹鈩荼蟳柗;鮲童｜罛襮唡

褯唡匞浆跩紴龟脺菹嚾詓浉｜泈喚団荼柗觲蛣鐜眫遣钄傭荼柗褯泈迹牝鞲;裤谛
呪快鼣掑毆妛妛畻呤媸鈽埸耼稺苢｜禡饦氐丷趤紴菹拄儬赋;菹快菹拄儬赋龩｜氐
丷綃菹廒匊巖貯僞拄犍褯镛趣舾蛣｜棼匊巖埸焂舾蛣団窇屴艘閯童惤耿屴｜髡藗
襏鶜謩凟喚北譽;

１;３８;３ 牝踨褡簽楷白鮲

牝踨 １;３４ <菹拄儬赋+ 谛茭菹拄儬赋饦暞団謩牝踨蟖褯荼柗檫容犍｜菹廒涰
荼柗褯呪快毆罛牝踨褯儬赋;謩谛塷呅毆譽ｉ

𝑓<𝑥+ "

⎧)))
⎨)))⎩

𝑓３<𝑥+? 𝑥 ∈ 𝐷３

𝑓０<𝑥+? 𝑥 ∈ 𝐷０

⋮
𝑓𝑛<𝑥+? 𝑥 ∈ 𝐷𝑛

謩鐜｜貯茭檫容 𝐷𝑖 逵荼蟳减｜踺 𝐷𝑖 ∩ 𝐷𝑗 " ∅麘僢翆 𝑖 ≠ 𝑗｜壿钊丷褯鈩容
⋃𝑛

𝑖"３ 𝐷𝑖港晫鹹儬赋 𝑓<𝑥+褯畗凟牝踨蟖 𝐷;

氐丷碴鈽鏖廙跠铘譽鮲;趑郓龅郓钫褯璗防譽 𝑥｜晦腓褯廙铘譽 𝑓<𝑥+｜鴸跠铘
魯鴸栦碴媸晫

𝑓<𝑥+ "
⎧)
⎨)⎩

３１? ５ ≤ 𝑥 ≤ １
３１ \ ０;６<𝑥 − １+? 𝑥 % １

謩鐜｜起谛拄鼣白璗防荼嗔陞 １劷璗龩廙铘鬽牝譽 ３１慊｜起湗拄鼣白璗防嗔陞 １
劷璗龩廙铘譽 ３１慊挻犍嗔鈽趣菹円劷璗 ０;６慊;麘禡僢翆竸牝褯璗防 𝑥｜氐丷綃襏
鶜钊骱禡续茭跠豎鑽衟｜棼賣玴鑽衟麘靿褯劷毆跠奮铘賣;犍蟋魯鴸饦谛茭裤谛
壿茡猁褯儬赋;
隋団伱岟駠咹牝踨鐜褯貯茭趣菹;
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起注穻 儬赋 ３４８

⊳ 𝐷３? 𝐷０? … <牝踨蟖褯疵菹+ 埸焂檫容麘靿禡鈽鏖廙跠铘褯貯茭璗防鑽衟; 钊
丷闹凟茭牝踨蟖菹喕晫钴箕茭逵荼稼敻褯趣菹;

⊳ 𝑓３<𝑥+? 𝑓０<𝑥+? … <荼柗褯呤鴸+ 埸焂呪快毆麘靿禡円茭璗防鑽衟罛埶賣褯荼柗
跠豎劷毆;钊丷竸鈽儬赋団貯緭鑽蟖褯北譽;

⊳ 逵荼蟳减 <𝐷𝑖 ∩ 𝐷𝑗 " ∅+ 埸饦菹拄儬赋晫譽儬赋褯鏘楷; 钊翆漺葛僢翆曚紴
壇 𝑥 鷭搬穬紴橦谛谛茭檫牝踨蟖 𝐷𝑖 鐜; 埸銰續麀鹹麘禡谛茭曚紴｜鷭寝
駨谛茭跠豎劷毆罒盛嘢｜髡藗抾娖橦谛褯曚鈽壇;谛占 ９劷璗褯北防荼搬柗
龩魥賣 １劷璗跔塗 １劷璗坉褯魯鴸;

⊳ 鈩容港晫畗凟牝踨蟖 埸續麀鹹魯鴸褯畗咞舾;麘禡僢翆嘀殳褯曚紴壇｜苢鳖
鐜怬韓団谛茭麘靿褯魯鴸挴閯迹钊｜荼寝鈽隋畻呤跠豎褯研哄;

婻薏｜菹拄儬赋饦谛茭牝踨畗凟褯儬赋;钊褯甘昍饲閯団禡謩麘靿呤鴸饦駨麠蚩
褯｜嬛楀鏘渁緭詓薆褯缉壇挴烨慈敾北;
菹拄儬赋褡持绝儬赋褯鑽廒団禡｜钊褯牝踨蟖罒疵菹晫钴箕檫容;儬赋団脫

谛艘 𝑥５ 褯缉壇｜畗踣缉魺禡 𝑥５ 骱禡续茭檫牝踨蟖;畓鳩菹拄儬赋褯忑抆龩｜氐丷
団柗谛钫澞苢鐜蜍貯茭儬赋僞拄 𝑦 " 𝑓𝑖<𝑥+団謩貯緭褯牝踨蟖 𝐷𝑖 犍褯忑抆窇屴
壎挴;団薏陞防鐜｜嬛楀甘廒稺涣貯茭菹拄褯紦艘;埸焂艘饦儬赋舾蛣栦搬拐娖乀
詓褯萋轘｜氐丷俋饲譽菹拄艘;団菹拄艘閯｜氐丷楀檿憹襏鶜玴艘骱禡窼谛拄剓饦
猡谛拄｜鈩団忑抆犍賣裱诊艘褡碽诊艘挻碴鑽菹｜碴續麀儬赋褯裤壇舾;

鮲戓 １;９８ 趑儬赋 𝑓<𝑥+ "
⎧)
⎨)⎩

𝑥 \ ０? 𝑥 ≤ ３
１? 𝑥 % ３

;鲥 𝑓<５+褡 𝑓<𝑓<５++褯壇;

呪 譽鲥 𝑓<５+｜氐丷綃襏鶜緭詓薆 ５罛団褯鑽衟;涰禡 ５ ≤ ３｜𝑓<５+魥賣起谛茭呪快
毆｜邔 𝑓<５+ " ５ \ ０ " ０;
譽鲥 𝑓<𝑓<５++｜氐丷嬛跠奮 𝑓<０+;緭詓薆 ０娠捺 ０ % ３｜魥賣起湗茭呪快毆｜邔

𝑓<０+ " １; 婻薏｜𝑓<𝑓<５++ " １;

鮲戓 １;９４ 趑儬赋 𝑓<𝑥+ "
⎧)
⎨)⎩

𝑥０ \ ３? 𝑥 ≥ ５
０𝑥 \ ３? 𝑥 } ５

;鲥 𝑓<１+褯壇;

呪 譽鲥 𝑓<１+｜氐丷綃猁牝緭詓薆 𝑥 " １骱禡续茭檫牝踨蟖;
涰禡 １ ≥ ５｜緭詓薆 𝑥 " １娠捺起谛茭麠蚩;
禡饦｜靿賣起谛茭呪快毆 𝑓<𝑥+ " 𝑥０ \ ３挴跠奮儬赋壇;

𝑓<１+ " １０ \ ３ " ２ \ ３ " ３５
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３４４ １;３８ 菹拄儬赋

邔 𝑓<１+褯壇譽 ３５;

鮲戓 １;９７ 趑儬赋 𝑔<𝑥+ "
⎧)
⎨)⎩

０𝑥? 𝑥 % ３
𝑥 − ３? 𝑥 ≤ ３

;鲥 𝑔<𝑔<３++褯壇;

呪 鲥呪發元儬赋壇 𝑔<𝑔<３++嬛楀髡璗萐坉顫謴跠奮;
綃跠奮跔亥儬赋褯壇 𝑔<３+; 緭詓薆 𝑥 " ３娠捺麠蚩 𝑥 ≤ ３; 婻薏｜靿賣起湗茭呪

快毆 𝑔<𝑥+ " 𝑥 − ３;

𝑔<３+ " ３ − ３ " ５

棼闹薏多冧衧譽坉亥儬赋褯緭詓薆｜跠奮 𝑔<５+; 緭詓薆 𝑥 " ５娠捺麠蚩 𝑥 ≤ ３;
婻薏｜棼占靿賣起湗茭呪快毆;

𝑔<𝑔<３++ " 𝑔<５+ " ５ − ３ " −３

邔 𝑔<𝑔<３++褯壇譽 −３;

鮲戓 １;９２ 謕侴儬赋 ℎ<𝑥+ "
⎧)
⎨)⎩

√𝑥? 𝑥 ≥ ３
𝑥 \ ３? 𝑥 } ３

;钴 ℎ<𝑥+ " １｜鲥 𝑥褯壇;

呪 氐丷嬛埢镑谛茭緭詓薆 𝑥｜埶謩儬赋壇譽 １;涰禡儬赋褯呪快毆饦菹拄褯｜氐丷
団円茭檫牝踨蟖犍菹廒捣盽;
研呅谛ｉ雞趑 𝑥 ≥ ３; 団薏麠蚩砲｜儬赋褯呪快毆譽 ℎ<𝑥+ " √𝑥; 猏 √𝑥 " １｜慏

饘脺轘襮 𝑥 " ２; 氐丷姛著薏呪饦嚙娠捺楷研呅褯雞趑;涰禡 ２ ≥ ３｜玴呪駨侃;
研呅湗ｉ雞趑 𝑥 } ３; 団薏麠蚩砲｜儬赋褯呪快毆譽 ℎ<𝑥+ " 𝑥 \ ３; 猏 𝑥 \ ３ " １｜

呪襮 𝑥 " ０; 氐丷姛著薏呪饦嚙娠捺楷研呅褯雞趑;涰禡 ０鈩荼盆禡 ３｜玴呪畻侃｜
霔扢齼誢;
鲇元碴犍慏耼研呅｜橦谛駨侃褯呪饦 𝑥 " ２;

菹拄艘琱駜褡栦嶇

１;３８;０ 琱駜舾褡栦嶇舾
菹快菹拄儬赋龩｜氐丷稺涣謩団菹拄艘閯褯北譽;
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起注穻 儬赋 ３４７

牝踨 １;３７ <菹拄艘褯琱駜舾+ 趑 𝑥５ 饦儬赋 𝑓<𝑥+褯谛茭菹拄艘;𝑓<𝑥+団 𝑥５ 閯
琱駜褯沔楀麠蚩饦謩団玴艘褯饙嵀冫。纺嵀冫懞韓団壿质禡玴艘褯儬赋壇｜
踺

ｌім
𝑥→𝑥−

５
𝑓<𝑥+ " ｌім

𝑥→𝑥\
５

𝑓<𝑥+ " 𝑓<𝑥５+

钴薏麠蚩荼娠捺｜鴸俋儬赋団 𝑥５閯衟鶜;

団 𝑥５閯琱駜

𝑥

𝑦

𝑂𝑥５

団 𝑥５閯衟鶜

𝑥

𝑦

𝑂𝑥５

忑 １;０８ 菹拄艘閯褯琱駜褡衟鶜

牝踨 １;３２ <菹拄艘褯栦嶇舾+ 儬赋 𝑓<𝑥+団菹拄艘 𝑥５閯栦嶇褯沔楀麠蚩饦謩
饙嶇赋褡纺嶇赋韓団壿蟳质｜踺

𝑓 ′
−<𝑥５+ " ｌім

ℎ→５−

𝑓<𝑥５ \ ℎ+ − 𝑓<𝑥５+
ℎ " ｌім

ℎ→５\

𝑓<𝑥５ \ ℎ+ − 𝑓<𝑥５+
ℎ " 𝑓 ′

\<𝑥５+

钴饙纺嶇赋荼蟳质｜鴸儬赋団 𝑥５閯荼栦嶇｜謩忑抆団玴艘呅晫鹉艘衉页艘;

鮲戓 １;８５ 菹快儬赋 𝑓<𝑥+ " !𝑥!団 𝑥 " ５閯褯琱駜舾褡栦嶇舾;

呪 儬赋 𝑓<𝑥+ " !𝑥!栦媸譽菹拄儬赋呅毆 𝑓<𝑥+ "
⎧)
⎨)⎩

𝑥? 𝑥 ≥ ５
−𝑥? 𝑥 } ５

;

団 𝑥 " ５閯｜饙嵀冫 ｌім𝑥→５− 𝑓<𝑥+ " ｌім𝑥→５−<−𝑥+ " ５; 纺嵀冫 ｌім𝑥→５\ 𝑓<𝑥+ "
ｌім𝑥→５\ 𝑥 " ５; 儬赋壇譽 𝑓<５+ " ５; 涰禡饙嵀冫。纺嵀冫褡儬赋壇怬质禡 ５｜儬赋団
𝑥 " ５閯琱駜;
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３４２ １;３８ 菹拄儬赋

饙嶇赋譽 𝑓 ′
−<５+ " ｌімℎ→５−

!５\ℎ!−!５!
ℎ " ｌімℎ→５−

−ℎ
ℎ " −３; 纺嶇赋譽 𝑓 ′

\<５+ "
ｌімℎ→５\

!５\ℎ!−!５!
ℎ " ｌімℎ→５\

ℎ
ℎ " ３; 涰禡 𝑓 ′

−<５+ ≠ 𝑓 ′
\<５+｜儬赋団 𝑥 " ５閯荼栦嶇;

茨凐琱屴ｅ栦嶇Ｉ

𝑥

𝑦

𝑂𝑥５

鹉艘ｅ荼栦嶇Ｉ

𝑥

𝑦

𝑂

忑 １;０４ 菹拄艘閯褯茨凐褡鹉艘

１;３８;１ 凟喚舾蛣褯襏牝
谛茭儬赋団貯菹拄鑽衟犍郎駨脫耼舾蛣｜鮲童裤礊舾｜鈩荼搬續麀钊団凟茭

牝踨蟖犍怬郎駨薏舾蛣;襏牝凟喚舾蛣龩｜氐丷剓嬛匊巖儬赋団菹拄艘閯褯耿屴
北譽;
鮲童｜谛茭菹拄儬赋钴楀団凟茭牝踨蟖犍裤礊况鏱｜霔扢娠捺碴砲慏茭麠蚩;

３; 儬赋団円茭檫牝踨蟖犍懞裤礊况鏱;

０; 団僢翆蟳薢褯慏茭檫牝踨蟖 𝐷𝑖? 𝐷𝑖\３ｅ趑 𝐷𝑖 団 𝐷𝑖\３ 饙閾Ｉ褯菹戗艘 𝑥５ 閯｜
駨 ｌім𝑥→𝑥−

５
𝑓<𝑥+ ≤ 𝑓<𝑥５+;

𝑥

𝑦

𝑂

忑 １;０７ 谛茭団貯菹拄鑽衟懞况鏱｜帹凟喚膱裤礊褯儬赋;
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起注穻 儬赋 ３７５

鮲戓 １;８３ 謕侴儬赋 𝑓<𝑥+ "
⎧)
⎨)⎩

<０𝑎 − ３+𝑥 \ ４𝑎 − ０? 𝑥 } ３
𝑎𝑥? 𝑥 ≥ ３

団 ℝ犍裤礊况閆｜

鲥裱赋 𝑎褯缉壇騊祟;

呪 譽埶儬赋 𝑓<𝑥+団凟茭牝踨蟖 ℝ犍裤礊况閆｜霔扢柗龩娠捺注茭麠蚩;
麠蚩谛饦｜儬赋団饙閾檫牝踨蟖 <−∞? ３+犍霔扢裤礊况閆;薏拄譽谶舾儬赋｜

謩裤礊舾涰辧匞魺牝;

０𝑎 − ３ } ５ ⟹ 𝑎 } ３
０

麠蚩湗饦｜儬赋団纺閾檫牝踨蟖 -３? \∞+犍霔扢裤礊况閆;薏拄譽暞赋儬赋｜
謩裤礊舾涰鴤赋魺牝;

５ } 𝑎 } ３

麠蚩注饦｜団菹拄艘 𝑥 " ３閯｜饙閾鑽衟褯洃艘壇霔扢荼盆禡纺閾鑽衟褯壎艘
壇｜碴續麀裤礊况閆瞲渶襮碴芩駜;

ｌім
𝑥→３−

𝑓<𝑥+ ≥ 𝑓<３+

跠奮襮
<０𝑎 − ３+<３+ \ ４𝑎 − ０ ≥ 𝑎３

２𝑎 − １ ≥ 𝑎 ⟹ ７𝑎 ≥ １ ⟹ 𝑎 ≥ １
７

闹埸注茭麠蚩舿嗲｜鲥呪謩减容;

⎧))
⎨))⎩

𝑎 } ３`０
５ } 𝑎 } ３
𝑎 ≥ １`７

涣翆笋 １`７ " ５;１４９壿 ３`０ " ５;９｜婻薏注茭鑽衟褯劷滰趣菹譽 - １
７ ? ３

０ +;
邔裱赋 𝑎褯缉壇騊祟饦 - １

７ ? ３
０ +;

鮲戓 １;８０ 捣盽轘防 𝑓<𝑥+ " 𝑘褯鏘褯茭赋｜謩鐜 𝑓<𝑥+ "
⎧)
⎨)⎩

−𝑥０ − ０𝑥? 𝑥 ≤ ５
ｌｎ<𝑥 \ ３+? 𝑥 % ５

;

呪 薏暁戓质豎禡匊巖儬赋 𝑦 " 𝑓<𝑥+褯忑抆褡龟脺煟谶 𝑦 " 𝑘褯减艘茭赋;氐丷菹
快儬赋 𝑓<𝑥+褯忑抆｜甘廒饦謩裤礊舾。嵀壇褡紦艘北譽;
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３７３ １;３８ 菹拄儬赋

菹拄菹快儬赋 𝑓<𝑥+;
冚 𝑥 ≤ ５龩｜𝑓<𝑥+ " −𝑥０ − ０𝑥 " −<𝑥 \ ３+０ \ ３;埸饦谛茭椛癪萐砲。麘俋察譽

𝑥 " −３褯锂泈谶; 団鑽衟 <−∞? −３'犍｜儬赋裤礊况鏱; 団鑽衟 -−３? ５'犍｜儬赋裤
礊况閆; 儬赋団 𝑥 " −３閯缉襮嵀放壇 𝑓<−３+ " ３; 団菹拄艘 𝑥 " ５閯｜𝑓<５+ " ５;
冚 𝑥 % ５龩｜𝑓<𝑥+ " ｌｎ<𝑥\３+;埸饦谛茭更勇裤礊况鏱褯麘赋儬赋; 钊団 𝑥 → ５\

龩褯嵀冫譽 ｌім𝑥→５\ ｌｎ<𝑥 \ ３+ " ｌｎ ３ " ５;
鲇元慏拄褯锠约｜氐丷栦碴畓鳩鈽儬赋褯謨忑;儬赋団 𝑥 " ５ 閯琱駜;钊髡

−∞鏱菶笋嵀放壇 ３｜懩猡砲銼笋 ５｜棼髡 ５椛糲畻冫鏱菶;

𝑥

𝑦

𝑂

３ 𝑦 " 𝑘 " ３

𝑦 " 𝑘 " ５

𝑦 " 𝑘 } ５

𝑦 " 𝑘 % ３

𝑦 " 𝑘 ∈ <５? ３+

忑 １;０２ 儬赋 𝑦 " 𝑓<𝑥+褡龟脺煟谶 𝑦 " 𝑘褯减艘研哄

逥巖忑抆褡龟脺煟谶 𝑦 " 𝑘褯减艘茭赋栦侴;

• 冚 𝑘 % ３龩｜煟谶荼褡起谛拄蟳减｜鷭褡起湗拄駨谛茭减艘｜滰 ３茭减艘;

• 冚 𝑘 " ３龩｜煟谶褡忑抆団 𝑥 " −３閯蟳覞｜鈩団起湗拄駨谛茭减艘｜滰 ０茭减
艘;

• 冚 ５ } 𝑘 } ３龩｜煟谶褡忑抆団起谛拄褯慏茭菹晦碴赍起湗拄貯駨谛茭减艘｜
滰 １茭减艘;

• 冚 𝑘 " ５龩｜煟谶褡忑抆団 𝑥 " ５塗 𝑥 " −０閯蟳减｜滰 ０茭减艘;

• 冚 𝑘 } ５龩｜煟谶栔褡忑抆団起谛拄駨谛茭减艘｜滰 ３茭减艘;
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起注穻 儬赋 ３７０

婻薏｜轘防 𝑓<𝑥+ " 𝑘褯鏘褯茭赋譽

鏘褯茭赋 "

⎧))
⎨))⎩

３? 𝑘 } ５衉𝑘 % ３
０? 𝑘 " ５衉𝑘 " ３
１? ５ } 𝑘 } ３

犍蟋菹快鼣茡｜轘防 𝑓<𝑥+ " 𝑘褯鏘褯茭赋涰簳赋 𝑘褡儬赋褯稺品壇ｅ嵀放壇 ３褡
琱屴艘壇 ５Ｉ饲衟褯稺苢魺牝;

１;３８;６ 儬赋褯簽楷楀嶻菹快
菹拄儬赋褯牝踨蟖。壇蟖褡裤礊舾质簽楷舾蛣｜涰謩貯茭噯晫趣菹褯舾蛣碴

赍钊丷団菹拄艘閯褯耿屴轘毆滰柗魺牝;

１;３８;６;３ 牝踨蟖褡壇蟖

１;３８;６;３;３ 牝踨蟖 菹拄儬赋褯牝踨蟖饦謩罛駨檫牝踨蟖褯鈩容;

𝐷 " 𝐷３ ∪ 𝐷０ ∪ ⋯ ∪ 𝐷𝑛

埸绝簳団儬赋牝踨龩謕钆茡猁竸鈽;

１;３８;６;３;０ 壇蟖 菹拄儬赋褯壇蟖饦謩団貯茭檫牝踨蟖犍缉襮褯壇褯容元褯鈩
容;鲥呪陞防菹譽慏謴;

３; 菹廒鲥鈽儬赋 𝑦 " 𝑓𝑖<𝑥+団謩麘靿牝踨蟖 𝐷𝑖犍褯壇蟖 𝑅𝑖;

０; 闹罛駨埸焂镛趣壇蟖元鈩｜踺鲥謩鈩容 𝑅 " 𝑅３ ∪ 𝑅０ ∪ ⋯ ∪ 𝑅𝑛;

鮲戓 １;８１ 鲥儬赋 𝑓<𝑥+ "

⎧))
⎨))⎩

𝑥 \ ０? 𝑥 ≤ −３
𝑥０? −３ } 𝑥 } ０
０? 𝑥 ≥ ０

褯壇蟖;

呪 氐丷菹廒匊巖儬赋団円谛茭檫牝踨蟖犍褯缉壇騊祟｜懩猡闹埸焂騊祟元鈩;

• 冚 𝑥 ∈ <−∞? −３'龩｜𝑓<𝑥+ " 𝑥 \ ０;埸饦谛茭裤礊况鏱褯谶舾儬赋;謩団玴鑽衟
犍褯壇蟖譽 <−∞? 𝑓<−３+'｜踺 <−∞? ３';

• 冚 𝑥 ∈ <−３? ０+龩｜𝑓<𝑥+ " 𝑥０;埸饦谛茭湗占儬赋｜団鑽衟 <−３? ５'犍况閆｜団
-５? ０+犍况鏱;謩団玴鑽衟犍褯壇蟖譽

-𝑓<５+? мах< ｌім
𝑥→−３\

𝑥０? ｌім
𝑥→０−

𝑥０++ " -５? ６+;
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３７１ １;３８ 菹拄儬赋

• 冚 𝑥 ∈ -０? ∞+龩｜𝑓<𝑥+ " ０;埸饦谛茭簳赋儬赋｜謩壇蟖譽裤艘容 )０(;

儬赋 𝑓<𝑥+褯伢壇蟖饦埸注茭趣菹壇蟖褯鈩容;

<−∞? ３' ∪ -５? ６+ ∪ )０( " <−∞? ６+

𝑥

𝑦

𝑂

壇蟖 <−∞? ６+

忑 １;１５ 儬赋 𝑓<𝑥+褯忑抆赍謩壇蟖

婻薏｜儬赋褯壇蟖譽 <−∞? ６+;

１;３８;６;０ 裤礊舾
谛茭菹拄儬赋钴楀団凟茭牝踨蟖犍裤礊｜霔扢柗龩娠捺慏茭麠蚩;

３; 儬赋団円茭檫牝踨蟖犍懞郎駨蟳柗褯裤礊舾｜鮲童｜懞譽裤礊况鏱;

０; 団罛駨菹拄艘閯｜儬赋褯耿屴霔扢續雀埸耼裤礊瞲渶;麘禡裤礊况鏱儬赋｜踺
猡谛拄褯壎糲壇霔扢荼盆禡窼谛拄褯多鍖壇;

钴起湗茭麠蚩荼娠捺｜踺埶儬赋団円茭镛趣鑽衟犍怬裤礊｜謩凟喚晖荼饦裤礊
儬赋;

１;３８;９ 靿賣白鮲
菹拄儬赋栦碴历蟋隋裱摉戗鐜褯麠蚩嵌钉稺苢;碴砲白鮲柤白童惤闹养惤暁

戓褡娖嘢鐜褯跠豎魯鴸肷浉譽菹拄儬赋褯赋铙牠馲;

鮲戓 １;８６ 童忑｜団饘菶譽 ６褯翪轘呅 𝐴𝐵𝐶𝐷褯饘犍駨谛遣艘 𝑃｜簶葛萓谶
𝐵 → 𝐶 → 𝐷 → 𝐴眫遣;趑艘 𝑃 眫遣褯渦防譽 𝑥｜△𝐴𝑃𝐵褯顅鰦譽 𝑦;

３; 鲥 𝑦褡 𝑥饲衟褯儬赋稺苢毆;
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起注穻 儬赋 ３７６

𝑥

𝑦

𝑂

忑 １;１３ 谛茭団貯菹拄鑽衟懞况鏱｜帹婻団 𝑥 " ５閯拐娖萐砲蒺毊藗凟喚膱裤礊褯儬赋;

０; 鲥顅鰦望放龩｜𝑥褯缉壇騊祟;

𝐴 𝐵

𝐶𝐷

𝑃

呪 <３+注页呅 𝐴𝑃𝐵褯鴤饘 𝐴𝐵菶夙鬽牝譽 ６;婻薏｜謩顅鰦 𝑦畗踣涰靓魺牝｜埸茭
靓饦艘 𝑃 笋饘 𝐴𝐵褯曥煟媌沢;

𝑦 " ３
０ ⋅鴤 ⋅靓 " ３

０ ⋅ ６ ⋅ ℎ𝑃 " ０ℎ𝑃

艘 𝑃 褯眫遣渦瀯涰注麠饘港晫｜謩団荼柗饘犍眫遣龩｜靓 ℎ𝑃 褡渦防 𝑥褯稺苢荼
柗;婻薏 𝑦<𝑥+饦谛茭菹拄儬赋;
菹拄菹快;
菹拄谛ｉ艘 𝑃 団饘 𝐵𝐶 犍眫遣; 薏龩｜𝑃 髡 𝐵眫遣笋 𝐶;渦防 𝑥褯缉壇騊祟饦

-５? ６'; 艘 𝑃 笋 𝐴𝐵褯靓 ℎ𝑃 质禡钊髡艘 𝐵萐犍眫遣褯媌沢｜踺渦防 𝑥; 邔 ℎ𝑃 " 𝑥;
顅鰦 𝑦 " ０𝑥;
菹拄湗ｉ艘 𝑃 団饘 𝐶𝐷犍眫遣; 薏龩｜𝑃 髡 𝐶 眫遣笋 𝐷;渦防 𝑥髡 ６鏱挻笋

６ \ ６ " ７;謩缉壇騊祟饦 <６? ７'; 艘 𝑃 団 𝐶𝐷犍眫遣龩｜钊笋 𝐴𝐵褯靓 ℎ𝑃 糲洃质禡
翪轘呅褯饘菶 ６; 邔 ℎ𝑃 " ６; 顅鰦 𝑦 " ０ ⋅ ６ " ７;
菹拄注ｉ艘 𝑃 団饘 𝐷𝐴犍眫遣; 薏龩｜𝑃 髡 𝐷眫遣笋 𝐴;渦防 𝑥髡 ７鏱挻笋

７\６ " ３０;謩缉壇騊祟饦 <７? ３０';艘𝑃 笋𝐴𝐵褯靓 ℎ𝑃 质禡钊褡艘𝐴褯媌沢;伢渦防
譽 ３０｜謕荋渦防譽 𝑥｜瓈睸渦防踺譽 𝑃𝐴褯菶夙; 邔 ℎ𝑃 " ３０−𝑥; 顅鰦 𝑦 " ０<３０−𝑥+;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



３７９ １;３８ 菹拄儬赋

鲇元碴犍注拄｜氐丷襮笋儬赋稺苢毆

𝑦 " 𝑓<𝑥+ "

⎧))
⎨))⎩

０𝑥? ５ ≤ 𝑥 ≤ ６
７? ６ } 𝑥 ≤ ７
０<３０ − 𝑥+? ７ } 𝑥 ≤ ３０

<０+譽鲥顅鰦褯望放壇｜氐丷菹快儬赋 𝑦<𝑥+団謩牝踨蟖 -５? ３０'犍褯北譽;

• 団 -５? ６'犍｜𝑦 " ０𝑥饦鏱儬赋｜望放壇譽 𝑦<６+ " ７;
• 団 <６? ７'犍｜𝑦 " ７饦簳赋儬赋;

• 団 <７? ３０'犍｜𝑦 " ０<３０ − 𝑥+饦閆儬赋｜謩壇蟖譽 -５? ７+;

𝑥

𝑦

𝑂 ６ ７ ３０

７

忑 １;１０ 顅鰦儬赋 𝑦<𝑥+褯忑抆

绝陞菹快貯拄褯壇蟖鈩多元忑抆｜儬赋 𝑦褯望放壇譽 ７; 埸茭望放壇団 𝑥 " ６
龩觉占掑笋｜鈩谛煟續雀笋 𝑥 " ７; 婻薏｜冚顅鰦望放龩｜𝑥褯缉壇騊祟饦 -６? ７';

鮲戓 １;８９ 脫鍥碽礊劷滰侬廙褯萣豎燨砲釮魯鴸鳩牝ｉ
３; 郓钫侬廙 ９ ｋм碴跔｜萣豎 ０慊ｐ
０; ９ ｋм碴犍｜円鏱挻 ９ ｋм｜萣豎鏱挻 ３慊ｅ荼捺 ９ ｋм褯燨 ９ ｋм跠奮Ｉ;

謕侴慏茭蟳薢褯劷滰侬廙勸衟蟳媌儙譽 ３ ｋм｜童冧簶峿ｅ彔爷壎艘勸塗洃艘
勸Ｉ趑 ０５茭侬廙勸｜蝎鏘渁戓翆媸鈽萣豎褡璗防饲衟褯儬赋呪快毆;

呪 觉綃｜氐丷猁牝儬赋褯緭詓薆塗婻詓薆;趑郓龅郓钫褯璗防譽 𝑥 <ｋм+｜麘靿褯萣
豎譽 𝑦ｅ慊Ｉ;
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起注穻 儬赋 ３７８

屴葛｜氐丷猁牝緭詓薆 𝑥褯缉壇騊祟;谶渦滰駨 ０５茭勸｜勸衟媌譽 ３ ｋм｜婻薏
伢璗防譽 <０５ − ３+ ÷ ３ " ３２ ｋм;郓龅郓钫褯璗防 𝑥褯騊祟饦 <５? ３２';
懩猡｜氐丷鏘渁跠豎魯鴸｜闹牝踨蟖 <５? ３２'菹喕晫荼柗褯跠豎鑽衟;跠豎魯鴸

碴 ９ ｋм譽谛茭淋择;
鑽衟谛ｉ５ } 𝑥 ≤ ９; 鏘渁魯鴸 <３+｜団薏璗防騊祟跔｜萣豎鬽牝譽 ０慊;
鑽衟湗ｉ９ } 𝑥 ≤ ３５; 璗防嗔陞 ９ ｋм｜捂紴鏱豎亥嚾 А;鏘渁魯鴸 <０+｜萣豎団 ０

慊褯簽敛犍鏱挻 ３慊; 萣豎譽 ０ \ ３ " １慊;
鑽衟注ｉ３５ } 𝑥 ≤ ３９; 璗防嗔陞 ３５ ｋм｜捂紴鏱豎亥嚾 В;萣豎団 １慊褯簽敛犍

棼鏱挻 ３慊; 萣豎譽 １ \ ３ " ６慊;
鑽衟遂ｉ３９ } 𝑥 ≤ ３２; 璗防嗔陞 ３９ ｋм｜捂紴鏱豎亥嚾 С;萣豎団 ６慊褯簽敛犍

棼鏱挻 ３慊; 萣豎譽 ６ \ ３ " ９慊;
蜍犍蟋貯鑽衟褯多冧元鈩｜氐丷襮笋萣豎 𝑦稺禡璗防 𝑥褯菹拄儬赋呪快毆

𝑦 " 𝑓<𝑥+ "

⎧)))
⎨)))⎩

０? ５ } 𝑥 ≤ ９
１? ９ } 𝑥 ≤ ３５
６? ３５ } 𝑥 ≤ ３９
９? ３９ } 𝑥 ≤ ３２

埸饦谛茭择鷦儬赋;

𝑥 <ｋм+

𝑦ｅ慊Ｉ

𝑂 ９ ３５ ３９ ３２

０

１

６

９

忑 １;１１ 劷减萣豎儬赋忑抆

鮲戓 １;８８ 趑儬赋 𝑓<𝑥+ "
⎧)
⎨)⎩

−𝑎𝑥 \ ３? 𝑥 } 𝑎
<𝑥 − ０+０? 𝑥 ≥ 𝑎

;钴 𝑓<𝑥+韓団望盆壇｜鲥裱赋 𝑎

褯望放壇;

呪 氐丷菹快儬赋団荼柗急赋 𝑎砲褯呅俀｜鈩猁牝钊饦嚙韓団谛茭踣镛望盆壇;儬
赋褯鼣掑毆涰谶舾趣菹褡湗占儬赋趣菹港晫｜謩凟喚北譽缉魺禡菹拄艘 𝑎褯薼送;
氐丷麘 𝑎褯缉壇捂北菹鉢捣盽;
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３７４ １;３８ 菹拄儬赋

研呅谛ｉ𝑎 } ５; 薏龩｜谶舾趣菹 𝑦 " −𝑎𝑥 \ ３褯辧匞 −𝑎放禡璩｜儬赋団鑽
衟 <−∞? 𝑎+犍裤礊况鏱; 冚 𝑥 → −∞龩｜𝑓<𝑥+ → −∞;儬赋畻砲戗｜婻薏荼韓団望
盆壇;

研呅湗ｉ𝑎 " ５; 薏龩儬赋譽 𝑓<𝑥+ "
⎧)
⎨)⎩

３? 𝑥 } ５
<𝑥 − ０+０? 𝑥 ≥ ５

; 団鑽衟 <−∞? ５+犍｜儬

赋壇譽簳赋 ３; 団鑽衟 -５? \∞+犍｜儬赋 𝑦 " <𝑥 − ０+０ 団 𝑥 " ０閯缉襮望盆壇 ５; 婻
薏｜儬赋 𝑓<𝑥+褯望盆壇譽 ５;邔 𝑎 " ５饦谛茭栦搬褯壇;
研呅注ｉ𝑎 % ５; 薏龩｜谶舾趣菹 𝑦 " −𝑎𝑥 \ ３褯辧匞 −𝑎盆禡璩｜儬赋団鑽衟

<−∞? 𝑎+犍裤礊况閆;
氐丷鏘渁菹拄艘 𝑎褡锂泈谶頩艘 𝑥 " ０褯蟳麘薼送｜捂谛謴憹菹;
檫研呅 １а@ ５ } 𝑎 } ０; 儬赋団 <−∞? 𝑎+ 犍裤礊况閆｜謩壇褯砲猁戗譽

ｌім𝑥→𝑎− 𝑓<𝑥+ " −𝑎０ \ ３; 団 -𝑎? \∞+ 犍｜儬赋 𝑦 " <𝑥 − ０+０ 綃况閆猡况鏱｜団
𝑥 " ０閯缉襮望盆壇 ５; 楀埶儬赋韓団踣镛望盆壇｜儬赋霔扢駨砲戗｜踺冚 𝑥髡饙
閾瞲糐禡 𝑎龩｜儬赋壇荼搬瞲禡谛茭涿踣镛望盆壇畟盆褯壇; 钴 −𝑎０ \ ３ } ５｜鴸
儬赋団 <−∞? 𝑎+犍褯砲猁戗譽吖｜壿畻呤缉笋｜邔荼韓団望盆壇; 婻薏｜霔扢娠捺
−𝑎０ \ ３ ≥ ５｜踺 𝑎０ ≤ ３; 多元楷研呅褯雞趑 𝑎 % ５｜襮 ５ } 𝑎 ≤ ３;
檫研呅 １ｂ@ 𝑎 ≥ ０; 儬赋団 <−∞? 𝑎+犍裤礊况閆; 団 -𝑎? \∞+犍｜涰禡 𝑎 ≥ ０｜儬

赋 𝑦 " <𝑥 − ０+０饦裤礊况鏱褯; 婻薏｜儬赋褯忑抆団 𝑥 " 𝑎艘閯栦搬韓団谛茭望譡
艘; 儬赋褯砲猁戗譽 міｎ<ｌім𝑥→𝑎− 𝑓<𝑥+? 𝑓<𝑎++ " міｎ<−𝑎０ \ ３? <𝑎 − ０+０+; 譽埶望盆壇
韓団｜玴砲猁戗霔扢団 𝑥 " 𝑎閯缉笋｜踺 𝑓<𝑎+ ≤ ｌім𝑥→𝑎− 𝑓<𝑥+;

<𝑎 − ０+０ ≤ −𝑎０ \ ３

凟迹襮 𝑎０ − ６𝑎 \ ６ ≤ −𝑎０ \ ３｜踺 ０𝑎０ − ６𝑎 \ １ ≤ ５; 薏湗占淝團毆褯襏廒毆
Κ " <−６+０ − ６<０+<１+ " ３８ − ０６ " −７ } ５; 涰禡玴湗占淝團毆褯椛癪萐犍｜邔
０𝑎０ − ６𝑎 \ １绵譽翪;荼质毆 ０𝑎０ − ６𝑎 \ １ ≤ ５畻呪; 婻薏｜団 𝑎 ≥ ０褯研哄砲｜儬赋
荼韓団望盆壇;

５ } 𝑎 ≤ ３

𝑥

𝑦

𝑎 ０

３ } 𝑎 } ０

𝑥

𝑦

𝑎

𝑎 ≥ ０

𝑥

𝑦

𝑎

忑 １;１６ 荼柗 𝑎壇砲儬赋忑抆呅俀白翆
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起注穻 儬赋 ３７７

鲇元罛駨研呅｜儬赋 𝑓<𝑥+韓団望盆壇褯麠蚩饦 𝑎 ∈ -５? ３'; 婻薏｜裱赋 𝑎褯望放
壇譽 ３;

鮲戓 １;８４ 趑儬赋 𝑓<𝑥+ "
⎧)
⎨)⎩

𝑥０? 𝑥 ≤ 𝑎
𝑥０ − ０𝑎𝑥 \ 𝑎? 𝑥 % 𝑎

;钴韓団裱赋 𝑏｜埶襮儬赋

𝑔<𝑥+ " 𝑓<𝑥+ − 𝑏駨 １茭璩艘｜鴸 𝑎褯缉壇騊祟譽 ;

呪 儬赋 𝑔<𝑥+駨 １茭璩艘｜质豎禡轘防 𝑓<𝑥+ " 𝑏駨 １茭荼柗褯裱赋鏘;埸団养惤犍
质豎禡韓団谛麠龟脺煟谶 𝑦 " 𝑏｜褡儬赋 𝑦 " 𝑓<𝑥+褯忑抆駨 １茭荼柗褯减艘;
譽抾娖 １茭减艘｜儬赋 𝑓<𝑥+褯忑抆霔扢韓団黋褡嚎｜踺膱裤礊;氐丷綃菹快儬

赋 𝑓<𝑥+褯多港;
団 𝑥 " 𝑎閯｜儬赋褯饙壇譽 𝑓<𝑎+ " 𝑎０;謩纺嵀冫譽 ｌім𝑥→𝑎\ 𝑓<𝑥+ " ｌім𝑥→𝑎\<𝑥０−

０𝑎𝑥 \ 𝑎+ " 𝑎０ − ０𝑎０ \ 𝑎 " 𝑎 − 𝑎０;
氐丷麘急赋 𝑎捂北菹鉢捣盽;
研呅谛ｉ𝑎 ≤ ５; 冚 𝑥 ≤ 𝑎龩｜𝑓<𝑥+ " 𝑥０ 団薏鑽衟犍裤礊况閆; 冚 𝑥 % 𝑎龩｜

𝑓<𝑥+ " 𝑥０ − ０𝑎𝑥 \ 𝑎 " <𝑥 − 𝑎+０ \ 𝑎 − 𝑎０;埸饦谛茭頩艘団 𝑥 " 𝑎褯椛癪萐犍褯锂
泈谶｜邔団 <𝑎? \∞+犍裤礊况鏱; 儬赋忑抆褯凟喚呅俀饦綃砲銼猡犍诞｜僢惤龟脺
煟谶庺淝褡謩駨慏茭减艘;婻薏薏研呅荼娠捺麠蚩;
研呅湗ｉ𝑎 % ５; 冚 𝑥 ≤ 𝑎龩｜𝑓<𝑥+ " 𝑥０ 団 <−∞? ５'犍裤礊况閆｜団 -５? 𝑎'犍

裤礊况鏱;儬赋団 𝑥 " ５閯缉襮谛茭镛趣望盆壇 𝑓<５+ " ５; 冚 𝑥 % 𝑎龩｜𝑓<𝑥+ "
<𝑥 − 𝑎+０ \ 𝑎 − 𝑎０団 <𝑎? \∞+犍裤礊况鏱;
儬赋 𝑓<𝑥+ 褯凟喚忑抆呅俀童砲; 钊髡 \∞ 砲銼庺 <５? ５+｜棼犍诞庺菹拄艘

<𝑎? 𝑎０+｜懩猡団 𝑥 " 𝑎閯拐娖谛茭蒺毊｜髡 <𝑎? 𝑎 − 𝑎０+椛糲矾駜犍诞庺 \∞;
楀埶龟脺煟谶 𝑦 " 𝑏搬褡忑抆抾娖 １茭减艘｜钊霔扢柗龩银陞薼禡 <５? 𝑎+鑽衟

褯犍诞拄褡薼禡 <𝑎? \∞+鑽衟褯犍诞拄;埸楀鲥団菹拄艘 𝑥 " 𝑎閯拐娖谛茭萐砲
褯蒺毊｜髡藗呅晫谛茭镛趣褯黋褡嚎;
埸茭萐砲褯蒺毊褯浪赋麠蚩饦｜儬赋団菹拄艘饙閾褯壇放禡謩纺嵀冫;

𝑓<𝑎+ % ｌім
𝑥→𝑎\

𝑓<𝑥+

𝑎０ % 𝑎 − 𝑎０

凟迹襮 ０𝑎０ − 𝑎 % ５｜踺 𝑎<０𝑎 − ３+ % ５;
多元楷研呅褯雞趑 𝑎 % ５｜犍蟋荼质毆质豎禡 ０𝑎 − ３ % ５｜踺 𝑎 % ３`０;
冚 𝑎 % ３`０龩｜猁駨 𝑎０ % 𝑎 − 𝑎０;薏龩｜栦烨缉娠捺 𝑏 % 𝑎 − 𝑎０壿 ５ } 𝑏 } 𝑎０褯

𝑏壇｜埶龟脺煟谶 𝑦 " 𝑏褡饙拄 𝑦 " 𝑥０ 駨慏茭减艘｜褡纺拄锂泈谶駨谛茭减艘｜髡
藗抾娖 １茭减艘;
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３７２ １;３８ 菹拄儬赋

𝑥

𝑦

𝑂 𝑎

𝑎０

𝑎 − 𝑎０

𝑦 " 𝑏

忑 １;１９ 冚 𝑎 % ３`０龩｜儬赋忑抆呅俀褡龟脺谶 𝑦 " 𝑏

鸼饲｜钴 ５ } 𝑎 ≤ ３`０｜鴸 𝑎０ ≤ 𝑎 − 𝑎０;儬赋団 𝑥 " ５饲猡饦裤礊荼閆褯｜僢惤龟
脺煟谶庺淝駨慏茭减艘;
婻薏｜儬赋 𝑔<𝑥+駨 １茭璩艘韓団褯麠蚩饦 𝑎 % ３`０;邔 𝑎褯缉壇騊祟譽 < ３

０ ? \∞+;

鮲戓 １;８７ 趑 𝑎譽裱赋｜儬赋 𝑓<𝑥+ " <𝑥 − 𝑎+０ \ !𝑥 − 𝑎! − 𝑎!𝑎 − ３!;

３; 钴 𝑓<５+ % ３｜鲥 𝑎褯缉壇騊祟ｐ
０; 捣盽 𝑓<𝑥+褯裤礊舾ｐ
１; 冚 𝑎 % ０龩｜捣盽 𝑓<𝑥+ \ !𝑥!団 ℝ犍褯璩艘茭赋;

麀茡 <３+涰儬赋鼣掑毆｜𝑓<５+ " <５ − 𝑎+０ \ !５ − 𝑎! − 𝑎!𝑎 − ３! " 𝑎０ \ !𝑎! − 𝑎!𝑎 − ３!; 麠
蚩 𝑓<５+ % ３踺 𝑎０ \ !𝑎! − 𝑎!𝑎 − ３! % ３;氐丷鏘渁 𝑎褯缉壇麘醌麘壇捂北菹拄捣盽;
钴 𝑎 ≥ ３｜荼质毆譽 𝑎０ \ 𝑎 − 𝑎<𝑎 − ３+ % ３｜踺 𝑎０ \ 𝑎 − 𝑎０ \ 𝑎 % ３｜凟迹襮 ０𝑎 % ３｜

呪襮 𝑎 % ３`０; 褡 𝑎 ≥ ３鲥减容｜襮 𝑎 ≥ ３;
钴 ５ ≤ 𝑎 } ３｜荼质毆譽 𝑎０ \ 𝑎 − 𝑎<−<𝑎 − ３++ % ３｜踺 𝑎０ \ 𝑎 \ 𝑎０ − 𝑎 % ３｜凟迹

襮 ０𝑎０ % ３｜呪襮 𝑎 % ３`
√

０衉 𝑎 } −３`
√

０; 褡 ５ ≤ 𝑎 } ３鲥减容｜襮 ３`
√

０ } 𝑎 } ３;
钴 𝑎 } ５｜荼质毆譽 𝑎０ − 𝑎 − 𝑎<−<𝑎 − ３++ % ３｜踺 𝑎０ − 𝑎 \ 𝑎０ − 𝑎 % ３｜凟迹襮

０𝑎０ − ０𝑎 − ３ % ５; 玴湗占荼质毆褯呪譽 𝑎 % ３\
√

１
０ 衉 𝑎 } ３−

√
１

０ ; 褡 𝑎 } ５鲥减容｜襮
𝑎 } ３−

√
１

０ ;

婻薏｜𝑎褯缉壇騊祟饦 <−∞? ３−
√

１
０ + ∪ < ３√

０ ? \∞+;
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起注穻 儬赋 ３２５

<０+儬赋 𝑓<𝑥+栦咹譽發元儬赋;猏 𝑡 " !𝑥 − 𝑎!｜鴸 𝑡 ≥ ５; 邖儬赋栦鼣白譽稺禡 𝑡
褯儬赋 ℎ<𝑡+ " 𝑡０ \ 𝑡 − 𝑎!𝑎 − ３!; 埸饦谛茭椛癪萐犍褯湗占儬赋｜麘俋察譽 𝑡 " −３`０;
涰禡 𝑡 ≥ ５｜儬赋 ℎ<𝑡+団謩牝踨蟖 -５? \∞+犍更勇裤礊况鏱;
跔亥儬赋 𝑡<𝑥+ " !𝑥 − 𝑎!団鑽衟 <−∞? 𝑎'犍裤礊况閆｜団鑽衟 -𝑎? \∞+犍裤礊

况鏱; 鏘渁發元儬赋裤礊舾呤鴸｜団鑽衟 <−∞? 𝑎'犍｜跔亥儬赋况閆藗坉亥儬赋况
鏱｜邔 𝑓<𝑥+裤礊况閆; 団鑽衟 -𝑎? \∞+犍｜跔亥儬赋况鏱藗坉亥儬赋况鏱｜邔 𝑓<𝑥+
裤礊况鏱;

<１+趑 𝑔<𝑥+ " 𝑓<𝑥+ \ !𝑥!;冚 𝑎 % ０龩｜氐丷捣盽轘防 𝑔<𝑥+ " ５褯鏘褯茭赋; 鏘渁
醌麘壇褯璩艘 𝑥 " ５塗 𝑥 " 𝑎闹儬赋媸譽菹拄呅毆;
冚 𝑥 } ５龩｜𝑔<𝑥+ " <𝑥 − 𝑎+０ − <𝑥 − 𝑎+ − 𝑎<𝑎 − ３+ − 𝑥 " 𝑥０ − <０𝑎 \ ０+𝑥 \ ０𝑎; 冚

５ ≤ 𝑥 } 𝑎龩｜𝑔<𝑥+ " <𝑥 − 𝑎+０ − <𝑥 − 𝑎+ − 𝑎<𝑎 − ３+ \ 𝑥 " 𝑥０ − ０𝑎𝑥 \ ０𝑎; 冚 𝑥 ≥ 𝑎龩｜
𝑔<𝑥+ " <𝑥 − 𝑎+０ \ <𝑥 − 𝑎+ − 𝑎<𝑎 − ３+ \ 𝑥 " 𝑥０ − <０𝑎 − ０+𝑥;
氐丷菹快儬赋 𝑔<𝑥+ 褯裤礊舾; 団 <−∞? ５+ 犍｜𝑔′<𝑥+ " ０𝑥 − <０𝑎 \ ０+; 涰禡

𝑥 } ５? 𝑎 % ０｜駨 𝑔′<𝑥+ } ５｜儬赋裤礊况閆; 団 <５? 𝑎+犍｜𝑔′<𝑥+ " ０𝑥 − ０𝑎 " ０<𝑥 − 𝑎+;
涰禡 𝑥 } 𝑎｜駨 𝑔′<𝑥+ } ５｜儬赋裤礊况閆; 団 <𝑎? \∞+犍｜𝑔′<𝑥+ " ０𝑥 − <０𝑎 − ０+ "
０<𝑥 − <𝑎 − ３++;涰禡 𝑥 % 𝑎 % 𝑎 − ３｜駨 𝑔′<𝑥+ % ５｜儬赋裤礊况鏱;
婻薏｜儬赋 𝑔<𝑥+団 <−∞? 𝑎'犍裤礊况閆｜団 -𝑎? \∞+犍裤礊况鏱; 禡饦 𝑔<𝑥+団

𝑥 " 𝑎閯缉襮踣镛望盆壇;
氐丷跠奮养茭稺品艘褯儬赋壇; ｌім𝑥→−∞ 𝑔<𝑥+ " \∞; 𝑔<５+ " ５０ − ０𝑎<５+ \ ０𝑎 "

０𝑎;涰禡 𝑎 % ０｜駨 𝑔<５+ % ５; 𝑔<𝑎+ " 𝑎０ − <０𝑎 − ０+𝑎 " −𝑎０ \ ０𝑎 " −𝑎<𝑎 − ０+;
ｌім𝑥→\∞ 𝑔<𝑥+ " \∞;
璩艘褯茭赋缉魺禡望盆壇 𝑔<𝑎+褯殙镎;
涰禡 𝑎 % ０｜駨 𝑔<𝑎+ " −𝑎<𝑎 − ０+ } ５;舃 𝑔<５+ " ０𝑎 % ５｜壿 𝑔<𝑥+団 -５? 𝑎'犍裤礊

况閆｜邔儬赋団 <５? 𝑎+犍葋駨谛茭璩艘;団 <−∞? ５'犍｜儬赋涰\∞裤礊况閆笋翪赋
０𝑎｜婻藗盠駨璩艘;団 -𝑎? \∞+犍｜儬赋涰吖赋 𝑔<𝑎+裤礊况鏱笋 \∞｜邔団 <𝑎? \∞+
犍葋駨谛茭璩艘;
婻薏｜冚 𝑎 % ０龩｜𝑔<𝑥+ " 𝑓<𝑥+ \ !𝑥!団 ℝ犍绵駨 ０茭璩艘; □

１;３４ 醌麘壇儬赋
醌麘壇饦浪赋眫奮褯簽楷鎴郎｜晖饦媌沢埸谛养惤盥帄褯浪赋鼣掑;楷凥氐

丷牝踨醌麘壇儬赋｜鈩捣盽钊褯忑抆。舾蛣褡狒醌麘壇褯轘防塗荼质毆;

１;３４;３ 醌麘壇褯牝踨褡簽楷舾蛣
氐丷綃髡浪赋牝踨鈽拐;
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３２３ １;３４ 醌麘壇儬赋

牝踨 １;０５ <醌麘壇+ 裱赋 𝑥褯醌麘壇｜邋衧 !𝑥!｜牝踨譽童砲菹拄儬赋;

!𝑥! "
⎧)
⎨)⎩

𝑥? 𝑥 ≥ ５
−𝑥? 𝑥 } ５

薏牝踨褯煟屴养惤坻楍饦｜!𝑥!鼣白裱赋 𝑥団赋察犍麘靿褯艘笋邖艘褯媌沢;
鉢矇萋｜!𝑥 − 𝑎!鼣白赋 𝑥褡赋 𝑎団赋察犍麘靿艘饲衟褯媌沢;埸谛养惤逥艘簳簳賣
禡浉呪發鎥褯醌麘壇暁戓;
涰牝踨栦煟屴嶇鈽醌麘壇褯养茭簽楷舾蛣;

牝迹 １;０２ <醌麘壇褯簽楷舾蛣+ 麘禡僢翆裱赋 𝑥? 𝑦｜碴砲舾蛣绵晫嗲;

３; 膱吖舾ｉ!𝑥! ≥ ５;
０; 翪牝舾ｉ!𝑥! " ５ ⟺ 𝑥 " ５;
１; 鰦舾ｉ!𝑥𝑦! " !𝑥!!𝑦!;
６; 注页荼质毆ｉ!𝑥 \ 𝑦! ≤ !𝑥! \ !𝑦!;质镎晫嗲褯沔楀麠蚩饦 𝑥𝑦 ≥ ５;

麀茡 膱吖舾涰醌麘壇褯牝踨嗲踺襮笋;钴 !𝑥! " ５｜鴸燨牝踨鷭搬駨 𝑥 " ５ｐ鸼饲
𝑥 " ５龩 !𝑥! " ５｜邔翪牝舾晫嗲;
麘禡鰦舾｜!𝑥𝑦!褡 !𝑥!!𝑦!怬膱吖｜壿

!𝑥𝑦!０ " <𝑥𝑦+０ " 𝑥０𝑦０ " !𝑥!０!𝑦!０ " <!𝑥!!𝑦!+０;

慏茭膱吖赋脺轘蟳质｜婻藗 !𝑥𝑦! " !𝑥!!𝑦!;
麘禡注页荼质毆｜婻譽 !𝑥 \ 𝑦!褡 !𝑥! \ !𝑦!怬膱吖｜氐丷鷭嬛涿床脺轘;

<!𝑥! \ !𝑦!+０ − !𝑥 \ 𝑦!０ " 𝑥０ \ ０!𝑥!!𝑦! \ 𝑦０ − <𝑥 \ 𝑦+０ " ０<!𝑥!!𝑦! − 𝑥𝑦+ ≥ ５;

婻薏 !𝑥 \ 𝑦! ≤ !𝑥! \ !𝑦!;质镎晫嗲冚壿栔冚 !𝑥!!𝑦! " 𝑥𝑦｜埸质豎禡 𝑥𝑦 ≥ ５; □

𝑥𝑂𝑥 𝑦𝑥 \ 𝑦

!𝑥! !𝑦!

!𝑥 \ 𝑦!

养惤煟逥ｉ髡邖艘鈽拐｜綃荋 !𝑥!棼荋 !𝑦!褯伢渦防｜
荼寝盆禡煟屴笋掑洃艘 𝑥 \ 𝑦褯薼跢放盆 !𝑥 \ 𝑦!;

忑 １;１８ 注页荼质毆褯赋察坻楍
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起注穻 儬赋 ３２０

１;３４;０ 醌麘壇儬赋忑抆褡舾蛣
儬赋 𝑓<𝑥+ " !𝑥!饦望簽楷褯菹拄儬赋饲谛｜謩忑抆褡舾蛣饦菹快畟發鎥醌麘

壇儬赋褯簽敛;

𝑥

𝑦

𝑂

𝑦 " !𝑥!

忑抆犃 Ｖ呅｜稺禡 𝑦察麘俋ｅ堩儬赋Ｉ;
団 <−∞? ５'犍裤礊况閆｜団 -５? ∞+犍裤礊况鏱;

団邖艘閯韓団谛茭鹉艘?儬赋団玴艘琱駜帹荼栦嶇;

忑 １;１４ 儬赋 𝑦 " !𝑥!褯忑抆

１;３４;１ 狒醌麘壇褯轘防褡荼质毆
鲥呪狒醌麘壇褯轘防褡荼质毆龩｜氐丷綃浉誢醌麘壇;簳賣褯轘呤饦璩艘菹

拄捣盽呤｜钊煟屴挴緭醌麘壇褯牝踨;
玴轘呤褯謴柏童砲;

３; 镑鈽罛駨醌麘壇殙镎跔趣鼣掑毆褯璩艘;

０; 埸焂璩艘闹凟茭裱赋察疵菹譽钴箕茭椛鑽衟;

１; 団円茭椛鑽衟跔｜罛駨醌麘壇殙镎跔趣鼣掑毆褯殙镎绵牝｜髡藗栦碴誢扨醌
麘壇殙镎｜闹邖轘防｜衉荼质毆肷浉譽谛茭荼狒醌麘壇褯簳魯暁戓;

６; 菹廒鲥呪貯茭鑽衟犍褯暁戓｜鈩闹呪容褡玴鑽衟褯騊祟鲥减容｜襮笋玴鑽衟
跔褯駨侃呪;

９; 闹罛駨鑽衟犍褯駨侃呪元鈩｜襮笋邖暁戓褯畗凟呪容;

鮲戓 １;８２ 鲥呪荼质毆 !０𝑥 − ３! } 𝑥 \ ０;

呪 氐丷綃猁牝捣盽褯璩艘;猏醌麘壇跔趣褯鼣掑毆 ０𝑥 − ３ " ５｜呪襮 𝑥 " ３`０;薏
艘闹裱赋察疵菹譽慏茭鑽衟 <−∞? ３`０+塗 -３`０? \∞+;
研呅谛ｉ𝑥 ≥ ３`０; 団薏鑽衟跔｜０𝑥 − ３ ≥ ５｜邔 !０𝑥 − ３! " ０𝑥 − ３; 邖荼质毆肷浉

譽 ０𝑥 − ３ } 𝑥 \ ０｜呪襮 𝑥 } １; 闹薏呪褡楷研呅褯儙鍖 𝑥 ≥ ３`０鲥减容｜襮笋玴鑽
衟褯呪譽 -３`０? １+;
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３２１ １;３４ 醌麘壇儬赋

研呅湗ｉ𝑥 } ３`０; 団薏鑽衟跔｜０𝑥 − ３ } ５｜邔 !０𝑥 − ３! " −<０𝑥 − ３+ " ３ − ０𝑥; 邖
荼质毆肷浉譽 ３ − ０𝑥 } 𝑥 \ ０｜呪襮 −３ } １𝑥｜踺 𝑥 % −３`１; 闹薏呪褡楷研呅褯儙鍖
𝑥 } ３`０鲥减容｜襮笋玴鑽衟褯呪譽 <−３`１? ３`０+;
望猡｜氐丷闹慏茭研呅砲襮笋褯呪容元鈩｜襮

-３`０? １+ ∪ <−３`１? ３`０+ " <−３`１? １+

邔邖荼质毆褯呪容譽 <−３`１? １+;
麘禡甘牝呅毆褯醌麘壇暁戓｜晖韓団谛焂畟箛囀褯质豎肷浉;

• !𝑓<𝑥+! } 𝑎 <𝑎 % ５+质豎禡 −𝑎 } 𝑓<𝑥+ } 𝑎;
• !𝑓<𝑥+! % 𝑎 <𝑎 % ５+质豎禡 𝑓<𝑥+ % 𝑎衉 𝑓<𝑥+ } −𝑎;
• !𝑓<𝑥+! " !𝑔<𝑥+!质豎禡 𝑓<𝑥+０ " 𝑔<𝑥+０｜晖质豎禡 <𝑓<𝑥+ − 𝑔<𝑥++<𝑓<𝑥+ \ 𝑔<𝑥++ " ５;

嶇赋捣盽狒醌麘壇急赋

鮲戓 １;４５ 謕侴儬赋 𝑓<𝑥+ " −𝑥 ｌｎ𝑥 \ 𝑎𝑥団 <５? 𝑒+犍饦鏱儬赋｜儬赋 𝑔<𝑥+ "
!𝑒𝑥 − 𝑎! \ 𝑎０

０ 団 𝑥 ∈ -５? ｌｎ １'犍褯望放壇𝑀 褡望盆壇𝑚褯璁譽 １
０ ;鲥 𝑎褯壇;

呪 慏茭麠蚩锇薏渷嗲｜菹岟閯迹;
綃伲 𝑓 褯裤礊舾;𝑓 ′<𝑥+ " 𝑎 − ３ − ｌｎ𝑥;𝑓 団 <５? 𝑒+犍况鏱楀鲥 𝑓 ′ ≥ ５绵晫嗲｜踺

𝑎 ≥ ３ \ ｌｎ𝑥麘谛覞 𝑥 ∈ <５? 𝑒+晫嗲; ３ \ ｌｎ𝑥団 <５? 𝑒+犍况鏱｜犍戗譽 ０｜邔霔扢 𝑎 ≥ ０;
棼伲 𝑔<𝑥+ " !𝑒𝑥 − 𝑎! \ 𝑎０

０ 団 -５? ｌｎ １'犍褯嵀壇璁;醌麘壇璩艘譽 𝑥 " ｌｎ 𝑎ｐ涰
𝑎 ≥ ０侴 ｌｎ 𝑎 ≥ ｌｎ ０ % ５｜壿 𝑔団 ｌｎ 𝑎饙閾况閆。纺閾况鏱｜望盆壇団 𝑥 " ｌｎ 𝑎缉襮;
燨 ｌｎ 𝑎褡 -５? ｌｎ １'褯蟳麘薼送菹鉢;
研呅谛ｉ𝑎 ≥ １｜踺 ｌｎ 𝑎 ≥ ｌｎ １;薏龩 ｌｎ 𝑎団鑽衟纺閾｜𝑔団 -５? ｌｎ １'犍况閆｜

𝑀 " 𝑔<５+ " 𝑎 − ３ \ 𝑎０

０ ? 𝑚 " 𝑔<ｌｎ １+ " 𝑎 − １ \ 𝑎０

０ ?

𝑀 − 𝑚 " ０ ≠ １
０｜楂埑;

研呅湗ｉ０ ≤ 𝑎 } １;薏龩 ｌｎ 𝑎 ∈ <５? ｌｎ １+｜𝑔 団 -５? ｌｎ 𝑎'况閆。団 -ｌｎ 𝑎? ｌｎ １'况鏱｜
望盆壇 𝑚 " 𝑎０

０ ; 望放壇缉緭紦艘ｉ𝑔<５+ " 𝑎 − ３ \ 𝑎０
０ ｜𝑔<ｌｎ １+ " １ − 𝑎 \ 𝑎０

０ ｜壿
𝑔<５+ − 𝑔<ｌｎ １+ " ０𝑎 − ６ ≥ ５｜邔𝑀 " 𝑔<５+; 涰𝑀 − 𝑚 " １

０ 襮 𝑎 − ３ " １
０｜𝑎 " ９

０ ;玴壇
穬団 -０? １+跔｜駨侃;
邔 𝑎 " ９

０ ;

１;３４;６ 媌沢塗褯望盆壇
醌麘壇儬赋褯噯元栦碴港亻鈽谛焂傓浉暁戓鐜褯钆陳牠馲;謩鐜望钆陳褯饦

鲥呪遣艘笋钴箕牝艘媌沢饲塗褯望盆壇暁戓;
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起注穻 儬赋 ３２６

鮲戓 １;４３ 鲥儬赋 𝑓<𝑥+ " !𝑥 − ３! \ !𝑥 − １!褯望盆壇;

呪 髡养惤褯逥艘伲｜𝑓<𝑥+鼣白赋察犍遣艘 𝑥笋慏茭牝艘 ３塗 １褯媌沢饲塗;煟逥
犍｜冚遣艘 𝑥薼禡慏茭牝艘饲衟龩｜謩媌沢饲塗葋庬质禡慏牝艘衟褯媌沢｜薏龩靿
缉襮望盆壇;氐丷賣浪赋轘呤更勇麀茡埸谛蜧薺;
碴慏茭璩艘 𝑥 " ３塗 𝑥 " １譽菹戗｜氐丷麘 𝑥褯缉壇捂北菹拄捣盽;
研呅谛ｉ𝑥 ≤ ３; 薏龩 𝑥 − ３ ≤ ５? 𝑥 − １ } ５; 𝑓<𝑥+ " −<𝑥 − ３+ − <𝑥 − １+ " −０𝑥 \ ６;

埸饦谛茭裤礊况閆褯儬赋;
研呅湗ｉ３ } 𝑥 } １; 薏龩 𝑥 − ３ % ５? 𝑥 − １ } ５; 𝑓<𝑥+ " <𝑥 − ３+ − <𝑥 − １+ " ０; 儬

赋団薏鑽衟犍譽簳赋;
研呅注ｉ𝑥 ≥ １; 薏龩 𝑥 − ３ % ５? 𝑥 − １ ≥ ５; 𝑓<𝑥+ " <𝑥 − ３+ \ <𝑥 − １+ " ０𝑥 − ６; 埸

饦谛茭裤礊况鏱褯儬赋;
蜍注拄褯菹快元壎挴｜儬赋 𝑓<𝑥+褯忑抆綃砲銼｜懩猡団鑽衟 -３? １'犍續雀譽簳

赋 ０｜饲猡棼犍诞; 婻薏｜儬赋褯望盆壇譽 ０｜壿団惜鑽衟 -３? １'犍褯僢翆谛艘懞栦
缉襮;

𝑥

𝑦

𝑂

𝑦 " 𝑓<𝑥+

３ １

０

望盆壇団鑽衟 -３? １'犍缉襮

忑 １;１７ 儬赋 𝑦 " !𝑥 − ３! \ !𝑥 − １!褯忑抆

薏鮲栦碴浣狶笋畟谛塷褯研呅;麘禡儬赋 𝑓<𝑥+ " ∑𝑛
𝑖"３ !𝑥 − 𝑎𝑖!｜謩养惤翆踨饦

遣艘 𝑥笋 𝑛茭牝艘 𝑎３? … ? 𝑎𝑛褯媌沢饲塗;栦碴麀茡｜玴儬赋褯望盆壇団賳 𝑎𝑖褯鐜
薼赋閯缉襮;

１;３４;９ 慏艘媌沢牠馲
儬赋 𝑓<𝑥+ " !𝑥 − ３! \ !𝑥 − １!褯忑抆呅俀郎駨谛塷舾;氐丷苢鳖萋匊巖慏鉢褡

赋察犍慏艘媌沢蟳稺褯儬赋牠馲;
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３２９ １;３４ 醌麘壇儬赋

１;３４;９;３ 媌沢塗牠馲
匊子儬赋 𝑓<𝑥+ " !𝑥 − 𝑎! \ !𝑥 − 𝑏!｜謩鐜 𝑎 } 𝑏;薏儬赋栦咹譽赋察犍遣艘 𝑥笋

慏牝艘 𝑎? 𝑏褯媌沢饲塗;绝陞璩艘菹拄捣盽｜氐丷襮笋謩菹拄鼣掑毆

𝑓<𝑥+ "

⎧))
⎨))⎩

−０𝑥 \ 𝑎 \ 𝑏? 𝑥 } 𝑎
𝑏 − 𝑎? 𝑎 ≤ 𝑥 ≤ 𝑏
０𝑥 − 𝑎 − 𝑏? 𝑥 % 𝑏

儬赋忑抆涰慏麠誯谶塗谛茭龟脺谶拄港晫｜呅矇脺鴤捔;謩望盆壇譽 𝑏 − 𝑎｜団鑽衟
-𝑎? 𝑏'犍缉襮;

𝑥

𝑦

𝑂 𝑎 𝑏

𝑏 − 𝑎

忑 １;１２ 儬赋 𝑦 " !𝑥 − 𝑎! \ !𝑥 − 𝑏!褯忑抆ｅ脺鴤捔忑抆Ｉ

１;３４;９;０ 媌沢璁牠馲
褡媌沢塗牠馲麘靿｜氐丷匊巖媌沢璁牠馲 𝑔<𝑥+ " !𝑥 − 𝑎! − !𝑥 − 𝑏!｜謩鐜 𝑎 } 𝑏;

謩菹拄鼣掑毆譽

𝑔<𝑥+ "

⎧))
⎨))⎩

𝑎 − 𝑏? 𝑥 } 𝑎
０𝑥 − 𝑎 − 𝑏? 𝑎 ≤ 𝑥 ≤ 𝑏
𝑏 − 𝑎? 𝑥 % 𝑏

儬赋忑抆涰慏麠龟脺誯谶塗谛麠辧匞譽 ０褯谶拄港晫;儬赋褯壇蟖譽 -𝑎 − 𝑏? 𝑏 − 𝑎';

１;３４;８ 衧譽騊赋褯醌麘壇
麘醌麘壇盥帄捂北廬龠塗浣狶｜銰襮笋糐浪赋铙鐜褯騊赋; 団谛茭萐薆碽衟

鐜｜騊赋饦譽円茭萐薆噲埃谛茭菶夙衉放盆褯儬赋;醌麘壇 !𝑥!翪饦牝踨団谛潟裱
萐薆碽衟 ℝ３ 犍褯騊赋; 氐丷饲窼釮鈽褯醌麘壇褯簽楷舾蛣｜饦騊赋牝踨褯注茭
劷迹;
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起注穻 儬赋 ３２８

𝑥

𝑦

𝑂 𝑎 𝑏

𝑎 − 𝑏

𝑏 − 𝑎

忑 １;６５ 儬赋 𝑦 " !𝑥 − 𝑎! − !𝑥 − 𝑏!褯忑抆ｅ玟捔忑抆Ｉ

• 翪牝舾ｉ‖𝑣‖ ≥ ５｜壿 ‖𝑣‖ " ５ ⟺ 𝑣 " ５;
• 芫占舾ｉ‖𝜆𝑣‖ " !𝜆!‖𝑣‖ｅ埸浣狶鹹鰦舾Ｉ;
• 注页荼质毆ｉ‖𝑢 \ 𝑣‖ ≤ ‖𝑢‖ \ ‖𝑣‖;

鮲童｜団湗潟脺顅 ℝ０ 鐜｜谛茭萐薆 ｖ " <𝑥? 𝑦+褯甾养璗襮騊赋｜衉俋牠菶牝踨譽
‖ｖ‖０ " √𝑥０ \ 𝑦０｜钊柗袎娠捺犍蟋注麠劷迹;埸翪饦醌麘壇盥帄団畟靓潟夙犍褯
緭懩浣狶;

１;３７ 儬赋呪快毆褯鲥呪
楷凥拿戩童惤涰謕侴麠蚩猁牝谛茭儬赋褯呪快毆;謕侴麠蚩栦搬饦儬赋轘防｜

栦搬饦忑抆钆陞褯艘｜晖栦搬饦痞堩舾。茣爖舾质跔団舾蛣;氐丷鏘渁埸焂麠蚩褯
多港｜蜍钊丷肷媸晫稺禡儬赋鼣掑毆褯浪赋轘防｜棼鲥鈽埸茭鼣掑毆;

１;３７;３ 痔牝苢赋呤｜冚儬赋鉢馲謕侴龩
钴戓趑謕钆暞茡儬赋饦谛占儬赋。湗占儬赋衉暞赋儬赋质｜倪袃呪快毆褯多

港礶謕猁牝｜席侴褯鷭饦钴箕苢赋;氐丷厈賣竸牝麠蚩餽嗲稺禡埸焂痔牝苢赋褯
轘防噯｜棼呪鈽钊丷踺栦;

鮲戓 １;４０ 謕侴湗占儬赋 𝑓<𝑥+ 娠捺 𝑓<０+ " −３｜壿謩忑抆褯麘俋察譽煟谶
𝑥 " ３｜頩艘団 𝑥察砲轘｜褡 𝑥察慏减艘衟褯媌沢譽 ６;鲥 𝑓<𝑥+褯呪快毆;

呪 氐丷綃蜍养惤锠约肷晫浪赋儙鍖; 麘俋察 𝑥 " ３ 夫白賣頩艘毆｜趑 𝑓<𝑥+ "
𝑎<𝑥 − ３+０ \ 𝑘 <𝑎 ≠ ５+;
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３２４ １;３７ 儬赋呪快毆褯鲥呪

涣 １;３８ <烨慈葋冚褯
儬赋呅毆+

湗占儬赋褯谛塷毆。
頩艘毆褡慏鏘毆魥
賣禡荼柗褯謕侴麠
蚩;氐丷燨謕侴锠约
烨慈跠奮薆望盆褯
呅毆;

褡 𝑥察慏减艘媌沢譽 ６｜壿减艘稺禡 𝑥 " ３麘俋｜邔慏鏘匭钫澞 𝑥３? 𝑥０ 娠捺
!𝑥３ − 𝑥０! " ６褡 𝑥３\𝑥０

０ " ３｜呪襮 𝑥３ " −３｜𝑥０ " １; 禡饦晖栦媸晫慏鏘毆

𝑓<𝑥+ " 𝑎<𝑥 \ ３+<𝑥 − １+?

柗袎跔狒麘俋察 𝑥 " ３;浪紴陞艘 <０? −３+ｉ

𝑓<０+ " 𝑎<０ \ ３+<０ − １+ " −１𝑎 " −３ ⟹ 𝑎 " ３
１;

邔
𝑓<𝑥+ " ３

１<𝑥 \ ３+<𝑥 − １+ " ３
１𝑥０ − ０

１𝑥 − ３;

頩艘 <３? 𝑓<３++ " <３? − ６
１ +団 𝑥察砲轘｜褡戓趑谛摟;

鮲戓 １;４１ 謕侴 𝑓<𝑥+譽湗占儬赋｜壿 𝑓<５+ " １｜𝑓<𝑥 \ ０+ − 𝑓<𝑥+ " ６𝑥 \ ０;鲥
𝑓<𝑥+;

呪 儬赋鉢馲謕侴譽湗占儬赋｜氐丷趑謩谛塷呅毆譽 𝑓<𝑥+ " 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐;
涰 𝑓<５+ " １｜煟屴襮 𝑐 " １; 邔 𝑓<𝑥+ " 𝑎𝑥０ \ 𝑏𝑥 \ １;
隋団氐丷閯迹儬赋轘防 𝑓<𝑥 \ ０+ − 𝑓<𝑥+ " ６𝑥 \ ０; 綃跠奮 𝑓<𝑥 \ ０+｜襮

𝑓<𝑥 \ ０+ " 𝑎<𝑥 \ ０+０ \ 𝑏<𝑥 \ ０+ \ １ " 𝑎<𝑥０ \ ６𝑥 \ ６+ \ 𝑏<𝑥 \ ０+ \ １

棼港亻璁毆｜襮

𝑓<𝑥 \ ０+ − 𝑓<𝑥+ " -𝑎<𝑥０ \ ６𝑥 \ ６+ \ 𝑏<𝑥 \ ０+ \ １' − -𝑎𝑥０ \ 𝑏𝑥 \ １'

" <𝑎𝑥０ \ ６𝑎𝑥 \ ６𝑎 \ 𝑏𝑥 \ ０𝑏 \ １+ − <𝑎𝑥０ \ 𝑏𝑥 \ １+

" ６𝑎𝑥 \ <６𝑎 \ ０𝑏+

鏘渁戓趑｜埸茭璁毆绵质禡 ６𝑥 \ ０ｉ

６𝑎𝑥 \ <６𝑎 \ ０𝑏+ " ６𝑥 \ ０;

埸饦稺禡 𝑥褯绵质毆;涰淝團毆绵质牝迹｜慏饘柗占團苢赋蟳质; 涿床谛占團苢赋
襮 ６𝑎 " ６｜邔 𝑎 " ３; 涿床簳赋團襮 ６𝑎 \ ０𝑏 " ０;闹 𝑎 " ３浪紴｜襮 ６ \ ０𝑏 " ０｜呪襮
𝑏 " −３;
庺薏｜罛駨痔牝苢赋怬謕猁牝; 邔 𝑓<𝑥+ " 𝑥０ − 𝑥 \ １;
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起注穻 儬赋 ３２７

１;３７;０ 厈賣儬赋舾蛣呤ｅ痞堩舾。茣爖舾褡麘俋舾Ｉ
冚儬赋褯郎喚鉢馲席侴｜帹謕侴钊郎駨脫耼踣镛舾蛣龩｜埸茭舾蛣銰蜍儬赋団

牝踨蟖谛趣菹犍褯壇褡蝙谛趣菹犍褯壇舿苢壎挴;氐丷厈賣埸茭舿苢媸鈽呪快毆;

１;３７;０;３ 厈賣痞堩舾
钴謕侴痞儬赋衉堩儬赋団趣菹牝踨蟖犍褯呪快毆｜氐丷礶栦賣謩牝踨蜍钊芩

褚笋麘俋褯蝙谛趣菹牝踨蟖犍;
趑 𝑥 } ５;譽鹹鲥 𝑓<𝑥+｜氐丷綃媸 𝑓<−𝑥+｜鈩涣翆 −𝑥 % ５;埸袎 𝑓<−𝑥+栦涰謕侴

呪快毆鲥鈽;棼涰 𝑓<𝑥+ " 𝑓<−𝑥+｜踺堩儬赋褯研呅｜衉 𝑓<𝑥+ " −𝑓<−𝑥+ｅ痞儬赋Ｉ踺
栦襮笋 𝑓<𝑥+;

鮲戓 １;４６ 趑儬赋 𝑓<𝑥+譽牝踨団 ℝ犍褯痞儬赋｜壿冚 𝑥 ≥ ５龩｜𝑓<𝑥+ " 𝑒𝑥 −３;
鲥冚 𝑥 } ５龩 𝑓<𝑥+褯呪快毆;

呪 趑 𝑥 } ５;涰痞儬赋牝踨｜𝑓<𝑥+ " −𝑓<−𝑥+;
婻譽 −𝑥 % ５｜钊穬団謕侴呪快毆褯鑽衟 -５? \∞+跔;闹 −𝑥浪紴謕侴鼣掑毆｜

襮
𝑓<−𝑥+ " 𝑒−𝑥 − ３;

浪伱痞儬赋牝踨稺苢毆｜襮

𝑓<𝑥+ " −𝑓<−𝑥+ " −<𝑒−𝑥 − ３+ " ３ − 𝑒−𝑥;

薏毆麘罛駨 𝑥 } ５晫嗲;団 𝑥 " ５閯｜痞儬赋楀鲥 𝑓<５+ " ５｜藗謕侴毆竸鈽
𝑓<５+ " 𝑒５ − ３ " ５｜慏幔谛摟;
邔儬赋 𝑓<𝑥+褯畗凟呪快毆譽

𝑓<𝑥+ "
⎧)
⎨)⎩

𝑒𝑥 − ３? 𝑥 ≥ ５
３ − 𝑒−𝑥? 𝑥 } ５

１;３７;０;０ 厈賣茣爖舾
钴儬赋 𝑓<𝑥+饦茣爖譽 𝑇 褯茣爖儬赋｜倪袃钊団僢惤谛茭菶夙譽 𝑇 褯鑽衟犍

褯鼣掑毆｜銰魺牝鹹钊団凟茭牝踨蟖犍褯北譽;
麘僢翆緭詓薆 𝑥｜氐丷伢栦碴挻犍衉閆誢凟赋靼褯茣爖 𝑇｜蜍钊脺跢笋謕侴褯

簽抹鑽衟跔;踺
𝑓<𝑥+ " 𝑓<𝑥 \ 𝑛𝑇 +? 𝑛 ∈ ℤ;

氐丷楀镑谛茭凟赋 𝑛｜埶襮 𝑥 \ 𝑛𝑇 穬紴謕侴呪快毆褯牝踨蟖;
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３２２ １;３７ 儬赋呪快毆褯鲥呪

鮲戓 １;４９ 謕侴牝踨団ℝ犍褯儬赋 𝑓<𝑥+娠捺 𝑓<𝑥\０+ " 𝑓<𝑥+｜壿冚 𝑥 ∈ -−３? ３+
龩｜𝑓<𝑥+ " 𝑥０;鲥冚 𝑥 ∈ -３? １+龩 𝑓<𝑥+褯呪快毆;

呪 麠蚩 𝑓<𝑥 \ ０+ " 𝑓<𝑥+鼣茡 𝑓<𝑥+饦谛茭茣爖譽 ０褯茣爖儬赋;
趑 𝑥 ∈ -３? １+;譽鹹埶賣 -−３? ３+犍褯謕侴呪快毆｜氐丷蜍钊脺跢｜匊子 𝑥 − ０;冚

𝑥 ∈ -３? １+龩｜𝑥 − ０ ∈ -−３? ３+;
涰茣爖舾｜𝑓<𝑥+ " 𝑓<𝑥 − ０+;涰禡 𝑥 − ０穬団謕侴呪快毆褯鑽衟｜浪紴 𝑓<𝑡+ " 𝑡０

ｅ缉 𝑡 " 𝑥 − ０Ｉ｜襮
𝑓<𝑥 − ０+ " <𝑥 − ０+０;

婻薏｜冚 𝑥 ∈ -３? １+龩｜

𝑓<𝑥+ " <𝑥 − ０+０ " 𝑥０ − ６𝑥 \ ６;

１;３７;１ 籅慊呤褡覼仐呤ｅ閯迹發元儬赋Ｉ
冚謕侴麠蚩瑨赍發元儬赋｜鮲童竸鈽 𝑓<𝑔<𝑥++褯鼣掑毆藗楀鲥呪 𝑓<𝑥+龩｜侁澞

饦滃誢跔亥儬赋 𝑔<𝑥+褯困缼｜剓邖坉亥儬赋 𝑓 麘謩緭詓薆褯衧賣;裱隋埸谛侁澞
褯澞抹轘呤饦籅慊呤;
氐丷褯帝呤饦｜蜍跔亥儬赋趑譽岋褯詓薆 𝑡 " 𝑔<𝑥+;詓薆 𝑡 褯缉壇騊祟銰饦

𝑓<𝑡+褯牝踨蟖;懩猡氐丷蜍纺閾褯鼣掑毆賣 𝑡鼣白｜绝簳饦髡 𝑡 " 𝑔<𝑥+鸼呪鈽 𝑥鈩
浪紴;望猡蜍 𝑓<𝑡+鐜褯 𝑡籅譽 𝑥｜銰襮笋罛鲥褯呪快毆;

鮲戓 １;４８ 謕侴儬赋 𝑓<√𝑥 \ ３+ " 𝑥 \ ０√𝑥｜鲥 𝑓<𝑥+褯呪快毆;

呪 猏 𝑡 " √𝑥 \ ３;
岋詓薆 𝑡褯缉壇騊祟涰 √𝑥 ≥ ５魺牝｜邔 𝑡 ≥ ３;
髡 𝑡 " √𝑥 \ ３鸼呪鈽 √𝑥 " 𝑡 − ３｜捂藗 𝑥 " <𝑡 − ３+０;浪紴謕侴儬赋轘防｜襮

𝑓<𝑡+ " <𝑡 − ３+０ \ ０<𝑡 − ３+;

柤椛浉箛｜襮
𝑓<𝑡+ " <𝑡０ − ０𝑡 \ ３+ \ <０𝑡 − ０+ " 𝑡０ − ３;

婻薏 𝑓<𝑡+ " 𝑡０ − ３｜謩鐜 𝑡 ≥ ３;籅伱詓薆 𝑥｜襮

𝑓<𝑥+ " 𝑥０ − ３? 𝑥 ∈ -３? \∞+;

駨龩｜髡 𝑡 " 𝑔<𝑥+鐜鸼呪 𝑥饦拋肑褯衉荼礶褯;薏龩氐丷煟屴伲纺閾鼣掑毆搬
嚙媸晫稺禡 𝑔<𝑥+褯浪赋噯元;埸耼些黾俋譽覼仐呤;
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起注穻 儬赋 ０５５

鮲戓 １;４４ 謕侴 𝑓<𝑥 \ ３
𝑥 + " 𝑥１ \ ３

𝑥１｜鲥 𝑓<𝑥+;

呪 猏 𝑡 " 𝑥 \ ３
𝑥 ;荼霔鸼呪 𝑥｜氐丷煟屴閯迹纺閾 𝑥１ \ ３

𝑥１ ;涰绵质毆 <𝐴 \ 𝐵+１ "
𝐴１ \ 𝐵１ \ １𝐴𝐵<𝐴 \ 𝐵+｜

𝑥１ \ ３
𝑥１ " <𝑥 \ ３

𝑥+
１

− １ ⋅ 𝑥 ⋅ ３
𝑥 <𝑥 \ ３

𝑥+ " 𝑡１ − １𝑡;

邔 𝑓<𝑡+ " 𝑡１ − １𝑡;舃 𝑥 \ ３
𝑥 褯壇蟖譽 <−∞? −０' ∪ -０? \∞+｜婻藗籅慊猡褯儬赋牝踨

蟖譽 !𝑥! ≥ ０｜呪快毆譽 𝑓<𝑥+ " 𝑥１ − １𝑥;

鮲戓 １;４７ 钴 𝑓<ѕіｎ𝑥+ " ０ − соѕ<０𝑥+｜鴸 𝑓<соѕ𝑥+ " < +;

呪 氐丷菹慏謴;綃涰謕侴稺苢鲥鈽 𝑓<𝑥+｜棼蜍 соѕ𝑥浪紴罛襮呪快毆;
猏 𝑡 " ѕіｎ𝑥;涰禡 𝑥 ∈ ℝ｜岋詓薆 𝑡褯缉壇騊祟饦 -−３? ３';
蜍 ０ − соѕ<０𝑥+賣 𝑡鼣白;涰湗靼页劷毆｜соѕ<０𝑥+ " ３ − ０ ѕіｎ０ 𝑥;浪紴邖轘防｜襮

𝑓<ѕіｎ𝑥+ " ０ − <３ − ０ ѕіｎ０ 𝑥+ " ３ \ ０ ѕіｎ０ 𝑥;

賣 𝑡慶籅 ѕіｎ𝑥｜襮
𝑓<𝑡+ " ３ \ ０𝑡０? 𝑡 ∈ -−３? ３';

婻薏 𝑓<𝑥+ " ３ \ ０𝑥０｜牝踨蟖譽 -−３? ３';
隋団跠奮 𝑓<соѕ𝑥+;闹 𝑥慶籅譽 соѕ𝑥｜襮

𝑓<соѕ𝑥+ " ３ \ ０ соѕ０ 𝑥;

棼賣湗靼页劷毆 ０ соѕ０ 𝑥 " ３ \ соѕ<０𝑥+｜襮

𝑓<соѕ𝑥+ " ３ \ <３ \ соѕ<０𝑥++ " ０ \ соѕ<０𝑥+;

邔 𝑓<соѕ𝑥+ " ０ \ соѕ<０𝑥+;

鮲戓 １;４２ 謕侴 𝑓 < ３−𝑥
３\𝑥 + " ３−𝑥０

３\𝑥０｜鴸 𝑓<𝑥+褯呪快毆譽 < +;

呪 猏 𝑡 " ３−𝑥
３\𝑥 ;

氐丷髡埸茭稺苢毆鐜鸼呪 𝑥;涰

𝑡<３ \ 𝑥+ " ３ − 𝑥

𝑡 \ 𝑡𝑥 " ３ − 𝑥
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０５３ １;３７ 儬赋呪快毆褯鲥呪

𝑡𝑥 \ 𝑥 " ３ − 𝑡

𝑥<𝑡 \ ３+ " ３ − 𝑡

襮
𝑥 " ３ − 𝑡

３ \ 𝑡 ;

闹 𝑥 " ３−𝑡
３\𝑡 浪紴 ３−𝑥０

３\𝑥０｜襮

３ − 𝑥０ " ３ − <３ − 𝑡
３ \ 𝑡+

０
" <３ \ 𝑡+０ − <３ − 𝑡+０

<３ \ 𝑡+０ " ６𝑡
<３ \ 𝑡+０

３ \ 𝑥０ " ３ \ <３ − 𝑡
３ \ 𝑡+

０
" <３ \ 𝑡+０ \ <３ − 𝑡+０

<３ \ 𝑡+０ " ０<３ \ 𝑡０+
<３ \ 𝑡+０

慏毆蟳炏｜襮

３ − 𝑥０

３ \ 𝑥０ " ６𝑡`<３ \ 𝑡+０

０<３ \ 𝑡０+`<３ \ 𝑡+０ " ６𝑡
０<３ \ 𝑡０+ " ０𝑡

３ \ 𝑡０ ;

婻薏 𝑓<𝑡+ " ０𝑡
３\𝑡０ ;涰禡 𝑡 " ３−𝑥

３\𝑥 荼栦搬缉笋 −３｜玴呪快毆団 𝑡 ≠ −３褯騊祟跔
猁牝;
闹緭詓薆籅伱 𝑥｜襮笋 𝑓<𝑥+ " ０𝑥

３\𝑥０ <𝑥 ≠ −３+;

１;３７;６ 轘防噯呤ｅ厈賣麘俋舾褡麘元稺苢Ｉ
冚席侴儬赋 𝑓<𝑥+鈽隋団谛茭彔狒 𝑓<−𝑥+衉 𝑓<３`𝑥+质團褯轘防鐜龩｜氐丷栦

碴麘緭詓薆衧浪籅｜港亻鈽蝙谛茭轘防｜呅晫谛茭轘防噯;蜍 𝑓<𝑥+质咹譽席侴薆｜
呪埸茭轘防噯銰襮笋 𝑓<𝑥+;
埸璗褯浪籅 𝑥 → −𝑥塗 𝑥 → ３`𝑥怬郎駨麘元舾蛣｜踺琱駜召北慏占銰伱笋邖

詓薆;氐丷簳賣钊丷挴港亻轘防噯;

鮲戓 １;７５ 趑儬赋 𝑓<𝑥+娠捺 ０𝑓<𝑥+ \ 𝑓<−𝑥+ " １𝑥 \ ６｜鲥 𝑓<𝑥+褯呪快毆;

呪 轘防鐜柗龩鈽隋 𝑥褡 −𝑥;氐丷闹邖轘防鐜褯 𝑥籅譽 −𝑥｜襮笋谛茭岋轘防;
闹 𝑥慶籅譽 −𝑥｜邖轘防詓譽

０𝑓<−𝑥+ \ 𝑓<−<−𝑥++ " １<−𝑥+ \ ６;

浉箛襮
０𝑓<−𝑥+ \ 𝑓<𝑥+ " −１𝑥 \ ６;
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起注穻 儬赋 ０５０

闹邖轘防褡埸茭岋轘防舿嗲｜襮笋稺禡 𝑓<𝑥+塗 𝑓<−𝑥+褯湗慊谛占轘防噯

⎧)
⎨)⎩

０𝑓<𝑥+ \ 𝑓<−𝑥+ " １𝑥 \ ６ <３+
𝑓<𝑥+ \ ０𝑓<−𝑥+ " −１𝑥 \ ６ <０+

譽滃誢 𝑓<−𝑥+｜闹轘防 <３+慏饘郓碴 ０｜棼閆誢轘防 <０+ｉ

<６𝑓<𝑥+ \ ０𝑓<−𝑥++ − <𝑓<𝑥+ \ ０𝑓<−𝑥++ " ０<１𝑥 \ ６+ − <−１𝑥 \ ６+

１𝑓<𝑥+ " <８𝑥 \ ７+ − <−１𝑥 \ ６+ " ２𝑥 \ ６

呪襮 𝑓<𝑥+ " １𝑥 \ ６
１ ;

鮲戓 １;７３ 謕侴 𝑓<𝑥+褯牝踨蟖譽 )𝑥 ∣ 𝑥 ≠ ５(｜娠捺 １𝑓<𝑥+ \ ９𝑓 < ３
𝑥 + " １

𝑥 \ ３;
鲥儬赋 𝑓<𝑥+;

呪 薏轘防瑨赍 𝑓<𝑥+褡 𝑓<３`𝑥+｜壿浪籅 𝑥 → ３`𝑥郎駨麘元舾;
闹邖轘防邋譽 <３+ｉ

１𝑓<𝑥+ \ ９𝑓 < ３
𝑥+ " １

𝑥 \ ３ <３+

団轘防 <３+鐜｜闹罛駨 𝑥慶籅譽 ３`𝑥｜襮笋岋轘防 <０+ｉ

１𝑓 < ３
𝑥+ \ ９𝑓<𝑥+ " １𝑥 \ ３ <０+

闹 𝑓<𝑥+塗 𝑓<３`𝑥+咹譽席侴薆｜舿嗲轘防噯

⎧)
⎨)⎩

１𝑓<𝑥+ \ ９𝑓<３`𝑥+ " １`𝑥 \ ３
９𝑓<𝑥+ \ １𝑓<３`𝑥+ " １𝑥 \ ３

譽滃誢 𝑓<３`𝑥+｜闹 <３+毆郓碴 １｜<０+毆郓碴 ９ｉ

２𝑓<𝑥+ \ ３９𝑓<３`𝑥+ " ２`𝑥 \ １

０９𝑓<𝑥+ \ ３９𝑓<３`𝑥+ " ３９𝑥 \ ９

慏毆蟳閆｜襮笋 ３８𝑓<𝑥+ " <３９𝑥 \ ９+ − <２`𝑥 \ １+ " ３９𝑥 − ２`𝑥 \ ０;
邔 𝑓<𝑥+ " ３９

３８ 𝑥 − ２
３８𝑥 \ ３

７ ;
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０５１ １;３７ 儬赋呪快毆褯鲥呪

鮲戓 １;７０ 謕侴儬赋 𝑓<𝑥+麘牝踨蟖 )𝑥 ∣ 𝑥 ≠ ５(跔褯僢翆裱赋 𝑥娠捺 𝑓<𝑥+ −
０𝑓 < ０

𝑥 + " ６𝑥｜鴸 𝑓<𝑥+ " < +;

呪 薏轘防瑨赍 𝑓<𝑥+褡 𝑓<０`𝑥+;钴猏 𝑔<𝑥+ " ０`𝑥｜鴸 𝑔<𝑔<𝑥++ " ０`<０`𝑥+ " 𝑥｜婻薏浪
籅 𝑥 → ０`𝑥柗袎饦麘元褯;
邖轘防譽

𝑓<𝑥+ − ０𝑓 < ０
𝑥+ " ６𝑥 <３+

闹 𝑥慶籅譽 ０`𝑥ｉ

𝑓 < ０
𝑥+ − ０𝑓 < ０

０`𝑥+ " ６ < ０
𝑥+ ;

浉箛襮
𝑓 < ０

𝑥+ − ０𝑓<𝑥+ " ７
𝑥 <０+

舿嗲轘防噯
⎧)
⎨)⎩

𝑓<𝑥+ − ０𝑓<０`𝑥+ " ６𝑥
−０𝑓<𝑥+ \ 𝑓<０`𝑥+ " ７`𝑥

譽滃誢 𝑓<０`𝑥+｜闹 <０+毆郓碴 ０｜棼褡 <３+毆蟳挻ｉ

<𝑓<𝑥+ − ０𝑓<０`𝑥++ \ <−６𝑓<𝑥+ \ ０𝑓<０`𝑥++ " ６𝑥 \ ０ < ７
𝑥+

−１𝑓<𝑥+ " ６𝑥 \ ３８
𝑥

呪襮 𝑓<𝑥+ " − ６
１ 𝑥 − ３８

１𝑥 ;

１;３７;９ 噲壇呤褡况浣ｅ鶅椅儬赋轘防Ｉ
駨龩氐丷畻呤锯侴儬赋鉢馲;埸龩氐丷栦碴绝陞竸詓薆噲甘昍壇挴箛浉轘防｜

顫謴拐隋儬赋褯舾蛣衉况浣稺苢;埸焂壇栦碴饦 ５? ３? −３｜晖栦碴猏 𝑦 " 𝑥衉 𝑦 "
−𝑥质;

鮲戓 １;７１ 謕侴儬赋 𝑓<𝑥+麘僢翆裱赋 𝑥? 𝑦懞娠捺 𝑓<𝑥\𝑦+ " 𝑓<𝑥+\𝑓<𝑦+\０𝑥𝑦｜
壿 𝑓<３+ " ３;钴 𝑓<𝑥+譽淝團毆儬赋｜鲥 𝑓<𝑥+褯呪快毆;

呪 埸饦谛茭谦巶馲儬赋轘防;氐丷賣甘昍噲壇鶅埢钊褯多港;
猏 𝑥 " 𝑦 " ５｜襮 𝑓<５+ " 𝑓<５+ \ 𝑓<５+ \ ５｜邔 𝑓<５+ " ５;
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起注穻 儬赋 ０５６

涣 １;３４ <髡沢闪笋琱
駜+

噲壇呤綃団甘昍艘
犍竸鈽蜧薺｜棼賣浪
赋绵质毆著麀钊;

猏 𝑦 " −𝑥｜襮 𝑓<５+ " 𝑓<𝑥+\𝑓<−𝑥+−０𝑥０;涰禡 𝑓<５+ " ５｜邔 𝑓<𝑥+\𝑓<−𝑥+ " ０𝑥０;
猏 𝑦 " ３｜襮 𝑓<𝑥 \ ３+ " 𝑓<𝑥+ \ 𝑓<３+ \ ０𝑥;浪紴 𝑓<３+ " ３｜襮谛择璁菹轘防

𝑓<𝑥 \ ３+ − 𝑓<𝑥+ " ０𝑥 \ ３;

氐丷匊巖儬赋団凟赋艘犍褯缉壇; 𝑓<５+ " ５; 𝑓<３+ " ３; 𝑓<０+ " 𝑓<３+ \ ０<３+ \ ３ "
３ \ １ " ６; 𝑓<１+ " 𝑓<０+ \ ０<０+ \ ３ " ６ \ ９ " ２;
氐丷伲笋 𝑓<𝑛+ " 𝑛０ 麘 𝑛 " ５? ３? ０? １晫嗲;戓趑冫牝 𝑓<𝑥+譽淝團毆儬赋｜壿璁

菹 𝑓<𝑥 \ ３+ − 𝑓<𝑥+ " ０𝑥 \ ３饦谛占毆｜婻薏 𝑓<𝑥+庺淝譽湗占淝團毆;趑 𝑓<𝑥+ "
𝑎𝑥０ \ 𝑏𝑥 \ 𝑐｜涰 𝑓<𝑥 \ ３+ − 𝑓<𝑥+ " ０𝑎𝑥 \ <𝑎 \ 𝑏+ " ０𝑥 \ ３襮 𝑎 " ３? 𝑏 " ５｜舃 𝑓<５+ " ５
襮 𝑐 " ５;婻藗 𝑓<𝑥+ " 𝑥０;
隋団著麀埸茭多冧;邖轘防饙閾譽 𝑓<𝑥 \ 𝑦+ " <𝑥 \ 𝑦+０ " 𝑥０ \ ０𝑥𝑦 \ 𝑦０｜纺閾

譽 𝑓<𝑥+ \ 𝑓<𝑦+ \ ０𝑥𝑦 " 𝑥０ \ 𝑦０ \ ０𝑥𝑦;慏閾蟳质｜壿 𝑓<３+ " ３０ " ３晖娠捺;
婻薏｜儬赋褯呪快毆譽 𝑓<𝑥+ " 𝑥０;

鮲戓 １;７６ 謕侴儬赋 𝑓<𝑥+褯牝踨蟖譽 ℝ｜壿 𝑓<𝑥 \ 𝑦+ \ 𝑓<𝑥 − 𝑦+ " ０𝑓<𝑥+𝑓<𝑦+｜
𝑓<５+ " ３;蝎媸鈽谛茭娠捺麠蚩褯儬赋 𝑓<𝑥+;

呪 埸饦掑雮髌鋿儬赋轘防;氐丷賣甘昍噲壇菹快謩舾蛣;
猏 𝑥 " ５｜襮 𝑓<𝑦+ \ 𝑓<−𝑦+ " ０𝑓<５+𝑓<𝑦+ " ０𝑓<𝑦+; 浉箛襮 𝑓<−𝑦+ " 𝑓<𝑦+｜邔 𝑓<𝑥+

饦谛茭堩儬赋;
猏 𝑦 " 𝑥｜襮 𝑓<０𝑥+ \ 𝑓<５+ " ０<𝑓<𝑥++０; 浪紴 𝑓<５+ " ３｜襮 𝑓<０𝑥+ " ０<𝑓<𝑥++０ − ３;
埸茭稺苢毆褡湗靼页劷毆 соѕ<０𝑥+ " ０ соѕ０ 𝑥 − ３畗踣蟳柗;
氐丷蜧干 𝑓<𝑥+ " соѕ<𝛼𝑥+ 栦搬饦谛茭呪; 浪紴 𝑓<５+ " ３ 褯麠蚩｜襮 𝑓<５+ "

соѕ<５+ " ３｜娠捺;
隋団著麀钊饦嚙娠捺邖轘防;饙閾譽

соѕ<𝛼<𝑥 \ 𝑦++ \ соѕ<𝛼<𝑥 − 𝑦++ " соѕ<𝛼𝑥 \ 𝛼𝑦+ \ соѕ<𝛼𝑥 − 𝛼𝑦+;

厈賣塗璁浉鰦劷毆｜饙閾质禡 ０ соѕ<𝛼𝑥+ соѕ<𝛼𝑦+｜纺閾晖饦 ０ соѕ<𝛼𝑥+ соѕ<𝛼𝑦+;慏閾
绵质;
婻薏 𝑓<𝑥+ " соѕ<𝛼𝑥+麘僢翆裱赋 𝛼怬饦谛茭呪;戓侁鷭楀鲥媸鈽谛茭呪｜氐丷

缉望箛裤褯研呅 𝛼 " ３;
邔谛茭娠捺麠蚩褯儬赋饦 𝑓<𝑥+ " соѕ𝑥;

鮲戓 １;７９ 謕侴儬赋 𝑓<𝑥+娠捺 𝑓<𝑥 − 𝑦+ " 𝑓<𝑥+ \ 𝑦<𝑦 − ０𝑥 \ ９+｜壿 𝑓<−３+ " １;
鲥 𝑓<𝑥+褯呪快毆;

呪 轘防纺閾柗龩狒駨 𝑓<𝑥+? 𝑥? 𝑦;氐丷烨缉元魥褯噲壇滃誢謩鐜谛茭詓薆;
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０５９ １;３２ 儬赋壇蟖褯鲥呪

涣 １;３７

栦嶇儬赋団榟戗艘
缉望壇誀起遂勎起
３８穻ｐ楷凥鄢谶饦
籅慊。覼轘。牝踨呤
褡簽楷荼质毆;

猏 𝑥 − 𝑦 " −３｜鴸 𝑦 " 𝑥 \ ３;浪紴邖轘防｜襮

𝑓<−３+ " 𝑓<𝑥+ \ <𝑥 \ ３+<<𝑥 \ ３+ − ０𝑥 \ ９+;

浪紴 𝑓<−３+ " １｜襮
１ " 𝑓<𝑥+ \ <𝑥 \ ３+<８ − 𝑥+;

凟迹襮
１ " 𝑓<𝑥+ − 𝑥０ \ ９𝑥 \ ８;

涰薏呪鈽
𝑓<𝑥+ " 𝑥０ − ９𝑥 − １;

著麀ｉ麘玴儬赋｜

𝑓<𝑥 − 𝑦+ − 𝑓<𝑥+ " 𝑦０ − ０𝑥𝑦 \ ９𝑦 " 𝑦<𝑦 − ０𝑥 \ ９+?

壿 𝑓<−３+ " ３ \ ９ − １ " １｜娠捺戓趑;
埸谛謴褯帝呤饦猏 𝑥 − 𝑦譽簳赋｜髡藗煟屴厈賣 𝑓<−３+ " １;

１;３２ 儬赋壇蟖褯鲥呪
儬赋褯壇蟖饦罛駨曚鈽壇港晫褯容元;钊癟茡儬赋団叄萐犍褯騊祟｜晖稺苢笋

轘防褡荼质毆褯呪容;鲥壇蟖菹快褯饦霔懩曚鈽｜藗鲥牝踨蟖菹快褯饦元呤曚紴;
鲥壇蟖楀多元儬赋鼣掑毆褯浪赋多港褡养惤甘彀｜烨賣元魥褯菹快鎴郎｜団

浪赋詓呅褯更口舾褡养惤煟逥褯襦拐舾饲衟餽嗲舿苢;

１;３２;３ 逥巖呤褡簽楷儬赋
簽楷懌质儬赋褯壇蟖｜饦鲥畟發鎥儬赋壇蟖褯簽敛;

• 谶舾儬赋 𝑦 " 𝑎𝑥 \ 𝑏 <𝑎 ≠ ５+ｉ壇蟖譽 ℝ;
• 湗占儬赋 𝑦 " 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐 <𝑎 ≠ ５+ｉ壇蟖譽 - ６𝑎𝑐−𝑏０

６𝑎 ? \∞+ 冚 𝑎 % ５｜衉
<−∞? ６𝑎𝑐−𝑏０

６𝑎 'ｅ冚 𝑎 } ５Ｉ;
• 鸼涿鮲儬赋 𝑦 " 𝑘`𝑥 <𝑘 ≠ ５+ｉ壇蟖譽 <−∞? ５+ ∪ <５? \∞+;
• 暞赋儬赋 𝑦 " 𝑎𝑥ｉ壇蟖譽 <５? \∞+;
• 麘赋儬赋 𝑦 " ｌоｇ𝑎 𝑥ｉ壇蟖譽 ℝ;
• 翪鮙褡睸鮙儬赋 𝑦 " ѕіｎ𝑥? 𝑦 " соѕ𝑥ｉ壇蟖譽 -−３? ３';

嶇赋鲥壇蟖
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起注穻 儬赋 ０５８

１;３２;０ 菹快呤
钴儬赋栦嶇｜氐丷栦賣嶇赋鲥钊団鑽衟犍褯望放壇褡望盆壇｜髡藗襮笋壇蟖;

琱駜儬赋団惜鑽衟犍褯望壇霔団紦艘衉榟戗艘閯缉襮;
氐丷綃鲥鈽儬赋褯嶇赋 𝑓 ′<𝑥+｜鈩呪鈽罛駨榟戗艘｜踺 𝑓 ′<𝑥+ " ５褯鏘;棼涿床

儬赋団埸焂榟戗艘碴赍牝踨蟖紦艘閯褯儬赋壇｜鲇元襮鈽望放壇褡望盆壇;

鮲戓 １;７８ 鲥儬赋 𝑓<𝑥+ " 𝑥 \ ６
𝑥 団鑽衟 -３? ６'犍褯壇蟖;

呪 綃匊巖儬赋団暞牝鑽衟跔褯詓浉瞲渶;謩嶇儬赋譽

𝑓 ′<𝑥+ " ３ − ６
𝑥０ " 𝑥０ − ６

𝑥０ ;

団鑽衟 -３? ６'跔｜猏 𝑓 ′<𝑥+ " ５｜呪襮 𝑥 " ０;薏譽鑽衟跔橦谛褯榟戗艘;
鷭嬛涿床儬赋団鑽衟紦艘 <𝑥 " ３? 𝑥 " ６+褡榟戗艘 <𝑥 " ０+閯褯儬赋壇ｉ

𝑓<３+ " ３ \ ６
３ " ９

𝑓<０+ " ０ \ ６
０ " ６

𝑓<６+ " ６ \ ６
６ " ９

涿床栦侴｜儬赋団鑽衟 -３? ６'犍褯望放壇譽 ９｜望盆壇譽 ６; 婻薏｜儬赋褯壇蟖譽
-６? ９';

１;３２;１ 浪赋呤
氐丷賣绵质詓呅蜍儬赋浉晫謕侴壇蟖褯多港｜衉幔蜍 𝑦 " 𝑓<𝑥+伲衧稺禡 𝑥褯

轘防｜賣駨呪麠蚩猁牝 𝑦褯騊祟;

１;３２;１;３ 籅慊呤褡覼轘呤
冚儬赋栦碴咹譽脫茭鐜衟詓薆褯箛裤儬赋ｅ甘廒饦湗占儬赋Ｉ龩｜籅慊呤礶晫

譽谛耼駨餂鎴郎;氐丷楀抹猁萋猁牝鐜衟詓薆褯缉壇騊祟｜埸闹晫譽坉亥儬赋褯
岋牝踨蟖;

鮲戓 １;７４ 鲥儬赋 𝑓<𝑥+ " ѕіｎ０ 𝑥 \ ０ ѕіｎ𝑥 \ １褯壇蟖;

呪 薏儬赋栦罒伲衧谛茭稺禡 ѕіｎ𝑥褯湗占儬赋;
捂北籅慊｜猏 𝑡 " ѕіｎ𝑥; 岋詓薆 𝑡褯缉壇騊祟涰翪鮙儬赋褯壇蟖 -−３? ３'魺牝｜

邔 𝑡 ∈ -−３? ３';
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０５４ １;３２ 儬赋壇蟖褯鲥呪

邖暁戓质豎禡鲥湗占儬赋 𝑔<𝑡+ " 𝑡０ \ ０𝑡 \ １団 𝑡 ∈ -−３? ３'犍褯壇蟖;
麘 𝑔<𝑡+覼轘｜碴柤白頩艘薼送ｉ

𝑔<𝑡+ " <𝑡 \ ３+０ \ ０;

锂泈谶椛癪萐犍｜麘俋察譽 𝑡 " −３;
涰禡麘俋察 𝑡 " −３葋庬饦鑽衟 -−３? ３'褯饙紦艘｜儬赋 𝑔<𝑡+団玴鑽衟犍更勇裤

礊况鏱; 婻薏望盆壇団 𝑡 " −３閯缉襮｜望放壇団 𝑡 " ３閯缉襮ｉ

𝑔міｎ " 𝑔<−３+ " <−３ \ ３+０ \ ０ " ０

𝑔мах " 𝑔<３+ " <３ \ ３+０ \ ０ " ８

邔邖儬赋 𝑓<𝑥+褯壇蟖譽 -０? ８';

１;３２;１;０ 鸼儬赋呤ｅ轘防呤Ｉ
氐丷晖栦碴籅谛茭咹页;轘防呤蜍 𝑦 " 𝑓<𝑥+咹譽稺禡 𝑥褯轘防;儬赋褯壇蟖｜

銰饦埶玴轘防駨裱赋呪褯罛駨 𝑦港晫褯容元;

鮲戓 １;７７ 鲥儬赋 𝑓<𝑥+ " 𝑥０−𝑥\３
𝑥０\𝑥\３ 褯壇蟖;

呪 趑 𝑦 " 𝑥０−𝑥\３
𝑥０\𝑥\３ ;闹薏毆伲衧稺禡 𝑥褯轘防鈩鸼呪 𝑥;

凟迹轘防｜滃誢菹頼｜襮

𝑦<𝑥０ \ 𝑥 \ ３+ " 𝑥０ − 𝑥 \ ３

𝑦𝑥０ \ 𝑦𝑥 \ 𝑦 " 𝑥０ − 𝑥 \ ３;

闹罛駨團跢庺谛饘｜襮笋稺禡 𝑥褯澞抹谛慊湗占轘防呅毆

<𝑦 − ３+𝑥０ \ <𝑦 \ ３+𝑥 \ <𝑦 − ３+ " ５;

儬赋褯壇蟖銰饦埶襮埸茭稺禡 𝑥褯轘防駨裱赋呪褯罛駨 𝑦褯容元;
麘苢赋 <𝑦 − ３+菹鉢捣盽;
研呅谛ｉ𝑦 − ３ " ５｜踺 𝑦 " ３; 薏龩轘防逛浉譽 ０𝑥 " ５｜呪襮 𝑥 " ５;邔 𝑥 " ５饦

谛茭元呤褯裱赋呪｜𝑦 " ３骱禡壇蟖;
研呅湗ｉ𝑦 − ３ ≠ ５｜踺 𝑦 ≠ ３; 薏龩轘防饦谛慊湗占轘防;钊駨裱赋呪褯沔楀麠

蚩饦謩襏廒毆 Κ ≥ ５ｉ

Κ " <𝑦 \ ３+０ − ６<𝑦 − ３+<𝑦 − ３+ ≥ ５

<𝑦 \ ３+０ − <０<𝑦 − ３++０ ≥ ５;
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起注穻 儬赋 ０５７

厈賣脺轘璁劷毆菹呪ｉ

<<𝑦 \ ３+ − ０<𝑦 − ３++<<𝑦 \ ３+ \ ０<𝑦 − ３++ ≥ ５

<−𝑦 \ １+<１𝑦 − ３+ ≥ ５

<𝑦 − １+<１𝑦 − ３+ ≤ ５;

呪薏荼质毆｜襮笋 ３
１ ≤ 𝑦 ≤ １;

鲇元慏耼研呅鈩涣翆笋 𝑦 ≠ ３｜襮 𝑦褯缉壇騊祟饦 - ３
１ ? ３+ ∪ <３? １' ∪ )３(;

元鈩埸焂容元｜望洃襮笋儬赋褯壇蟖譽 - ３
１ ? １';

１;３２;１;１ 荼质毆呤
団閯迹菹毆衉鏘毆儬赋龩｜簽楷荼质毆｜童懞壇荼质毆栦賣挴猁牝儬赋壇褯

饘戗;

鮲戓 １;７２ 鲥儬赋 𝑓<𝑥+ " 𝑥 \ ６
𝑥 褯壇蟖;

呪 薏儬赋褯牝踨蟖譽 <−∞? ５+ ∪ <５? \∞+;氐丷菹研哄捣盽;
研呅谛ｉ𝑥 % ５; 薏龩 𝑥褡 ６`𝑥懞譽翪赋｜栦靿賣奮穦$养惤脺懞壇荼质毆ｉ

𝑓<𝑥+ " 𝑥 \ ６
𝑥 ≥ ０√𝑥 ⋅ ６

𝑥 " ０
√

６ " ６;

质镎晫嗲褯麠蚩饦 𝑥 " ６
𝑥｜踺 𝑥０ " ６;涰禡 𝑥 % ５｜呪襮 𝑥 " ０; 婻薏冚 𝑥 % ５龩｜儬

赋褯壇蟖譽 -６? \∞+;
研呅湗ｉ𝑥 } ５; 薏龩 𝑥褡 ６`𝑥懞譽吖赋;氐丷栦麘钊丷褯蟳鸼赋靿賣懞壇荼质

毆; 猏 𝑥 " −𝑡｜謩鐜 𝑡 % ５;

𝑓<𝑥+ " −𝑡 \ ６
−𝑡 " − <𝑡 \ ６

𝑡 + ;

涰禡 𝑡 % ５｜謕侴 𝑡 \ ６
𝑡 ≥ ６; 婻薏 𝑓<𝑥+ " − <𝑡 \ ６

𝑡 + ≤ −６; 质镎団 𝑡 " ０｜踺 𝑥 " −０
龩缉襮; 婻薏冚 𝑥 } ５龩｜儬赋褯壇蟖譽 <−∞? −６';
鲇元慏耼研呅｜儬赋 𝑓<𝑥+褯畗凟壇蟖譽 <−∞? −６' ∪ -６? \∞+;

１;３２;６ 赋呅多元呤
儬赋褯壇蟖団养惤犍鼣隋譽忑抆団 𝑦察犍褯猤困;氐丷晖栦碴綃吢鈽儬赋褯

謨忑｜棼逥巖叄萐菹養騊祟｜鈩賣浪赋轘呤猁黏钊;
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０５２ １;０５ 淝團毆迹盽

𝑥

𝑦

𝑂 牝踨蟖

壇蟖

𝑦міｎ " ３

𝑦мах " ９

忑 １;６３ 儬赋 𝑦 " <𝑥 − ０+０ \ ３団牝踨蟖 -３? ６'犍褯壇蟖 -３? ９'

１;０５ 淝團毆迹盽
淝團毆饦浪赋眫奮褯簽楷麘龠;楷凥団赋蟖犍餽嗲淝團毆褯凟炏。婻毆菹呪

褡麘俋儬赋迹盽｜竸鈽稼婻毆褯嶇赋襏廒呤｜鈩賣 Ｌаｇｒаｎｇе摵壇褡覞涿苭篒淝團
毆柤白淝團毆褯髇糐衧賣;

１;０５;３ 赋蟖褡淝團毆

牝踨 １;０３ <赋蟖+ 钴赋容 𝑃 彔狒 ５褡 ３｜壿麘謩鐜僢翆慏赋衧挻。閆。郓。炏
ｅ炏赋膱璩Ｉ罛襮多冧锼団 𝑃 鐜｜鴸俋 𝑃 譽谛茭赋蟖;

駨迹赋容 ℚ。裱赋容 ℝ。發赋容 ℂ 怬饦赋蟖;赋蟖晖搬涰畻迹赋娖晫｜蜍 𝛼
褡 ℚ鐜褯赋衧遂鴸眫奮襮笋褯谛覞赋邋譽 ℚ<𝛼+｜钊饦赋蟖;冚 𝛼饦湗占畻迹赋龩
ℚ<𝛼+ " )𝑎\ 𝑏𝛼 ∣ 𝑎? 𝑏 ∈ ℚ(｜碴 𝛼 "

√
０譽鮲｜<𝑎\𝑏

√
０+<𝑐 \𝑑

√
０+ " <𝑎𝑐 \ ０𝑏𝑑+\<𝑎𝑑 \

𝑏𝑐+
√

０｜膱璩慊嶻褯忹 𝑎−𝑏
√

０
𝑎０−０𝑏０ 晖団謩鐜;𝛼 " １√０龩 𝛼０ " １√６穬団 )𝑎\𝑏 １√０ ∣ 𝑎? 𝑏 ∈ ℚ(

饲坉｜埸茭湗潟容元麘郓呤荼秀惜｜ℚ< １√０+ " )𝑎 \ 𝑏 １√０ \ 𝑐 １√６ ∣ 𝑎? 𝑏? 𝑐 ∈ ℚ(皼饦
赋蟖;

牝踨 １;００ <𝑃 犍淝團毆+ 苢赋缉緭赋蟖𝑃 褯淝團毆 𝑓<𝑥+ " 𝑎𝑛𝑥𝑛\⋯\𝑎３𝑥\𝑎５
俋譽 𝑃 犍褯淝團毆;钴 𝑎𝑛 ≠ ５｜俋 𝑛譽 𝑓 褯占赋｜邋 ｄеｇ 𝑓 " 𝑛ｐ璩淝團毆荼
牝踨占赋;

楷凥鐜淝團毆懞暞脫谛鬽牝赋蟖 𝑃 犍褯淝團毆;
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起注穻 儬赋 ０３５

凟赋駨梙睸炏呤｜３４炏碴 ９襮騹 １睸 ０;淝團毆駨畗踣脺北褯多港;凟炏。望放
劷婻毆。婻毆菹呪埸注蚩梲怬髡梙睸炏呤娖菶鈽挴;

１;０５;０ 梙睸炏呤褡絮肷蟳炏

牝迹 １;１５ <梙睸炏呤+ 麘 𝑃 犍僢翆膱璩淝團毆 𝑓<𝑥+ 褡 𝑔<𝑥+｜韓団橦谛褯
𝑞<𝑥+? 𝑟<𝑥+ ∈ 𝑃 -𝑥'｜埶襮

𝑓<𝑥+ " 𝑞<𝑥+ 𝑔<𝑥+ \ 𝑟<𝑥+? ｄеｇ 𝑟 } ｄеｇ 𝑔衉 𝑟 ≡ ５; <１$３２+

麀茡 韓団舾;钴 ｄеｇ 𝑓 } ｄеｇ 𝑔｜缉 𝑞 " ５｜𝑟 " 𝑓 踺栦;趑 ｄеｇ 𝑓 " 𝑛 ≥ 𝑚 " ｄеｇ 𝑔｜𝑓 褡
𝑔褯觉團苢赋菹廒譽 𝑎𝑛。𝑏𝑚;猏 𝑞５<𝑥+ " 𝑎𝑛

𝑏𝑚
𝑥𝑛−𝑚｜鴸 𝑓３ " 𝑓 − 𝑞５𝑔褯占赋譡禡 𝑛;麘

𝑓３ 稼發薏笼衧｜円占庺舐銼谛占｜駨冫謴猡襮笋 𝑓𝑟 娠捺 ｄеｇ 𝑓𝑟 } ｄеｇ 𝑔衉 𝑓𝑟 ≡ ５;
恦挻貯謴褯 𝑞𝑖踺襮 𝑞｜缉 𝑟 " 𝑓𝑟;
橦谛舾;趑 𝑓 " 𝑞３𝑔 \ 𝑟３ " 𝑞０𝑔 \ 𝑟０｜鴸 <𝑞３ − 𝑞０+𝑔 " 𝑟３ − 𝑟０;饙紦钴膱璩鴸占赋

≥ ｄеｇ 𝑔｜纺紦占赋 } ｄеｇ 𝑔｜邔慏紦譽璩｜踺 𝑞３ " 𝑞０｜𝑟３ " 𝑟０; □

𝑞<𝑥+俋譽騹｜𝑟<𝑥+俋譽睸毆;冚 𝑟 ≡ ５龩俋 𝑔凟炏 𝑓｜邋 𝑔 ∣ 𝑓 ;

牝踨 １;０１ <望放劷婻毆+ 钴 𝑑<𝑥+柗龩凟炏 𝑓<𝑥+褡 𝑔<𝑥+｜壿 𝑓。𝑔褯僢谛劷婻毆
怬凟炏 𝑑<𝑥+｜鴸俋 𝑑<𝑥+譽 𝑓 褡 𝑔褯望放劷婻毆;望放劷婻毆団蟳璁膱璩簳赋
靼褯翆踨砲橦谛｜绝簳缉謩鐜褯觉谛淝團毆｜邋衧 <𝑓? 𝑔+;冚 <𝑓? 𝑔+ " ３龩俋 𝑓
褡 𝑔逵嶻;

牝迹 １;１３ <ВÕｚоｕｔ质毆+ 趑 𝑑<𝑥+ " <𝑓<𝑥+? 𝑔<𝑥++｜鴸韓団 𝑢<𝑥+? 𝑣<𝑥+ ∈ 𝑃 -𝑥'埶襮

𝑑<𝑥+ " 𝑢<𝑥+ 𝑓<𝑥+ \ 𝑣<𝑥+ 𝑔<𝑥+; <１$０５+

麀茡 麘 𝑓。𝑔鸼發衧梙睸炏呤｜襮筆釮

𝑓 " 𝑞３𝑔 \ 𝑟３?

𝑔 " 𝑞０𝑟３ \ 𝑟０?

𝑟３ " 𝑞１𝑟０ \ 𝑟１?

⋮

𝑟𝑠−０ " 𝑞𝑠𝑟𝑠−３ \ 𝑟𝑠?

𝑟𝑠−３ " 𝑞𝑠\３𝑟𝑠;
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０３３ １;０５ 淝團毆迹盽

円謴睸毆占赋更勇况閆｜駨冫謴猡睸毆譽璩;涰起谛毆壎｜𝑓 褡 𝑔褯劷婻毆凟炏 𝑟３ｐ
涰起湗毆｜𝑔褡 𝑟３褯劷婻毆凟炏 𝑟０ｐ嵌占綻况｜𝑟𝑠凟炏罛駨窼團｜邔 𝑟𝑠饦望放劷婻
毆;髡憵赋起湗毆憵浣｜蜍 𝑟𝑠 鼣譽 𝑟𝑠−３。𝑟𝑠−０ 褯谶舾噯元｜棼顫占賣窼毆浪紴滃誢
𝑟𝑠−３? 𝑟𝑠−０? …｜望洃襮笋 <１$０５+褯呅毆; □

犍蟋鸼發衧梙睸炏呤褯陞防踺絮肷蟳炏呤;

鮲戓 １;２５ <鲥望放劷婻毆+ 鲥 𝑓<𝑥+ " 𝑥６ \ 𝑥１ − 𝑥 − ３褡 𝑔<𝑥+ " 𝑥１ \ 𝑥０ − 𝑥 − ３
褯望放劷婻毆;

呪 衧梙睸炏呤ｉ𝑓 " <𝑥+𝑔 \ <𝑥０ − ３+｜𝑔 " <𝑥 \ ３+<𝑥０ − ３+ \ ５;邔 <𝑓? 𝑔+ " 𝑥０ − ３ｅ璁
簳赋婻檫Ｉ;憵浣襮 𝑥０ − ３ " 𝑓 − 𝑥 𝑔｜踺 𝑢 " ３｜𝑣 " −𝑥;
駨鹹望放劷婻毆｜砲谛謴饦婻毆菹呪;凟赋褯婻赋菹呪笋嶻赋譽穅｜３０ " ００ ⋅ １｜

謩鐜 ０。１荼搬棼醹;淝團毆晖駨荼搬棼菹褯“嶻淝團毆”｜踺荼栦儙淝團毆;

１;０５;１ 婻毆菹呪橦谛牝迹

牝踨 １;０６ <荼栦儙淝團毆+ 钴 𝑃 犍占赋 ≥ ３褯淝團毆 𝑝<𝑥+荼搬菹呪譽 𝑃 犍
慏茭占赋畟譡褯淝團毆饲鰦｜鴸俋 𝑝<𝑥+団 𝑃 犍荼栦儙;

淝團毆饦嚙荼栦儙嵌钉禡赋蟖｜𝑥０ − ０団 ℚ犍荼栦儙｜団 ℝ犍栦菹呪譽 <𝑥 −√
０+<𝑥 \

√
０+;

牝迹 １;１０ <婻毆菹呪橦谛牝迹+ 赋蟖 𝑃 犍僢谛占赋 ≥ ３褯淝團毆 𝑓<𝑥+栦菹
呪譽 𝑃 犍駨冫茭荼栦儙淝團毆饲鰦

𝑓<𝑥+ " 𝑐 𝑝３<𝑥+𝛼３𝑝０<𝑥+𝛼０ ⋯ 𝑝𝑘<𝑥+𝛼𝑘 ? <１$０３+

謩鐜 𝑐譽觉團苢赋｜𝑝𝑖譽觉谛荼栦儙淝團毆｜𝛼𝑖 ≥ ３;薏菹呪団荼跠婻毆岽筆
龩橦谛;

麀茡 韓団舾;麘 ｄеｇ 𝑓 衧鷵驺;ｄеｇ 𝑓 " ３龩 𝑓 楷楒荼栦儙;趑 ｄеｇ 𝑓 " 𝑛｜钴 𝑓 荼栦
儙鴸謕麀ｐ嚙鴸 𝑓 " 𝑓３𝑓０｜ｄеｇ 𝑓３? ｄеｇ 𝑓０ } 𝑛｜涰鷵驺雞趑 𝑓３。𝑓０懞栦菹呪｜元鈩踺襮
𝑓 褯菹呪;
橦谛舾;綃邋谛麠楀鸼發埶賣褯舾蛣｜钴荼栦儙淝團毆 𝑝 凟炏郓鰦 𝑞３𝑞０ ⋯ 𝑞𝑙｜

鴸 𝑝凟炏脫茭 𝑞𝑗;埸饦婻譽 𝑝荼栦儙｜钊褡円茭 𝑞𝑗 楀袃逵嶻｜楀袃蟳璁簳赋婻檫ｐ
钴 𝑝褡罛駨 𝑞𝑗怬逵嶻｜涰 ВÕｚоｕｔ质毆栦侴 𝑝褡凟茭郓鰦逵嶻｜褡 𝑝 ∣ 𝑞３ ⋯ 𝑞𝑙楂埑;

趑 𝑓 " 𝑐 𝑝𝛼３
３ ⋯ 𝑝𝛼𝑘

𝑘 " 𝑐′ 𝑞𝛽３
３ ⋯ 𝑞𝛽𝑙

𝑙 ;涰 𝑝３ ∣ 𝑓 赍犍蟋舾蛣｜𝑝３凟炏脫茭 𝑞𝑗ｐ𝑞𝑗荼栦
儙邔 𝑝３褡 𝑞𝑗蟳璁簳赋婻檫｜鷵谛譽觉谛猡蟳质;滃誢猡矾駜｜餽嗲 𝑝𝑖褡 𝑞𝑗褯谛谛
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起注穻 儬赋 ０３０

麘靿;趑脫荼栦儙婻毆 ℎ団慏菹呪鐜报占菹廒譽 𝛼。𝛽｜涰 ℎ𝛼 ∣ 𝑓 赍 ℎ褡謩睸婻毆逵
嶻襮 ℎ𝛼 ∣ ℎ𝛽｜邔 𝛼 ≤ 𝛽ｐ麘俋萋 𝛽 ≤ 𝛼｜邔 𝛼 " 𝛽; □

菹呪褯橦谛舾饦埸谛牝迹褯裱蛣｜柗谛茭淝團毆畻盽餡袎菹呪｜望洃褯荼栦
儙婻毆ｅ荼跠岽筆塗簳赋婻檫Ｉ畗踣谛摟;帹“荼栦儙”嵌钉禡赋蟖｜柗谛茭淝團毆
団盆蟖璗荼栦菹｜笋放蟖璗銰搬醹椛;

<𝑥０ − ０+<𝑥０ \ ０+ℚ

<𝑥 −
√

０+<𝑥 \
√

０+<𝑥０ \ ０+ℝ

<𝑥 −
√

０+<𝑥 \
√

０+<𝑥 −
√

０ 𝑖+<𝑥 \
√

０ 𝑖+ℂ

忑 １;６０ 𝑥６ − ６団荼柗赋蟖犍褯婻毆菹呪｜赋蟖爍放｜荼栦儙婻毆褯占赋爍譡｜煟庺 ℂ犍畗
踣菹呪譽谛占婻毆

１;０５;６ 稼婻毆褡嶇赋襏廒

牝踨 １;０９ <稼婻毆+ 钴荼栦儙淝團毆 𝑝<𝑥+娠捺 𝑝<𝑥+𝑘 ∣ 𝑓<𝑥+帹 𝑝<𝑥+𝑘\３ ∤ 𝑓<𝑥+｜
鴸俋 𝑝譽 𝑓 褯 𝑘稼婻毆;𝑘 " ３龩俋裤婻毆｜𝑘 ≥ ０龩俋稼婻毆;

淝團毆褯嶇赋 𝑓 ′<𝑥+燨绝簳鲥嶇魯鴸牝踨;嶇赋竸鈽稼婻毆褯襏渁;

牝迹 １;１１ <稼婻毆襏廒+ 趑 𝑝<𝑥+ 荼栦儙｜𝑘 ≥ ３;钴 𝑝 饦 𝑓 褯 𝑘 稼婻毆｜鴸
𝑝𝑘−３ ∣ 𝑓 ′藗 𝑝𝑘 ∤ 𝑓 ′ｐ鸼饲｜钴 𝑝 ∣ 𝑓 壿 𝑝𝑘−３ ∣ 𝑓 ′｜𝑝𝑘 ∤ 𝑓 ′｜鴸 𝑝饦 𝑓 褯 𝑘稼婻毆;
甘廒萋｜𝑓 盠駨稼婻毆冚壿栔冚 <𝑓? 𝑓 ′+ " ３;

麀茡 趑 𝑓<𝑥+ " 𝑝<𝑥+𝑘 𝑔<𝑥+｜<𝑝? 𝑔+ " ３;鲥嶇襮

𝑓 ′<𝑥+ " 𝑘 𝑝<𝑥+𝑘−３𝑝′<𝑥+ 𝑔<𝑥+ \ 𝑝<𝑥+𝑘 𝑔′<𝑥+ " 𝑝<𝑥+𝑘−３-𝑘 𝑝′<𝑥+ 𝑔<𝑥+ \ 𝑝<𝑥+ 𝑔′<𝑥+';

邋爷镎跔譽 ℎ<𝑥+;婻 ｄеｇ 𝑝′ } ｄеｇ 𝑝壿 <𝑝? 𝑔+ " ３｜𝑝 ∤ 𝑝′𝑔｜邔 𝑝 ∤ ℎ｜踺 𝑝𝑘−３ ∣ 𝑓 ′ 帹
𝑝𝑘 ∤ 𝑓 ′;
鸼萐;趑 𝑝 ∣ 𝑓 壿 𝑝𝑘−３ ∣ 𝑓 ′｜𝑝𝑘 ∤ 𝑓 ′;邋 𝑝団 𝑓 鐜褯稼赋譽𝑚 ≥ ３;涰謕麀褯翪萐

趣菹｜𝑝𝑚−３ ∣ 𝑓 ′藗 𝑝𝑚 ∤ 𝑓 ′;柗谛荼栦儙婻毆団 𝑓 ′鐜褯稼赋橦谛｜邔𝑚 − ３ " 𝑘 − ３｜
踺𝑚 " 𝑘; □
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０３１ １;０５ 淝團毆迹盽

鮲戓 １;２３ <襏廒稼婻毆+ 襏廒 𝑓<𝑥+ " 𝑥６ \ ０𝑥１ \ ０𝑥０ \ ０𝑥 \ ３饦嚙駨稼婻毆;

呪 𝑓 ′<𝑥+ " ６𝑥１ \ ８𝑥０ \ ６𝑥 \ ０ " ０<０𝑥１ \ １𝑥０ \ ０𝑥 \ ３+;麘 𝑓 褡 𝑓 ′衧絮肷蟳炏｜栦
襮 <𝑓? 𝑓 ′+ " 𝑥 \ ３;邔 𝑥 \ ３饦 𝑓 褯稼婻毆ｐ钊団 <𝑓? 𝑓 ′+鐜饦谛稼婻毆｜涰襏廒牝迹
钊団 𝑓 鐜饦湗稼婻毆;著麀ｉ𝑓 " <𝑥 \ ３+０<𝑥０ \ ３+｜𝑓 ′ " ０<𝑥 \ ３+<０𝑥０ \ 𝑥 \ ３+｜慏幔
荼棼駨謩瘉劷滰婻毆｜邔 𝑓 盠駨廒褯稼婻毆;
稼婻毆襏渁荼霔綃菹呪｜鷭嬛奮 𝑓 褡 𝑓 ′ 褯望放劷婻毆｜銰搬襏鶜 𝑓 饦嚙駨稼

鏘;埸谛襏渁団赋壇跠奮塗浪赋浉箛璗怬簳賣;

１;０５;９ 麘俋淝團毆

牝踨 １;０８ <懌质麘俋淝團毆+ 麘 𝑛茭詓慊 𝑥３? … ? 𝑥𝑛｜猏

𝜎３ " 𝑥３ \ 𝑥０ \ ⋯ \ 𝑥𝑛?
𝜎０ " ∑

３≤𝑖}𝑗≤𝑛
𝑥𝑖𝑥𝑗?

⋮
𝜎𝑘 " ∑

３≤𝑖３}⋯}𝑖𝑘≤𝑛
𝑥𝑖３

⋯ 𝑥𝑖𝑘
?

⋮
𝜎𝑛 " 𝑥３𝑥０ ⋯ 𝑥𝑛;

俋 𝜎３? … ? 𝜎𝑛 譽懌质麘俋淝團毆;麘僢翆詓慊褯送籅續雀荼詓褯淝團毆俋譽
麘俋淝團毆;

牝迹 １;１６ <麘俋淝團毆簽楷牝迹+ 僢谛麘俋淝團毆 𝐹<𝑥３? … ? 𝑥𝑛+栦橦谛萋鼣
譽懌质麘俋淝團毆 𝜎３? … ? 𝜎𝑛褯淝團毆;

薏牝迹褯港亻舾麀茡绝陞麘 𝐹 褯裤團毆燨鈮陳筆鷵驺｜顫謴賣 𝜎𝑘 慶籅觉團｜
薏閯髡鴴;
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起注穻 儬赋 ０３６

牝迹 １;１９ <濂磶绵质毆+ 邋 𝑝𝑘 " 𝑥𝑘
３ \ 𝑥𝑘

０ \ ⋯ \ 𝑥𝑘
𝑛 譽报塗｜𝜎３? … ? 𝜎𝑛 譽懌质

麘俋淝團毆;麘 𝑘 ≥ ３｜

𝑝𝑘 − 𝜎３𝑝𝑘−３ \ 𝜎０𝑝𝑘−０ − ⋯ \ <−３+𝑘−３𝜎𝑘−３𝑝３ \ <−３+𝑘𝑘𝜎𝑘 " ５ <𝑘 ≤ 𝑛+? <１$００+

冚 𝑘 % 𝑛龩｜插團 <−３+𝑘𝑘𝜎𝑘慶籅譽 <−３+𝑛𝜎𝑛𝑝𝑘−𝑛;

麀茡 麘円茭 𝑥𝑖｜涰齙掑牝迹侴 𝑥𝑖饦 𝑡𝑛 − 𝜎３𝑡𝑛−３ \ 𝜎０𝑡𝑛−０ − ⋯ \ <−３+𝑛𝜎𝑛 " ５褯鏘｜
邔

𝑥𝑛
𝑖 " 𝜎３𝑥𝑛−３

𝑖 − 𝜎０𝑥𝑛−０
𝑖 \ ⋯ \ <−３+𝑛−３𝜎𝑛;

郓碴 𝑥𝑘−𝑛
𝑖 鈩麘 𝑖鲥塗ｅ𝑘 ≥ 𝑛Ｉ｜襮 𝑝𝑘 " 𝜎３𝑝𝑘−３ − 𝜎０𝑝𝑘−０ \ ⋯ \ <−３+𝑛−３𝜎𝑛𝑝𝑘−𝑛｜踺

𝑘 % 𝑛褯研呅;麘 𝑘 ≤ 𝑛｜麘娖晫儬赋∏<３ − 𝑥𝑖𝑡+ " ∑<−３+𝑘𝜎𝑘𝑡𝑘缉麘赋猡涿床 𝑡𝑘苢
赋踺襮 <１$００+; □

濂磶绵质毆蜍报塗 𝑝𝑘况鷵萋鼣譽懌质麘俋淝團毆褯淝團毆｜渁薏栦浉箛谛覞
麘俋毆;

鮲戓 １;２０ <賣濂磶绵质毆鲥报塗+ 趑 𝑥３? 𝑥０? 𝑥１ 娠捺 𝜎３ " ８｜𝜎０ " ３３｜𝜎１ " ８｜
鲥 𝑝０褡 𝑝１;

呪 涰 <１$００+｜𝑘 " ０ｉ𝑝０−𝜎３𝑝３\０𝜎０ " ５｜𝑝３ " 𝜎３ " ８｜邔 𝑝０ " ８⋅８−０⋅３３ " １８−００ " ３６;
𝑘 " １ｉ𝑝１ −𝜎３𝑝０ \𝜎０𝑝３ −１𝜎１ " ５｜邔 𝑝１ " ８⋅３６−３３⋅８\１⋅８ " ７６−８８\３７ " １８;
麘俋淝團毆髡浪赋多港朢吢鏘褯容元;鸼陞挴｜謕侴钴箕艘犍褯儬赋壇晖搬

橦谛猁牝谛茭淝團毆｜埸涰 Ｌаｇｒаｎｇе摵壇竸鈽;

１;０５;８ Ｌаｇｒаｎｇе摵壇

牝迹 １;１８ <Ｌаｇｒаｎｇе摵壇劷毆+ 趑 𝑥５? 𝑥３? … ? 𝑥𝑛譽赋蟖 𝑃 鐜 𝑛 \ ３茭逵瑥艘｜
𝑦５? 𝑦３? … ? 𝑦𝑛 譽竸牝壇;鴸韓団橦谛褯占赋 ≤ 𝑛褯淝團毆 𝐿<𝑥+娠捺 𝐿<𝑥𝑖+ "
𝑦𝑖ｅ𝑖 " ５? … ? 𝑛Ｉ｜壿

𝐿<𝑥+ "
𝑛

∑
𝑖"５

𝑦𝑖
𝑛

∏
𝑗"５
𝑗≠𝑖

𝑥 − 𝑥𝑗
𝑥𝑖 − 𝑥𝑗

; <１$０１+

麀茡 韓団舾;麘円茭 𝑖｜猏 ℓ𝑖<𝑥+ " ∏𝑗≠𝑖
𝑥−𝑥𝑗
𝑥𝑖−𝑥𝑗

;鴸 ℓ𝑖<𝑥𝑖+ " ３｜ℓ𝑖<𝑥𝑗+ " ５ｅ𝑗 ≠ 𝑖Ｉ｜邔
𝐿<𝑥+ " ∑ 𝑦𝑖ℓ𝑖<𝑥+娠捺摵壇麠蚩｜壿 ｄеｇ𝐿 ≤ 𝑛;
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０３９ １;０５ 淝團毆迹盽

橦谛舾;趑 𝐿３? 𝐿０ 懞娠捺麠蚩壿 ｄеｇ ≤ 𝑛;猏 𝐻 " 𝐿３ − 𝐿０｜鴸 𝐻<𝑥𝑖+ " ５麘
𝑖 " ５? … ? 𝑛晫嗲｜踺 𝐻 駨 𝑛 \ ３茭荼柗鏘;帹 ｄеｇ𝐻 ≤ 𝑛｜邔 𝐻 ≡ ５; □

鮲戓 １;２１ <港亻摵壇淝團毆+ 鲥占赋≤ ０褯淝團毆𝐿<𝑥+｜埶𝐿<５+ " ３｜𝐿<３+ " ０｜
𝐿<０+ " ５;

呪 涰 <１$０１+｜

𝐿<𝑥+ " ３ ⋅ <𝑥 − ３+<𝑥 − ０+
<５ − ３+<５ − ０+ \ ０ ⋅ 𝑥<𝑥 − ０+

<３ − ５+<３ − ０+ \ ５ ⋅ 𝑥<𝑥 − ３+
<０ − ５+<０ − ３+

" <𝑥 − ３+<𝑥 − ０+
０ − ０𝑥<𝑥 − ０+

" 𝑥０ − １𝑥 \ ０
０ − ０𝑥０ \ ６𝑥

" −１
０𝑥０ \ ９

０𝑥 \ ３;

著麀ｉ𝐿<５+ " ３｜𝐿<３+ " − １
０ \ ９

０ \ ３ " ０｜𝐿<０+ " −８ \ ９ \ ３ " ５;
Ｌаｇｒаｎｇе摵壇賣 𝑛 \ ３茭艘猁牝谛茭 𝑛占淝團毆｜帹凥艘烨缉困缼髇糐娦璁;

质媌凥艘団紦艘忯糐楾蔃剦溠ｅＲｕｎｇе隋龠Ｉ｜藗覞涿苭篒淝團毆褯鏘衧譽凥艘栦
岐鳩埸谛隋龠;

１;０５;４ 覞涿苭篒淝團毆
涰注靼页劷毆 соѕ １𝜃 " ６ соѕ１ 𝜃 − １ соѕ 𝜃栦誀 соѕ １𝜃饦 соѕ 𝜃褯注占淝團毆;谛

塷萋ｉ

牝迹 １;１４ <覞涿苭篒淝團毆+ 麘僢翆翪凟赋 𝑛｜соѕ𝑛𝜃栦鼣譽 соѕ 𝜃褯 𝑛占淝
團毆 𝑇𝑛<𝑥+｜謩觉團苢赋譽 ０𝑛−３｜娠捺

𝑇５<𝑥+ " ３? 𝑇３<𝑥+ " 𝑥? 𝑇𝑛\３<𝑥+ " ０𝑥 𝑇𝑛<𝑥+ − 𝑇𝑛−３<𝑥+; <１$０６+

麀茡 涰塗璁浉鰦｜соѕ<𝑛 \ ３+𝜃 \ соѕ<𝑛 − ３+𝜃 " ０ соѕ𝑛𝜃 соѕ 𝜃｜邔

соѕ<𝑛 \ ３+𝜃 " ０ соѕ 𝜃 соѕ𝑛𝜃 − соѕ<𝑛 − ３+𝜃;

趑 соѕ𝑛𝜃 " 𝑇𝑛<соѕ 𝜃+｜соѕ<𝑛 − ３+𝜃 " 𝑇𝑛−３<соѕ 𝜃+｜浪紴踺襮况浣 <１$０６+;觉團苢赋娠
捺 𝑎𝑛\３ " ０𝑎𝑛｜𝑎３ " ３｜邔 𝑎𝑛 " ０𝑛−３; □

窼养茭覞涿苭篒淝團毆譽

𝑇５<𝑥+ " ３? 𝑇３<𝑥+ " 𝑥? 𝑇０<𝑥+ " ０𝑥０ − ３?
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起注穻 儬赋 ０３８

𝑇１<𝑥+ " ６𝑥１ − １𝑥? 𝑇６<𝑥+ " ７𝑥６ − ７𝑥０ \ ３? 𝑇９<𝑥+ " ３８𝑥９ − ０５𝑥１ \ ９𝑥;

牝迹 １;１７ <覞涿苭篒淝團毆褯鏘+ 𝑇𝑛<𝑥+褯 𝑛茭鏘譽

𝑥𝑘 " соѕ
<０𝑘 − ３+𝜋

０𝑛 ? 𝑘 " ３? ０? … ? 𝑛? <１$０９+

踣趣穬団鑽衟 -−３? ３'犍;

麀茡 𝑇𝑛<𝑥𝑘+ " ５冚壿栔冚 соѕ𝑛𝜃𝑘 " ５｜踺𝑛𝜃𝑘 " <０𝑘−３+𝜋
０ ｜𝜃𝑘 " <０𝑘−３+𝜋

０𝑛 ;邔 𝑥𝑘 " соѕ 𝜃𝑘
童 <１$０９+;𝑘 " ３? … ? 𝑛竸鈽 𝑛茭逵瑥鏘｜壿 𝜃𝑘 ∈ <５? 𝜋+續麀 𝑥𝑘 ∈ <−３? ３+; □

覞涿苭篒淝團毆団 -−３? ３'犍娠捺 !𝑇𝑛<𝑥+! ≤ ３｜壿謩鏘懞锛菹養禡 -−３? ３';碴 𝑇𝑛
褯鏘譽摵壇凥艘栦岐鳩 Ｒｕｎｇе隋龠｜埸饦覞涿苭篒淝團毆賣禡儬赋髇糐褯鏘渁;

𝑥

𝑇６<𝑥+

𝑂

３

−３

忑 １;６１ 𝑇６<𝑥+ " ７𝑥６ − ７𝑥０ \ ３団 -−３? ３'犍褯质鷅橘｜６茭鏘ｅ裱艘Ｉ懞锛菹養｜９茭碽艘减慶
缉 ¾３

鮲戓 １;２６ <賣覞涿苭篒淝團毆鼣白+ 厈賣况浣 <１$０６+ 鲥 𝑇６<𝑥+｜ 鈩著麀
𝑇６<соѕ 𝜃+ " соѕ ６𝜃;

呪 𝑇０ " ０𝑥０ − ３｜𝑇１ " ０𝑥<０𝑥０ − ３+ − 𝑥 " ６𝑥１ − １𝑥｜𝑇６ " ０𝑥<６𝑥１ − １𝑥+ − <０𝑥０ − ３+ "
７𝑥６ − ７𝑥０ \ ３;
著麀ｉсоѕ ６𝜃 " ０ соѕ０ ０𝜃 − ３ " ０<０ соѕ０ 𝜃 − ３+０ − ３ " ７ соѕ６ 𝜃 − ７ соѕ０ 𝜃 \ ３ "

𝑇６<соѕ 𝜃+;

１;０３ 注占褡遂占轘防
湗占轘防褯鲥鏘劷毆謕譽璖侴;注占褡遂占轘防柗袎韓団鏘毆呪｜楷凥竸鈽

Саｒｄаｎо劷毆。注占轘防褯注页呪呤｜碴赍遂占轘防褯 Ｆеｒｒаｒі銼占呤;
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０３４ １;０３ 注占褡遂占轘防

１;０３;３ 滃誢湗占團
麘谛塷注占轘防 𝑎𝑥１ \ 𝑏𝑥０ \ 𝑐𝑥 \ 𝑑 " ５ｅ𝑎 ≠ ５Ｉ｜慏紦炏碴 𝑎浉譽

𝑥１ \ 𝑏𝑥０ \ 𝑐𝑥 \ 𝑑 " ５;

衧脺跢 𝑥 " 𝑦 − 𝑏
１｜厈賣 <𝑦 − 𝑏

１ +１柤椛猡湗占團苢赋譽 −𝑏｜褡 𝑏<𝑦 − 𝑏
１ +０褯湗占團 𝑏

蟳滃｜轘防浉譽荼狒湗占團褯呅毆

𝑦１ \ 𝑝𝑦 \ 𝑞 " ５; <１$０８+

薏謴柏俋譽 Ｖіеｔа脺跢;碴砲麘儙浉轘防 <１$０８+鲥呪;
滃誢湗占團猡｜轘防鷭瓈 𝑦１。𝑦塗簳赋團;Саｒｄаｎо褯薺呤饦蜍 𝑦醹晫慏茭詓薆

饲塗 𝑦 " 𝑢 \ 𝑣｜厈賣淝鈽褯緭涰夙忯挻儙鍖 𝑢𝑣 " −𝑝`１｜蜍注占轘防銼譽稺禡 𝑢１

褯湗占轘防;

１;０３;０ Саｒｄаｎо劷毆

牝迹 １;１２ <Саｒｄаｎо劷毆+ 儙浉注占轘防 𝑦１ \ 𝑝𝑦 \ 𝑞 " ５褯鏘譽

𝑦𝑘 " 𝜔𝑘 𝑢 \ 𝜔−𝑘 𝑣? 𝑘 " ５? ３? ０? <１$０４+

謩鐜𝜔 " 𝑒０𝜋𝑖`１ " −３
０ \

√
１

０ 𝑖｜𝑢 " １√−𝑞
０ \

√
Κ｜𝑣 " １√−𝑞

０ −
√

Κ｜Κ " 𝑞０

６ \ 𝑝１

０４｜
壿 𝑢? 𝑣娠捺 𝑢𝑣 " −𝑝

１ ;

麀茡 趑 𝑦 " 𝑢 \ 𝑣｜浪紴 𝑦１ \ 𝑝𝑦 \ 𝑞 " ５襮

<𝑢１ \ 𝑣１+ \ <𝑢 \ 𝑣+<１𝑢𝑣 \ 𝑝+ \ 𝑞 " ５;

𝑢。𝑣譽慏茭緭涰詓薆｜栦忯挻儙鍖 １𝑢𝑣 \ 𝑝 " ５｜踺 𝑢𝑣 " − 𝑝
１ ;薏龩 𝑢１ \ 𝑣１ " −𝑞;猏

𝑈 " 𝑢１｜𝑉 " 𝑣１｜鴸

𝑈 \ 𝑉 " −𝑞? 𝑈𝑉 " <𝑢𝑣+１ " − 𝑝１

０４ ;

邔 𝑈。𝑉 饦湗占轘防 𝑡０ \ 𝑞𝑡 − 𝑝１

０４ " ５褯慏鏘ｉ

𝑈? 𝑉 "
−𝑞 ¾ √𝑞０ \ ６𝑝１

０４
０ " −𝑞

０ ¾ √𝑞０

６ \ 𝑝１

０４ " −𝑞
０ ¾

√
Κ;
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起注穻 儬赋 ０３７

缉 𝑢 " １√𝑈｜𝑣 " １√𝑉 ;儙鍖 𝑢𝑣 " − 𝑝
１ 冫牝 𝑢。𝑣褯嗲轘鏘稜覼｜趑 𝑢５譽 𝑈 褯谛茭嗲

轘鏘｜鴸 𝑣５ " − 𝑝
１𝑢５
譽 𝑉 褯麘靿嗲轘鏘;𝑈 褯注茭嗲轘鏘譽 𝑢５? 𝜔𝑢５? 𝜔０𝑢５｜麘靿褯 𝑣

譽 𝑣５? 𝜔０𝑣５? 𝜔𝑣５ｅ婻 𝑢𝑣 " − 𝑝
１ 楀鲥 𝑣褯婻檫褡 𝑢褯婻檫郓鰦譽 ３Ｉ;邔注鏘譽

𝑦５ " 𝑢５ \ 𝑣５? 𝑦３ " 𝜔𝑢５ \ 𝜔０𝑣５? 𝑦０ " 𝜔０𝑢５ \ 𝜔𝑣５?

踺 <１$０４+; □

麀茡褯稺品谛謴饦蜍 𝑦 " 𝑢 \ 𝑣醹晫慏茭詓薆｜賣 𝑢𝑣 " −𝑝`１滃誢减螨團｜瓈
砲褯 𝑢１ \ 𝑣１ " −𝑞褡 𝑢１𝑣１ " −𝑝１`０４元壎挴饦湗占轘防褯慏鏘饲塗褡鰦;注占轘
防涰薏銼譽湗占轘防;

牝踨 １;０４ <Ｖіеｔа慶籅+ 儙鍖 𝑢𝑣 " − 𝑝
１ 质豎禡 𝑣 " − 𝑝

１𝑢 ;浪籅

𝑦 " 𝑢 − 𝑝
１𝑢 <１$０７+

俋譽 Ｖіеｔа慶籅;団薏慶籅砲｜𝑦１ \ 𝑝𝑦 \ 𝑞 " ５浉譽

𝑢１ − 𝑝１

０４𝑢１ \ 𝑞 " ５?

踺稺禡 𝑢１褯湗占轘防 𝑈０ \ 𝑞𝑈 − 𝑝１

０４ " ５;

Ｖіеｔа 慶籅蜍注占轘防銼譽湗占轘防;呪鈽 𝑢１ 褯慏茭壇猡椛嗲轘襮 𝑢｜棼涰
<１$０７+剓邖 𝑦;涣翆 𝑢１ 褯慏茭壇 𝑈。𝑉 娠捺 𝑉 " − 𝑝１

０４𝑈｜邔 𝑢褡 − 𝑝
１𝑢 晫麘鈽隋｜钆

Ｖіеｔа慶籅竸鈽蟳柗褯 𝑦｜注麘 𝑢壇麘靿注茭鏘;

鮲戓 １;２９ <賣 Саｒｄаｎо劷毆呪轘防+ 呪轘防 𝑥１ − ８𝑥 − ８ " ５;

呪 薏譽儙浉呅毆｜𝑝 " −８｜𝑞 " −８;Κ " 𝑞０

６ \ 𝑝１

０４ " １８
６ \ −０３８

０４ " ２ − ７ " ３;
𝑢 " １√− 𝑞

０ \
√

Κ " １√１ \ ３ " １√６｜𝑣 " １√− 𝑞
０ −

√
Κ " １√１ − ３ " １√０;

著麀 𝑢𝑣 " １√７ " ０ " − 𝑝
１ " ０｜殙元儙鍖;注鏘譽

𝑥５ " １√６ \ １√０? 𝑥３ " 𝜔 １√６ \ 𝜔０ １√０? 𝑥０ " 𝜔０ １√６ \ 𝜔 １√０;

婻 Κ % ５｜轘防駨谛茭裱鏘 𝑥５褡谛麘滰虜發鏘 𝑥３? 𝑥０;

１;０３;１ 注占轘防褯注页呪呤
冚儙浉轘防 𝑦１ \ 𝑝𝑦 \ 𝑞 " ５褯襏廒毆Κ } ５｜踺 𝑝 } ５壿 １𝑞

０𝑝 √ １
−𝑝 褯醌麘壇} ３

龩｜注茭鏘懞譽裱赋｜Саｒｄаｎо劷毆鐜鈽隋踝赋褯嗲轘鏘ｅ荼栦儙研呅Ｉ;薏龩賣注
页绵质詓籅栦競椛發赋眫奮;
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０３２ １;０３ 注占褡遂占轘防

牝迹 １;６５ <注占轘防注页呪呤+ 趑儙浉轘防 𝑦１ \ 𝑝𝑦 \ 𝑞 " ５ 鐜 𝑝 } ５｜猏
𝑦 " ０√− 𝑝

１ соѕ 𝜃｜鴸轘防浉譽

соѕ １𝜃 " １𝑞
０𝑝√ １

−𝑝 ;

钴纺紦醌麘壇 ≤ ３｜鴸注茭裱鏘譽

𝑦𝑘 " ０√−𝑝
１ соѕ<３

１ аｒссоѕ<１𝑞
０𝑝√ １

−𝑝+ − ０𝑘𝜋
１ + ? 𝑘 " ５? ３? ０; <１$０２+

麀茡 浪紴 𝑦 " ０√− 𝑝
１ соѕ 𝜃｜邋 𝑟 " ０√− 𝑝

１ ;鴸 𝑦１ " 𝑟１ соѕ１ 𝜃｜𝑝𝑦 " 𝑝𝑟 соѕ 𝜃;涰注靼
页劷毆 соѕ １𝜃 " ６ соѕ１ 𝜃 − １ соѕ 𝜃｜踺 соѕ１ 𝜃 " соѕ１𝜃\１ соѕ 𝜃

６ ｜邔

𝑦１ \ 𝑝𝑦 " 𝑟１ ⋅ соѕ １𝜃 \ １ соѕ 𝜃
６ \ 𝑝𝑟 соѕ 𝜃 " 𝑟１

６ соѕ １𝜃 \ соѕ 𝜃 <１𝑟１

６ \ 𝑝𝑟+ ;

涰 𝑟 " ０√− 𝑝
１｜𝑟０ " − ６𝑝

１ ｜１𝑟１
６ " １

６ ⋅ 𝑟 ⋅ 𝑟０ " １
６ ⋅ 𝑟 ⋅ <− ６𝑝

１ + " −𝑝𝑟｜邔 １𝑟１
６ \ 𝑝𝑟 " ５;轘

防浉譽
𝑟１

６ соѕ １𝜃 \ 𝑞 " ５? соѕ １𝜃 " −６𝑞
𝑟１ ;

跠奮 ６𝑞
𝑟１ " ６𝑞

７<−𝑝`１+１`０ " 𝑞
０<−𝑝`１+１`０ " − １𝑞

０𝑝 √ １
−𝑝ｅ婻 𝑝 } ５Ｉ｜邔 соѕ １𝜃 " − ６𝑞

𝑟１ " １𝑞
０𝑝 √ １

−𝑝 ;

趑 𝜑 " аｒссоѕ< １𝑞
０𝑝 √ １

−𝑝 +｜鴸 １𝜃 " ¾𝜑 \ ０𝑘𝜋｜𝜃 " 𝜑
１ − ０𝑘𝜋

１ ｜缉谛噯踺栦;𝑘 " ５? ３? ０竸
鈽注茭逵瑥褯 соѕ 𝜃壇｜麘靿注茭裱鏘 <１$０２+; □

鮲戓 １;２８ <注页呪呤鲥裱鏘+ 呪轘防 𝑥１ − １𝑥 \ ３ " ５;

呪 𝑝 " −１｜𝑞 " ３;Κ " ３
６ \ <−１+１

０４ " ３
６ − ３ " − １

６ } ５｜骱荼栦儙研呅｜賣注页呪呤;

𝑟 " ０√− 𝑝
１ " ０

√
３ " ０;соѕ １𝜃 " １𝑞

０𝑝 √ １
−𝑝 " １

−８
√

３ " − ３
０ ;邔 １𝜃 " ¾ ０𝜋

１ \ ０𝑘𝜋｜
𝜃 " ０𝜋

２ − ０𝑘𝜋
１ ;

注鏘譽
𝑥𝑘 " ０ соѕ<０𝜋

２ − ０𝑘𝜋
１ + ? 𝑘 " ５? ３? ０;

踺 𝑥５ " ０ соѕ ０𝜋
２ ｜𝑥３ " ０ соѕ ６𝜋

２ ｜𝑥０ " ０ соѕ ３５𝜋
２ ｜懞譽裱赋;

冚 Κ } ５龩注茭鏘怬饦裱赋｜帹 Саｒｄаｎо劷毆嬛钆發赋鐜肷皼搬襮笋裱鏘｜埸
饦荼栦儙研呅;注页呪呤厈賣 соѕ １𝜃褯注靼页劷毆｜煟屴団裱赋蟖鐜竸鈽注茭鏘;
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起注穻 儬赋 ００５

𝑥

𝑦

𝑂
０ соѕ ０𝜋

２

０ соѕ ６𝜋
２０ соѕ ３５𝜋

２

忑 １;６６ 轘防 𝑥１ − １𝑥 \ ３ " ５褯注茭裱鏘ｅ荼栦儙研呅Ｉ｜Саｒｄаｎо劷毆団薏嬛钆發赋鐜肷｜
注页呪呤煟屴竸鈽裱鏘

１;０３;６ 遂占轘防褯 Ｆеｒｒаｒі銼占呤
麘谛塷遂占轘防 𝑥６ \ 𝑏𝑥１ \ 𝑐𝑥０ \ 𝑑𝑥 \ 𝑒 " ５｜綃衧脺跢 𝑥 " 𝑦 − 𝑏

６ 滃誢注占團｜
浉譽

𝑦６ \ 𝑝𝑦０ \ 𝑞𝑦 \ 𝑟 " ５; <１$１５+

牝迹 １;６３ <Ｆеｒｒаｒі銼占呤+ 儙浉遂占轘防 <１$１５+栦绝陞趤紴急赋 𝑡菹呪譽慏
茭湗占轘防饲鰦｜𝑡娠捺谛茭注占锯呪轘防;呪鈽 𝑡猡｜遂占轘防褯鏘涰慏茭
湗占轘防竸鈽;

麀茡 闹 <１$１５+默媸譽
𝑦６ " −𝑝𝑦０ − 𝑞𝑦 − 𝑟;

饙紦覼轘ｉ𝑦６ \ ０𝑡𝑦０ \ 𝑡０ " <０𝑡 − 𝑝+𝑦０ − 𝑞𝑦 \ <𝑡０ − 𝑟+｜踺

<𝑦０ \ 𝑡+０ " <０𝑡 − 𝑝+𝑦０ − 𝑞𝑦 \ <𝑡０ − 𝑟+; <１$１３+

纺紦譽 𝑦褯湗占毆｜钴謩譽畗踣脺轘｜鴸 <１$１３+慏紦椛轘猡襮笋慏茭湗占轘防;纺
紦襏廒毆譽璩褯麠蚩譽

𝑞０ − ６<０𝑡 − 𝑝+<𝑡０ − 𝑟+ " ５?

踺
７𝑡１ − ６𝑝𝑡０ − ７𝑟𝑡 \ ６𝑝𝑟 − 𝑞０ " ５; <１$１０+
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００３ １;０３ 注占褡遂占轘防

<１$１０+饦稺禡 𝑡褯注占轘防｜俋譽锯呪轘防;僢缉謩谛裱鏘 𝑡５｜鴸 <１$１３+纺紦譽畗踣
脺轘 <√０𝑡５ − 𝑝 𝑦 − 𝑞

０√０𝑡５−𝑝 +０ｅ楀鲥 ０𝑡５ − 𝑝 % ５Ｉ;椛轘襮

𝑦０ \ 𝑡５ " ¾ <√０𝑡５ − 𝑝 𝑦 − 𝑞
０√０𝑡５ − 𝑝+ ?

踺慏茭湗占轘防

𝑦０−√０𝑡５ − 𝑝 𝑦\𝑡５\ 𝑞
０√０𝑡５ − 𝑝 " ５? 𝑦０\√０𝑡５ − 𝑝 𝑦\𝑡５− 𝑞

０√０𝑡５ − 𝑝 " ５; <１$１１+

菹廒呪饲｜滰襮遂茭鏘; □

Ｆеｒｒаｒі呤褯犑笚饦覼轘龩趤紴急赋 𝑡｜饙紦 <𝑦０ \ 𝑡+０ 伢饦畗踣脺轘｜纺紦饦嚙
畗踣脺轘缉魺禡 𝑡;猏纺紦襏廒毆譽璩｜銰蜍遂占轘防銼譽稺禡 𝑡褯注占轘防;呪鈽
𝑡猡｜遂占轘防醹晫慏茭湗占轘防;

鮲戓 １;２４ <賣 Ｆеｒｒаｒі呤呪轘防+ 呪轘防 𝑥６ − ０𝑥０ \ ７𝑥 − １ " ５;

呪 薏譽儙浉呅毆｜𝑝 " −０｜𝑞 " ７｜𝑟 " −１;锯呪轘防 <１$１０+ｉ

７𝑡１ − ６<−０+𝑡０ − ７<−１+𝑡 \ ６<−０+<−１+ − ８６ " ５?

踺 ７𝑡１ \ ７𝑡０ \ ０６𝑡 − ６５ " ５｜𝑡１ \ 𝑡０ \ １𝑡 − ９ " ５;
此鏘ｉ𝑡 " ３龩 ３\３\１−９ " ５｜邔 𝑡５ " ３譽裱鏘;薏龩 ０𝑡５−𝑝 " ０−<−０+ " ６ % ５｜

√０𝑡５ − 𝑝 " ０;
浪紴 <１$１１+｜慏轘防譽

𝑦０ − ０𝑦 \ ３ \ ７
６ " 𝑦０ − ０𝑦 \ １ " ５? 𝑦０ \ ０𝑦 \ ３ − ７

６ " 𝑦０ \ ０𝑦 − ３ " ５;

起谛茭轘防 𝑦０ − ０𝑦 \ １ " ５｜襏廒毆 ６ − ３０ " −７ } ５｜鏘 𝑦 " ３ ¾
√

０ 𝑖;起湗茭轘防
𝑦０ \ ０𝑦 − ３ " ５｜鏘 𝑦 " −３ ¾

√
０;

邔邖轘防遂鏘譽 𝑥３ " −３ \
√

０｜𝑥０ " −３ −
√

０｜𝑥１ " ３ \
√

０ 𝑖｜𝑥６ " ３ −
√

０ 𝑖;
Ｆеｒｒаｒі呤蜍遂占轘防銼譽注占锯呪轘防挻慏茭湗占轘防｜帝呤饦覼轘猡猏纺

紦襏廒毆譽璩;注占褡遂占轘防褯鏘毆呪壜白鹹浪赋轘防栦呪舾褯饘戗｜魿占赍
碴犍褯谛塷轘防荼韓団鏘毆呪｜埸谛多盽涰 Аｂеｌ褡 Ｇаｌоіѕ竸鈽;
魿占赍碴犍轘防盠駨鏘毆呪｜帹赋壇犍鲥鏘糲洃栦北;濂磶盜浪呤饦謩鐜望

簽楷褯轘呤｜陞冚窼艘 <𝑥𝑛? 𝑓<𝑥𝑛++衧覞谶｜覞谶褡 𝑥察褯减艘衧譽砲谛茭糐矇

𝑥𝑛\３ " 𝑥𝑛 − 𝑓<𝑥𝑛+
𝑓 ′<𝑥𝑛+ ;
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起注穻 儬赋 ０００

団鏘忯糐｜盜浪碴脺轘鬖夙跩棂｜円謴駨侃薼赋放摟矢靼;

𝑥

𝑦

𝑂 √
０

<𝑥５? 𝑓<𝑥５++

𝑥３𝑥０

忑 １;６９ 濂磶盜浪呤｜陞 <𝑥𝑛? 𝑓<𝑥𝑛++衧覞谶｜覞谶褡 𝑥察褯减艘譽 𝑥𝑛\３｜筆釮瞒鬖跩棂笋鏘√
０
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鐜铙赋铙饲脔 捂紴岋穻

起 ６穻

儬赋轘防褡廬龠儬赋

簽敛仜君

〠篽缬鲥畗亡｜鏟妛妛鷭搬襮笋糐矇 〧〳

———谦巶
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００６

起遂穻儬赋轘防褡廬龠儬赋

儬赋 𝑓
𝑥

𝑦

𝑓<𝑥+

𝑓<𝑦+

儬赋轘防ｉ𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+

忑 ６;３ 儬赋轘防儙鍖席侴儬赋褯北譽

谛茭儬赋绝簳涰謩呪快毆牝踨;懩藗｜団殳淝赋铙研龊鐜｜儬赋褯郎喚呅俀席
侴｜鷭侴碚钊娠捺脫焂甘牝褯浪赋稺苢毆｜埸銰饦儬赋轘防;
廬龠儬赋暁戓碴谛茭衉淝茭儬赋轘防儙鍖儬赋褯北譽;氐丷髡埸焂浪赋稺苢

鐜夫鍇儬赋褯郎喚舾蛣｜棼猁牝钊褯呪快毆;

６;３ 簽楷菹快轘呤
呅毆貯瑥褯儬赋轘防滰祒钴箕簽楷菹快蒉鴴;埸焂蒉鴴胅饦牠馲呤褯嵌渁｜晖

団轘防畻呤煟屴縮賣牠馲龩髶谔鶅椅褯僢棠;

６;３;３ 噲壇呤
噲壇呤銰饦竸轘防鐜褯詓薆浪紴甘昍壇;涰禡质毆麘罛駨詓薆晫嗲｜钊麘甘

昍壇晖晫嗲;氐丷烨缉搬箛浉多港衉吟罕儬赋舾蛣褯甘昍壇｜顫謴浣鈽儬赋褯稺
品舾蛣;
簳誀褯噲壇蒉鴴彔爷ｉ

• 趤紴裤薼慊ｉ団挻呤馲轘防 𝑓<𝑥 \ 𝑦+鐜猏 𝑦 " ５｜衉団郓呤馲轘防 𝑓<𝑥𝑦+鐜猏
𝑦 " ３｜碴鶅鲥 𝑓<５+衉 𝑓<３+褯壇;

• 趤紴忹慊ｉ団挻呤馲轘防鐜猏 𝑦 " −𝑥｜衉団郓呤馲轘防鐜猏 𝑦 " ３`𝑥｜碴鶅鲥
儬赋褯痞堩舾衉麘俋舾;

• 詓薆缉质ｉ猏 𝑦 " 𝑥｜栦闹 𝑓<𝑥 \ 𝑦+肷浉譽 𝑓<０𝑥+｜衉闹 𝑓<𝑥𝑦+肷浉譽 𝑓<𝑥０+｜涰
薏襮笋稺禡緭詓薆靼赋衉郓轘褯儬赋稺苢毆;

鮲戓 ６;３ <淝烨戓+ 謕侴儬赋 𝑓<𝑥+ 褯牝踨蟖譽 ℝ｜麘僢翆 𝑥? 𝑦 ∈ ℝ｜懞駨
𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+𝑓<𝑦+晫嗲｜壿 𝑓<３+ " ０;钴 𝑓<𝑥+団 ℝ犍裤礊｜襏鶜砲釮癟呤;

А; 𝑓<５+ " ３
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００９ ６;３ 簽楷菹快轘呤

В; 𝑓<𝑥+饦堩儬赋
С; 𝑓<𝑥+団 ℝ犍裤礊况鏱
Ｄ; 荼质毆 𝑓<𝑥０ − ０𝑥+ } 𝑓<１+褯呪容譽 <−３? １+

呪 氐丷綃麀茡 𝑓<𝑥+ % ５麘罛駨 𝑥晫嗲;団轘防 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+𝑓<𝑦+鐜猏 𝑦 " 𝑥｜
襮笋 𝑓<０𝑥+ " -𝑓<𝑥+'０ ≥ ５; 钴韓団 𝑥５ 埶襮 𝑓<𝑥５+ " ５｜鴸麘僢翆 𝑥 ∈ ℝ｜駨 𝑓<𝑥+ "
𝑓<<𝑥 − 𝑥５+ \ 𝑥５+ " 𝑓<𝑥 − 𝑥５+𝑓<𝑥５+ " ５｜儬赋绵譽璩｜褡麠蚩 𝑓<３+ " ０楂埑;邔麘僢
翆 𝑥 ∈ ℝ｜𝑓<𝑥+ ≠ ５;多元 𝑓<０𝑥+ ≥ ５侴 𝑓<𝑥+ ≥ ５｜婻藗 𝑓<𝑥+ % ５;
麘禡 <А+ｉ団邖轘防鐜猏 𝑦 " ５｜襮 𝑓<𝑥+ " 𝑓<𝑥+𝑓<５+;涰 𝑓<𝑥+绵荼譽璩｜慏饘柗

炏碴 𝑓<𝑥+踺襮 𝑓<５+ " ３;邔 <А+翪猁;
麘禡 <В+ｉ団邖轘防鐜猏 𝑦 " −𝑥碴趤紴 𝑓<−𝑥+｜襮 𝑓<𝑥 − 𝑥+ " 𝑓<𝑥+𝑓<−𝑥+｜踺

𝑓<５+ " 𝑓<𝑥+𝑓<−𝑥+; 浪紴 𝑓<５+ " ３｜襮 𝑓<−𝑥+ " ３
𝑓<𝑥+ ; 涰 𝑓<３+ " ０侴 𝑓<−３+ " ３`０｜

钊胅荼质禡 𝑓<３+｜晖荼质禡 −𝑓<３+;邔 𝑓<𝑥+胅膱痞儬赋崙膱堩儬赋｜<В+舸娦;
麘禡 <С+ｉ戓趑謕竸鈽 𝑓<𝑥+団 ℝ犍裤礊｜舃 𝑓<３+ " ０ % 𝑓<５+ " ３｜邔钊鷭搬

裤礊况鏱;捂谛謴｜钴 ℎ % ５｜鴸 𝑓<ℎ+ ≥ 𝑓<５+ " ３ｐ钴 𝑓<ℎ+ " ３｜缉翪凟赋 𝑛 埶
𝑛ℎ % ３｜鴸 𝑓<𝑛ℎ+ " -𝑓<ℎ+'𝑛 " ３｜褡 𝑓<𝑛ℎ+ ≥ 𝑓<３+ " ０楂埑;邔 𝑓<ℎ+ % ３｜髡藗
𝑓<𝑥 \ ℎ+ " 𝑓<𝑥+𝑓<ℎ+ % 𝑓<𝑥+｜儬赋更勇况鏱;邔 <С+翪猁;
麘禡 <Ｄ+ｉ<С+謕麀儬赋裤礊况鏱｜邔荼质毆 𝑓<𝑥０ −０𝑥+ } 𝑓<１+质豎禡 𝑥０ −０𝑥 }

１; 呪薏谛慊湗占荼质毆 𝑥０ − ０𝑥 − １ } ５｜踺 <𝑥 \ ３+<𝑥 − １+ } ５｜呪容譽 <−３? １+;邔
<Ｄ+翪猁;
翪猁褯烨團譽 <А+<С+<Ｄ+;

栦嶇雞趑砲褯籅慊褡鲥嶇

６;３;０ 籅慊港亻呤
冚儬赋轘防荼搬煟屴縮賣澞抹牠馲龩｜氐丷梹廒轘防鐜鸼發鈽隋褯滰柗多港｜

蜍钊牝踨譽岋儬赋｜髡藗蜍邖轘防浉譽澞抹轘防;

鮲戓 ６;０ <０５０１蛟 ７鑃學鱖检 Ｚ０５浼幠舿黖起谛占舿匊起 ３０戓+ｅ淝烨Ｉ牝踨
団 <５? \∞+犍褯栦嶇儬赋 𝑓<𝑥+娠捺碴砲麠蚩;<３+ 𝑓<𝑥𝑦+ " 𝑥𝑓<𝑦+ \ 𝑦𝑓<𝑥+ｐ<０+
冚 𝑥 % ３龩｜𝑓<𝑥+ % ５;襏鶜砲釮多盽;

А; 𝑓<３+ " ５
В; 𝑓<𝑥𝑦+ " 𝑓<𝑥+𝑓<𝑦+
С; 𝑓<𝑥+団 <３? \∞+犍裤礊况鏱
Ｄ; 荼质毆 𝑥𝑓 <𝑥 − １

０ + ≥ < １
０ − 𝑥+ 𝑓<𝑥+褯呪容譽 -０? \∞+
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起遂穻 儬赋轘防褡廬龠儬赋 ００８

呪 轘防 𝑓<𝑥𝑦+ " 𝑥𝑓<𝑦+ \ 𝑦𝑓<𝑥+褯慏饘柗炏碴 𝑥𝑦｜踺栦襮笋 𝑓<𝑧+`𝑧褯呅毆｜浉譽谦
巶轘防;
団轘防慏饘柗龩炏碴 𝑥𝑦;牝踨蟖譽 <５? \∞+｜𝑥? 𝑦懞譽翪赋｜炏呤栦北ｉ

𝑓<𝑥𝑦+
𝑥𝑦 " 𝑥𝑓<𝑦+

𝑥𝑦 \ 𝑦𝑓<𝑥+
𝑥𝑦 ⟹ 𝑓<𝑥𝑦+

𝑥𝑦 " 𝑓<𝑦+
𝑦 \ 𝑓<𝑥+

𝑥 ;

犍毆鼣茡 𝑓<𝑧+
𝑧 鸼發鈽隋;猏 𝑔<𝑥+ " 𝑓<𝑥+

𝑥 ｜邖轘防浉譽澞抹麘赋馲谦巶轘防ｉ

𝑔<𝑥𝑦+ " 𝑔<𝑥+ \ 𝑔<𝑦+;

戓趑竸鈽 𝑓 栦嶇｜儬赋 𝑔 晖栦嶇; 団栦嶇翪鴸麠蚩砲｜埸茭麘赋馲谦巶轘
防褯呪譽 𝑔<𝑥+ " 𝑐 ｌｎ𝑥ｅ更勇浣嶇誀 起遂勎起 ３８ 穻Ｉ; 邖儬赋 𝑓<𝑥+ 褯牠馲譽
𝑓<𝑥+ " 𝑥 ⋅ 𝑔<𝑥+ " 𝑐𝑥 ｌｎ𝑥;
涰麠蚩 <０+猁牝簳赋 𝑐褯殙镎｜冚 𝑥 % ３龩｜𝑓<𝑥+ % ５; 踺 𝑐𝑥 ｌｎ𝑥 % ５;冚 𝑥 % ３

龩｜𝑥 % ５壿 ｌｎ𝑥 % ５｜邔 𝑐 % ５;
牠馲 𝑓<𝑥+ " 𝑐𝑥 ｌｎ𝑥 <𝑐 % ５+胅謕猁牝｜氐丷顫谛姛著貯烨團;

• <А+ 𝑓<３+ " ５ｉ𝑓<３+ " 𝑐 ⋅ ３ ⋅ ｌｎ ３ " ５;翪猁;

• <В+ 𝑓<𝑥𝑦+ " 𝑓<𝑥+𝑓<𝑦+ｉ踺 𝑐𝑥𝑦 ｌｎ<𝑥𝑦+ " <𝑐𝑥 ｌｎ𝑥+<𝑐𝑦 ｌｎ 𝑦+;荼晫嗲;舸娦;

• <С+ 𝑓<𝑥+団 <３? \∞+ 犍裤礊况鏱ｉ麘 𝑓<𝑥+ 鲥嶇襮 𝑓 ′<𝑥+ " 𝑐<ｌｎ𝑥 \ 𝑥 ⋅ ３
𝑥 + "

𝑐<ｌｎ𝑥 \ ３+; 婻譽 𝑐 % ５｜冚 𝑥 % ３龩｜ｌｎ𝑥 % ５｜邔 𝑓 ′<𝑥+ % ５;儬赋裤礊况鏱;翪猁;

• <Ｄ+呪荼质毆ｉ邖荼质毆譽 𝑥𝑓<𝑥− １
０ +−< １

０ −𝑥+𝑓<𝑥+ ≥ ５; 跢團襮 𝑥𝑓<𝑥− １
０ +\<𝑥−

１
０ +𝑓<𝑥+ ≥ ５; 饙閾饦 𝑓<𝑥<𝑥 − １

０ ++褯柤椛毆; 涰麠蚩 <３+ 𝑓<𝑢𝑣+ " 𝑢𝑓<𝑣+ \ 𝑣𝑓<𝑢+｜
猏 𝑢 " 𝑥? 𝑣 " 𝑥 − １

０｜邖荼质毆质豎禡 𝑓<𝑥<𝑥 − １
０ ++ ≥ ５;

緭詓薆扢譽翪｜踺 𝑥 % ５ 壿 𝑥 − １
０ % ５ ⟹ 𝑥 % １

０ ; 浪紴牠馲襮 𝑐 ⋅ 𝑥<𝑥 −
１
０ + ｌｎ <𝑥<𝑥 − １

０ ++ ≥ ５; 涰 𝑐 % ５壿 𝑥<𝑥 − １`０+ % ５｜荼质毆箛浉譽 ｌｎ <𝑥<𝑥 − １
０ ++ ≥

５; 麘赋儬赋况鏱壿 ｌｎ ３ " ５｜邔渖赋荼盆禡 ３; 𝑥<𝑥 − １
０ + ≥ ３ ⟹ ０𝑥０ − １𝑥 − ０ ≥

５ ⟹ <０𝑥 \ ３+<𝑥 − ０+ ≥ ５; 多元牝踨蟖 𝑥 % １
０｜呪襮 𝑥 ≥ ０;翪猁;

翪猁褯烨團饦 <А+<С+<Ｄ+;

６;０ 髡簽楷懌质儬赋笋儬赋轘防
簽楷懌质儬赋褯眫奮舾蛣楷楒踺港晫谛鉢儬赋轘防;

• 谶舾儬赋 𝑓<𝑥+ " 𝑐𝑥續雀挻呤多港ｉ𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+;
• 暞赋儬赋 𝑓<𝑥+ " 𝑎𝑥闹挻呤隻誯譽郓呤ｉ𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+𝑓<𝑦+;
• 报儬赋 𝑓<𝑥+ " 𝑥𝑘續雀郓呤多港ｉ𝑓<𝑥𝑦+ " 𝑓<𝑥+𝑓<𝑦+;
• 麘赋儬赋 𝑓<𝑥+ " ｌоｇ𝑎 𝑥闹郓呤隻誯譽挻呤ｉ𝑓<𝑥𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+;
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００４ ６;１ 湗占赍靓占淝團毆牠馲

埸遂茭轘防鳖俋谦巶儬赋轘防;饙紦鈽隋塗毆 𝑥 \ 𝑦 褯慏鉢俋譽挻呤馲褡暞
赋馲｜饙紦鈽隋郓鰦 𝑥𝑦褯慏鉢俋譽郓呤馲褡麘赋馲ｐ纺紦蜍 𝑓 醹晫慏團饲塗剓饦
慏團饲鰦｜鑽菹鈽円谛麘鐜褯慏茭轘防;蛞笋谛茭廬龠儬赋暁戓龩｜綃伲轘防褯慏
茭詓薆碴惤耼轘毆噯元｜棼伲纺紦褯多元轘毆｜銰搬団遂鉢牠馲鐜牝薼钊;

鮲戓 ６;１ 暞鈽砲釮儬赋貯娠捺遂鉢轘防鐜褯续谛鉢｜鈩媸鈽麘靿褯儬赋
轘防ｉ

<３+ 𝑓<𝑥+ " ９𝑥? <０+ 𝑓<𝑥+ " ０𝑥?
<１+ 𝑓<𝑥+ " 𝑥１ <𝑥 % ５+? <６+ 𝑓<𝑥+ " ｌоｇ０ 𝑥 <𝑥 % ５+;

呪 顫茭蜍儬赋浪捂遂鉢轘防｜鷭駨谛耼噯元搬埶质毆麘牝踨蟖跔僢翆 𝑥? 𝑦晫嗲;
麘禡 <３+ｉ𝑓<𝑥 \ 𝑦+ " ９<𝑥 \ 𝑦+ " ９𝑥 \ ９𝑦 " 𝑓<𝑥+ \ 𝑓<𝑦+｜娠捺挻呤馲轘防

𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+;
麘禡 <０+ｉ涰暞赋鞲 ０𝑥\𝑦 " ０𝑥 ⋅ ０𝑦｜娠捺暞赋馲轘防 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+𝑓<𝑦+;
麘禡 <１+ｉ涰报褯眫奮鞲 <𝑥𝑦+１ " 𝑥１𝑦１｜娠捺郓呤馲轘防 𝑓<𝑥𝑦+ " 𝑓<𝑥+𝑓<𝑦+;
麘禡 <６+ｉ涰麘赋鞲 ｌоｇ０<𝑥𝑦+ " ｌоｇ０ 𝑥 \ ｌоｇ０ 𝑦｜娠捺麘赋馲轘防 𝑓<𝑥𝑦+ " 𝑓<𝑥+ \

𝑓<𝑦+;
轘防褯蝙谛閾賣呤饦鲥壇;轘防楷楒荼狒痔牝急赋｜鏟蜍谛凟枆儬赋壇黀団

谛壎｜浪紴舐赋养茭甘昍壇｜銰搬髡谛茭謕侴褯儬赋壇浣鈽謩睸貯閯褯儬赋壇;

鮲戓 ６;６ 謕侴牝踨団 ℝ 犍褯儬赋 𝑓<𝑥+ 娠捺 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+｜壿
𝑓<０+ " ８;鲥 𝑓<５+。𝑓<３+。𝑓<−１+褡 𝑓<３５+;

呪 轘防麘谛覞裱赋 𝑥? 𝑦晫嗲｜浪紴甘昍壇踺栦顫謴猁牝貯閯褯儬赋壇;
猏 𝑥 " 𝑦 " ５｜襮 𝑓<５+ " 𝑓<５+ \ 𝑓<５+｜邔 𝑓<５+ " ５; 猏 𝑦 " −𝑥｜襮 𝑓<５+ "

𝑓<𝑥+ \ 𝑓<−𝑥+｜邔 𝑓<−𝑥+ " −𝑓<𝑥+｜儬赋譽痞儬赋; 猏 𝑥 " 𝑦 " ３｜襮 𝑓<０+ " ０𝑓<３+｜涰
𝑓<０+ " ８呪襮 𝑓<３+ " １;
涰 𝑓<３+ " １ 褡 𝑓<０+ " ８ 襮 𝑓<１+ " 𝑓<３+ \ 𝑓<０+ " ２｜棼涰痞舾襮 𝑓<−１+ "

−𝑓<１+ " −２; 麘翪凟赋 𝑛｜鸼發埶賣轘防襮 𝑓<𝑛+ " 𝑛𝑓<３+ " １𝑛｜邔 𝑓<３５+ " １５;
団琱駜舾质翪鴸雞趑砲｜遂鉢轘防褯琱駜呪葋庬銰饦楷凥椛岟釮鈽褯遂鉢簽

楷懌质儬赋｜埸饦牠馲呤晫嗲褯嵌渁;翪鴸雞趑褯賣峿褡麀茡誀起６;９凥;

６;１ 湗占赍靓占淝團毆牠馲
儬赋轘防鐜鈽隋湗占减螨團衉璁菹魯鞲龩｜呪妛妛缉湗占衉畟靓占淝團毆褯

呅毆;
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起遂穻 儬赋轘防褡廬龠儬赋 ００７

涣 ６;３

犍蟋浣嶇鷭賣笋 𝑓
饦湗占儬赋埸谛麠
蚩;誢扨玴冫鳩｜栔
續奸琱駜舾｜呪褯呅
毆锼懩荼詓｜麀茡鷵
多譽挻呤馲谦巶轘
防｜誀起６;９凥;

６;１;３ 湗占儬赋馲轘防

牝迹 ６;３ <湗占儬赋馲轘防牠馲+ 钴湗占儬赋 𝑓<𝑥+ " 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐娠捺轘防
𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+ \ 𝜇𝑥𝑦 \ 𝜆｜謩鐜 𝜇? 𝜆譽簳赋｜鴸 𝑎 " 𝜇

０｜𝑐 " −𝜆｜踺謩
呪褯呅毆譽 𝑓<𝑥+ " 𝜇

０ 𝑥０ \ 𝑏𝑥 − 𝜆｜謩鐜 𝑏譽痔牝苢赋;

麀茡 闹 𝑓<𝑥 \ 𝑦+柤椛ｉ

𝑓<𝑥 \ 𝑦+ " 𝑎<𝑥 \ 𝑦+０ \ 𝑏<𝑥 \ 𝑦+ \ 𝑐 " 𝑎𝑥０ \ 𝑎𝑦０ \ ０𝑎𝑥𝑦 \ 𝑏𝑥 \ 𝑏𝑦 \ 𝑐?

藗
𝑓<𝑥+ \ 𝑓<𝑦+ \ 𝜇𝑥𝑦 \ 𝜆 " 𝑎𝑥０ \ 𝑎𝑦０ \ 𝑏𝑥 \ 𝑏𝑦 \ ０𝑐 \ 𝜇𝑥𝑦 \ 𝜆;

质毆麘谛覞 𝑥? 𝑦晫嗲｜慏紦顫團涿床苢赋;湗占團苢赋蟳质饦绵质毆ｐ减螨團竸鈽
０𝑎 " 𝜇ｐ簳赋團竸鈽 𝑐 " ０𝑐 \ 𝜆ｐ谛占團苢赋 𝑏荼蒮儙鍖;禡饦

𝑎 " 𝜇
０ ? 𝑐 " −𝜆? 𝑓<𝑥+ " 𝜇

０ 𝑥０ \ 𝑏𝑥 − 𝜆;

□

鮲戓 ６;９ ｅ淝烨Ｉ謕侴湗占儬赋 𝑓<𝑥+娠捺麘僢翆 𝑥? 𝑦 ∈ ℝ｜懞駨 𝑓<𝑥 \ 𝑦+ "
𝑓<𝑥+ \ 𝑓<𝑦+ \ ６𝑥𝑦 − １｜壿 𝑓<３+ " ８;襏鶜砲釮癟呤;

А; 𝑓<５+ " １
В; 𝑓<𝑥+譽堩儬赋
С; 儬赋 𝑦 " 𝑓<𝑥+忑抆褯麘俋察譽 𝑥 " − ３

６

Ｄ; 儬赋 𝑓<𝑥+褯望盆壇譽 ０１
７

呪 埸饦湗占儬赋馲轘防;氐丷煟屴賣牠馲猁牝呪快毆;
渁牝迹缉急赋 𝜇 " ６｜𝜆 " −１｜儬赋牠馲譽 𝑓<𝑥+ " ６

０ 𝑥０\𝑏𝑥−<−１+ " ０𝑥０\𝑏𝑥\１;
涰戓趑 𝑓<３+ " ８猁牝痔牝苢赋 𝑏ｉ𝑓<３+ " ０<３+０ \ 𝑏<３+ \ １ " ９ \ 𝑏｜猏 ９ \ 𝑏 " ８｜

呪襮 𝑏 " ３;
邔 𝑓<𝑥+ " ０𝑥０ \ 𝑥 \ １;

• 麘禡 <А+ｉ𝑓<５+ " １;<А+翪猁;

• 麘禡 <В+ｉ𝑓<−𝑥+ " ０<−𝑥+０ \ <−𝑥+ \ １ " ０𝑥０ − 𝑥 \ １ ≠ 𝑓<𝑥+｜邔 𝑓<𝑥+譽膱堩儬
赋;<В+舸娦;

• 麘禡 <С+ｉ湗占儬赋 𝑓<𝑥+ " ０𝑥０ \ 𝑥 \ １褯麘俋察譽 𝑥 " − ３
０<０+ " − ３

６ ;<С+翪猁;
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００２ ６;１ 湗占赍靓占淝團毆牠馲

• 麘禡 <Ｄ+ｉ望盆壇団頩艘閯缉襮｜踺 𝑥 " −３`６龩; 𝑓 <− ３
６ + " ０ <− ３

６ +０ − ３
６ \ １ "

３
７ − ０

７ \ ０６
７ " ０１

７ ;<Ｄ+翪猁;

翪猁褯烨團饦 <А+<С+<Ｄ+;

６;１;０ 璁菹呤褡淝團毆择赋
璁菹奮檫历蟋褯饦沢闪儬赋褯詓浉;牝踨谛择窼萐璁菹 Κ𝑓<𝑥+ " 𝑓<𝑥 \ ３+ −

𝑓<𝑥+;钊衧賣団淝團毆犍埶占赋銼譡谛;
麘禡湗占儬赋 𝑓<𝑥+ " 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐｜谛择璁菹Κ𝑓<𝑥+ " ０𝑎𝑥 \ <𝑎 \ 𝑏+饦谛占淝

團毆｜湗择璁菹Κ０𝑓<𝑥+ " Κ<Κ𝑓<𝑥++ " 𝑓<𝑥 \ ０+ − ０𝑓<𝑥 \ ３+ \ 𝑓<𝑥+ " ０𝑎饦簳赋; 鸼
饲｜钴儬赋団凟赋艘犍褯 𝑘择璁菹绵譽簳赋｜鴸钊団凟赋艘犍褯缉壇褡脫茭占赋
荼嗔陞 𝑘褯淝團毆谛摟;

鮲戓 ６;８ <０５０１蛟 ３０鑃檆氱鍥趣菹靓鐜靓注犍舿匊起 ３０戓+ｅ淝烨Ｉ牝踨団
ℝ犍褯湗占儬赋 𝑓<𝑥+柗龩娠捺碴砲慏茭麠蚩;

І; 𝑓<𝑥 \ ３+ − 𝑓<𝑥+ " ０𝑥 \ ０? ∀𝑥 ∈ ℝｐ
ІІ; 冚 𝑥 ∈ -５? ３'龩｜!𝑓<𝑥+! ≤ ３;

襏鶜砲釮癟呤;

А; 𝑓<５+ " −３
В; 𝑓<𝑥+譽堩儬赋
С; 韓団 𝑛 ∈ ℕ∗｜埶襮 𝑓<𝑛+ % ０５０１𝑛
Ｄ; 麘僢翆 𝑥 ∈ ℝ｜!𝑓<𝑥+! } 𝑥０ \ !𝑥! \ １

呪 戓趑謕癟茡 𝑓<𝑥+譽湗占儬赋;氐丷綃賣痔牝苢赋呤猁牝湗占團褡谛占團｜棼賣
麠蚩 ІІ猁牝簳赋團;
趑 𝑓<𝑥+ " 𝑎𝑥０ \ 𝑏𝑥 \ 𝑐｜謩谛择璁菹譽

𝑓<𝑥 \ ３+ − 𝑓<𝑥+ " -𝑎<𝑥 \ ３+０ \ 𝑏<𝑥 \ ３+ \ 𝑐' − -𝑎𝑥０ \ 𝑏𝑥 \ 𝑐' " ０𝑎𝑥 \ <𝑎 \ 𝑏+?

涰麠蚩 І 襮绵质毆 ０𝑎𝑥 \ <𝑎 \ 𝑏+ ≡ ０𝑥 \ ０; 涿床苢赋｜０𝑎 " ０? 𝑎 \ 𝑏 " ０｜呪襮
𝑎 " ３? 𝑏 " ３; 邔 𝑓<𝑥+ " 𝑥０ \ 𝑥 \ 𝑐;
涰麠蚩 ІІ｜麘僢翆 𝑥 ∈ -５? ３'｜!𝑓<𝑥+! ≤ ３绵晫嗲｜踺 −３ ≤ 𝑥０ \ 𝑥 \ 𝑐 ≤ ３; 猏

ℎ<𝑥+ " 𝑥０ \𝑥;ℎ<𝑥+団 -５? ３'犍裤礊况鏱｜壇蟖譽 -５? ０'; 邔 𝑥 ∈ -５? ３'龩 𝑓<𝑥+ " ℎ<𝑥+\𝑐
褯壇蟖譽 -𝑐? 𝑐\０';楀埶玴鑽衟彔狒禡 -−３? ３'｜扢 𝑐 ≥ −３壿 𝑐\０ ≤ ３｜橦谛呪 𝑐 " −３;
呪快毆橦谛猁牝譽 𝑓<𝑥+ " 𝑥０ \ 𝑥 − ３;

• 麘禡 <А+ｉ𝑓<５+ " −３;翪猁;

• 麘禡 <В+ｉ𝑓<𝑥+褯麘俋察譽 𝑥 " −３`０｜譽膱堩儬赋;舸娦;
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起遂穻 儬赋轘防褡廬龠儬赋 ０１５

涣 ６;０

楷凥埶賣注页儬赋
牠馲｜趣菹麀茡礊賣
栦杁舾。杁菹轘防
褡鰦菹鯌薺｜誀起
湗勎起 ８穻褡起遂
勎起 ３８穻; 噲壇褡
况浣鲥褸烨呪荼嵌
钉栦杁舾;

• 麘禡 <С+ｉ𝑓<𝑛+ % ０５０１𝑛质豎禡 𝑛０ \ 𝑛 − ３ % ０５０１𝑛｜踺 𝑛０ − ０５００𝑛 − ３ % ５; 埸
饦椛癪萐犍褯湗占儬赋｜𝑛捺訖放龩儬赋壇霔譽翪;翪猁;

• 麘禡 <Ｄ+ｉ涰注页荼质毆｜!𝑥０ \𝑥− ３! ≤ !𝑥０!\ !𝑥! \ ! −３! " 𝑥０ \!𝑥!\ ３; 婻 ３ } １｜
𝑥０ \ !𝑥! \ ３ } 𝑥０ \ !𝑥! \ １; 邔 !𝑓<𝑥+! ≤ 𝑥０ \ !𝑥! \ ３ } 𝑥０ \ !𝑥! \ １绵晫嗲;翪猁;

翪猁褯烨團饦 <А+<С+<Ｄ+;

６;６ 注页褡颗樕儬赋牠馲
駨焂儬赋轘防褯多港褡注页儬赋衉颗樕儬赋褯塗璁页劷毆谛摟;氐丷俋

𝑓<𝑥 \ 𝑦+ \ 𝑓<𝑥 − 𝑦+ " ０𝑓<𝑥+𝑓<𝑦+

譽掑雮髌鋿轘防;

注页褡颗樕儬赋牠馲

６;６;３ 掑雮髌鋿轘防

牝踨 ６;３ <颗樕儬赋+ 颗樕翪鮙儬赋 <ѕіｎｈ+塗颗樕睸鮙儬赋 <соѕｈ+牝踨譽

ѕіｎｈ𝑥 " 𝑒𝑥 − 𝑒−𝑥

０ ? соѕｈ𝑥 " 𝑒𝑥 \ 𝑒−𝑥

０ <６$３+

ѕіｎｈ𝑥饦痞儬赋｜соѕｈ𝑥饦堩儬赋;钊丷娠捺绵质毆 соѕｈ０ 𝑥 − ѕіｎｈ０ 𝑥 " ３;

牝迹 ６;０ <掑雮髌鋿轘防褯翪鴸呪+ 趑儬赋 𝑓 ∶ ℝ → ℝ湗占琱駜栦杁｜钴娠捺
𝑓<𝑥 \ 𝑦+ \ 𝑓<𝑥 − 𝑦+ " ０𝑓<𝑥+𝑓<𝑦+｜鴸謩膱璩呪褯牠馲譽 𝑓<𝑥+ " соѕ<𝜔𝑥+衉
𝑓<𝑥+ " соѕｈ<𝜔𝑥+｜謩鐜 𝜔譽簳赋ｐ璩儬赋晖饦轘防褯脺圠呪;

麀茡 猏 𝑦 " ５｜襮 ０𝑓<𝑥+ " ０𝑓<𝑥+𝑓<５+;涰 𝑓 荼绵譽璩｜韓団 𝑥５ 埶 𝑓<𝑥５+ ≠ ５｜邔
𝑓<５+ " ３;
闹邖轘防麘 𝑦鲥爆嶇慏占;谛择爆嶇竸鈽 𝑓 ′<𝑥 \ 𝑦+ − 𝑓 ′<𝑥 − 𝑦+ " ０𝑓<𝑥+𝑓 ′<𝑦+｜

猏 𝑦 " ５襮 ５ " ０𝑓<𝑥+𝑓 ′<５+｜涰 𝑓 荼绵譽璩侴 𝑓 ′<５+ " ５;棼鲥谛占爆嶇襮 𝑓″<𝑥 \
𝑦+ \ 𝑓″<𝑥 − 𝑦+ " ０𝑓<𝑥+𝑓″<𝑦+｜猏 𝑦 " ５襮 ０𝑓″<𝑥+ " ０𝑓<𝑥+𝑓″<５+｜踺

𝑓″<𝑥+ " 𝑘𝑓<𝑥+? 𝑘 " 𝑓″<５+;

埸饦湗择簳苢赋芫占谶舾杁菹轘防;燨 𝑘褯殙镎菹鉢捣盽; 钴 𝑘 } ５｜猏 𝑘 " −𝜔０｜
绝呪譽 𝐴 соѕ<𝜔𝑥+ \ 𝐵 ѕіｎ<𝜔𝑥+｜涰懌糲麠蚩 𝑓<５+ " ３? 𝑓 ′<５+ " ５襮 𝑓<𝑥+ " соѕ<𝜔𝑥+;
钴 𝑘 % ５｜猏 𝑘 " 𝜔０｜绝呪譽 𝐴𝑒𝜔𝑥 \ 𝐵𝑒−𝜔𝑥｜柗袎涰懌糲麠蚩襮 𝑓<𝑥+ " соѕｈ<𝜔𝑥+;
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０１３ ６;６ 注页褡颗樕儬赋牠馲

钴 𝑘 " ５｜呪譽簳赋儬赋 𝑓<𝑥+ " ３; 涰塗璁页劷毆栦鸼萐著麀璩儬赋。соѕ<𝜔𝑥+褡
соѕｈ<𝜔𝑥+懞娠捺邖轘防; □

鮲戓 ６;４ <０５０６篍稼驹起鼒鐜铙靓注鑃匊勎魿+ｅ淝烨Ｉ牝踨蟖譽 ℝ褯琱駜儬
赋 𝑓<𝑥+｜麘僢翆 𝑥? 𝑦 ∈ ℝ｜駨 𝑓<𝑥 \ 𝑦+ \ 𝑓<𝑥 − 𝑦+ " ０𝑓<𝑥+𝑓<𝑦+｜壿 𝑓<𝑥+荼绵譽
５｜鴸砲釮癟呤翪猁褯饦
А; 𝑓<𝑥+譽堩儬赋
В; 𝑓<𝑥+ \ 𝑓<５+ ≥ ５

С; 钴 𝑓<３+ " ５｜鴸
０５０６
∑
𝑖"３

𝑓<𝑖+ " ６５６７

Ｄ; 钴 ５譽 𝑓<𝑥+褯嵀盆壇艘｜鴸 𝑓<𝑥+褯望盆壇譽 ３

呪 涰噲壇 𝑦 " ５襮 ０𝑓<𝑥+ " ０𝑓<𝑥+𝑓<５+｜婻 𝑓 荼绵譽璩｜𝑓<５+ " ３ｐ棼猏 𝑥 " ５襮
𝑓<𝑦+ \ 𝑓<−𝑦+ " ０𝑓<𝑦+｜踺 𝑓<−𝑦+ " 𝑓<𝑦+;
麘禡 <А+ｉ犍毆鼣茡 𝑓 譽堩儬赋;邔 <А+翪猁;
麘禡 <В+ｉ団邖轘防鐜缉 𝑥 " 𝑦 " 𝑡

０｜襮

𝑓<𝑡+ \ 𝑓<５+ " ０𝑓 < 𝑡
０+

０
;

涰 𝑓<５+ " ３侴 𝑓<𝑡+ \ ３ " ０𝑓<𝑡`０+０ ≥ ５;邔 <В+翪猁;
麘禡 <С+ｉ忯挻麠蚩 𝑓<３+ " ５;団邖轘防鐜缉 𝑦 " ３壿 𝑥 " 𝑛 <𝑛 ∈ ℤ+｜襮

𝑓<𝑛 \ ３+ \ 𝑓<𝑛 − ３+ " ０𝑓<𝑛+𝑓<３+ " ５;

舃 𝑓<５+ " ３? 𝑓<３+ " ５｜邔 𝑓<０+ " −３? 𝑓<１+ " ５? 𝑓<６+ " ３｜凟赋艘儬赋壇碴 ３? ５? −３? ５
譽茣爖傭郦｜谛茭茣爖跔塗譽 ５; ０５０６饦 ６褯靼赋｜葋狒凟赋茭茣爖｜塗譽 ５;邔 <С+
舸娦;
麘禡 <Ｄ+ｉ忯挻麠蚩譽 ５ 饦 𝑓<𝑥+ 褯嵀盆壇艘;薏龩韓団 𝛿 % ５｜冚 !𝑡! } 𝛿 龩

𝑓<𝑡+ ≥ 𝑓<５+ " ３; 僢缉裱赋 𝑥｜缉捺訖放褯翪凟赋 𝑛 埶 !𝑥`𝑛! } 𝛿;邋 ℎ " 𝑥`𝑛｜
𝑐 " 𝑓<ℎ+｜鴸 𝑐 ≥ ３; 猏 𝑎𝑘 " 𝑓<𝑘ℎ+｜涰邖轘防襮况浣稺苢

𝑎𝑘\３ \ 𝑎𝑘−３ " ０𝑐𝑎𝑘? 𝑎５ " ３? 𝑎３ " 𝑐;

冚 𝑐 " ３龩｜况浣竸鈽 𝑎𝑘 " ３ｐ冚 𝑐 % ３龩｜猏 𝑐 " соѕｈ𝑢 <𝑢 % ５+｜涰柗谛况浣赍懌
壇涿床襮 𝑎𝑘 " соѕｈ<𝑘𝑢+ ≥ ３; 邔 𝑓<𝑥+ " 𝑎𝑛 ≥ ３;舃 𝑓<５+ " ３｜𝑓<𝑥+褯望盆壇譽 ３;邔
<Ｄ+翪猁;
翪猁褯烨團譽 <А+<В+<Ｄ+;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



起遂穻 儬赋轘防褡廬龠儬赋 ０１０

６;６;０ 翪覞儬赋牠馲

牝迹 ６;１ <翪覞儬赋牠馲+ 趑 𝐼 饦狒 ５褯椛鑽衟;钴栦杁儬赋 𝑓 ∶ 𝐼 → ℝ麘罛
駨 𝑥? 𝑦? 𝑥 \ 𝑦 ∈ 𝐼 娠捺

𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+
３ − 𝑓<𝑥+𝑓<𝑦+ ?

壿菹頼荼譽 ５｜鴸団玴鑽衟跔謩翪鴸呪牠馲譽 𝑓<𝑥+ " ｔаｎ<𝜔𝑥+｜謩鐜 𝜔譽簳赋
壿 𝜔𝑥荼颣爍翪覞嵀艘;

麀茡 猏 𝑥 " 𝑦 " ５｜襮 𝑓<５+ " ５; 鬽牝 𝑥｜闹邖轘防麘 𝑦鲥嶇;纺紦燨騹呤鴸鲥嶇｜棼
猏 𝑦 " ５鈩浪紴 𝑓<５+ " ５｜襮

𝑓 ′<𝑥+ " 𝑓 ′<５+<３ − 𝑓<𝑥+𝑓<５++ \ <𝑓<𝑥+ \ 𝑓<５++𝑓<𝑥+𝑓 ′<５+
<３ − 𝑓<𝑥+𝑓<５++０ " 𝑓 ′<５+<３ \ -𝑓<𝑥+'０+;

埸饦谛择栦菹沢詓薆褯杁菹轘防;猏 𝑦 " 𝑓<𝑥+赍簳赋 𝜔 " 𝑓 ′<５+｜轘防浉譽 𝑑𝑦
𝑑𝑥 "

𝜔<３ \ 𝑦０+; 菹沢詓薆鰦菹襮 аｒсｔаｎ<𝑦+ " 𝜔𝑥 \ 𝐶; 涰懌糲麠蚩 𝑓<５+ " ５襮 𝐶 " ５｜邔
𝑓<𝑥+ " ｔаｎ<𝜔𝑥+; □

鮲戓 ６;７ <０５０６蛟 ３鑃學鱖检襀鷅鍥禃殭爖插起 ８戓+ 謕侴儬赋 𝑓<𝑥+褯牝踨
蟖譽 ℝ｜壿 𝑓<𝑥 \ 𝑦+𝑓<𝑥+𝑓<𝑦+ " 𝑓<𝑥 \ 𝑦+ − 𝑓<𝑥+ − 𝑓<𝑦+;钴 𝑓<３+ "

√
１｜鴸

０５０６
∑
𝑘"３

𝑓<𝑘+ "

А; ０５０６
В; ３５３０

√
１

С;
√

１
Ｄ; ５

呪 戓侁鷭楀鲥凟赋艘儬赋壇饲塗;氐丷煟屴涰况浣稺苢跠奮凟赋艘踺栦;
猏 𝑥 " 𝑦 " ５｜襮 𝑓<５+１ " −𝑓<５+｜邔 𝑓<５+ " ５; 団邖毆鐜猏 𝑦 " ３ 鈩浪紴

𝑓<３+ "
√

１｜襮
𝑓<𝑥 \ ３+𝑓<𝑥+

√
１ " 𝑓<𝑥 \ ３+ − 𝑓<𝑥+ −

√
１;

鷭楀 ３ −
√

１𝑓<𝑥+ ≠ ５｜踺駨

𝑓<𝑥 \ ３+ " 𝑓<𝑥+ \
√

１
３ −

√
１𝑓<𝑥+ ;
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０１１ ６;９ 谦巶轘防褯翪鴸呪

涣 ６;１

蜍呪髡駨迹赋芩褚
笋裱赋嬛楀琱駜舾｜
謩更勇麀茡誀起遂
勎起 ３８穻;噲壇襮
笋褯駨迹赋多盽鈩
荼嵌钉琱駜舾｜琱駜
舾鷭饦芩褚笋裱赋
龩褯翪鴸雞趑;

髡 𝑥 " ３壎顫茭跠奮凟赋艘｜襮

𝑓<０+ "
√

１ \
√

１
３ − １ " −

√
１? 𝑓<１+ " −

√
１ \

√
１

３ \ １ " ５;

棼蜍 𝑥籅晫 𝑥 \ １｜涰 𝑓<１+ " ５襮

５ " 𝑓<𝑥 \ １+ − 𝑓<𝑥+ − 𝑓<１+ " 𝑓<𝑥 \ １+ − 𝑓<𝑥+?

邔 𝑓<𝑥 \ １+ " 𝑓<𝑥+｜凟赋艘儬赋壇碴√
１? −

√
１? ５譽茣爖傭郦｜谛茭茣爖饲塗譽 ５;

罛鲥塗毆滰 ０５０６團｜０５０６ " １ ÷ ８４６ \ ０;
０５０６
∑
𝑘"３

𝑓<𝑘+ " ８４６ ÷ <𝑓<３+ \ 𝑓<０+ \ 𝑓<１++ \ 𝑓<０５０１+ \ 𝑓<０５０６+

" ５ \ 𝑓<３+ \ 𝑓<０+ "
√

１ −
√

１ " ５;

礿隃譽 ５｜烨 <Ｄ+;

６;９ 谦巶轘防褯翪鴸呪
起６;０凥釮鈽遂鉢簽楷懌质儬赋貯緭娠捺褯儬赋轘防;鸼萐褯暁戓饦｜谛茭席

侴儬赋娠捺謩鐜脫茭轘防龩｜钊搬缉褯呅毆缉魺禡麘席侴儬赋召挻褯翪鴸雞趑;
楷凥閯迹琱駜舾雞趑砲褯研呅｜遂鉢轘防褯呪浆饲橦谛猁牝;

６;９;３ 遂鉢谦巶轘防褯琱駜呪

牝迹 ６;６ <谦巶儬赋轘防+ 団琱駜舾质翪鴸麠蚩砲｜碴砲遂鉢谦巶儬赋轘防褯
琱駜呪譽麘靿褯簽楷懌质儬赋;

挻呤馲 钴琱駜儬赋 𝑓 ∶ ℝ → ℝ娠捺 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+｜鴸 𝑓<𝑥+ " 𝑐𝑥;
暞赋馲 钴琱駜儬赋 𝑓 ∶ ℝ → ℝ 娠捺 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+𝑓<𝑦+｜鴸 𝑓<𝑥+ ≡ ５ 衉

𝑓<𝑥+ " 𝑎𝑥 <𝑎 % ５+;
郓呤馲 钴琱駜儬赋 𝑓 ∶ <５? \∞+ → ℝ娠捺 𝑓<𝑥𝑦+ " 𝑓<𝑥+𝑓<𝑦+｜鴸 𝑓<𝑥+ ≡ ５衉

𝑓<𝑥+ " 𝑥𝑘;

麘赋馲 钴琱駜儬赋 𝑓 ∶ <５? \∞+ → ℝ娠捺 𝑓<𝑥𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+｜鴸 𝑓<𝑥+ " 𝑐 ｌｎ𝑥ｐ
冚 𝑐 ≠ ５龩晖栦媸衧 𝑓<𝑥+ " ｌоｇ𝑎 𝑥 <𝑎 " 𝑒３`𝑐+｜冚 𝑐 " ５龩譽璩儬赋;

琱駜舾褯衧賣ｉ呪髡駨迹赋芩褚笋裱赋

麀茡 麀茡鐜雞趑 𝑓<𝑥+団謩牝踨蟖犍琱駜;
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起遂穻 儬赋轘防褡廬龠儬赋 ０１６

氐丷綃蜍呪髡凟赋顫謴芩褚笋裱赋;涰赋铙鷵驺呤｜麘僢翆 𝑛 ∈ ℤ赍 𝑥 ∈ ℝ｜
𝑓<𝑛𝑥+ " 𝑛𝑓<𝑥+;涰薏麘僢翆駨迹赋 𝑟 " 𝑝`𝑞 <𝑝 ∈ ℤ? 𝑞 ∈ ℕ∗+｜駨 𝑓<𝑝+ " 𝑝𝑓<３+ 壿
𝑓<𝑝+ " 𝑓<𝑞 ⋅ 𝑝

𝑞 + " 𝑞𝑓< 𝑝
𝑞 +; 猏 𝑐 " 𝑓<３+｜鴸 𝑝𝑐 " 𝑞𝑓<𝑝`𝑞+｜邔 𝑓<𝑝`𝑞+ " <𝑝`𝑞+𝑐;踺麘僢翆

駨迹赋 𝑟 ∈ ℚ｜𝑓<𝑟+ " 𝑐𝑟; 麘僢翆裱赋 𝑥 ∈ ℝ｜缉駨迹赋筆釮 )𝑟𝑛(埶襮 ｌім
𝑛→∞

𝑟𝑛 " 𝑥;
厈賣琱駜舾｜駨

𝑓<𝑥+ " 𝑓 < ｌім
𝑛→∞

𝑟𝑛+ " ｌім
𝑛→∞

𝑓<𝑟𝑛+ " ｌім
𝑛→∞

<𝑐𝑟𝑛+ " 𝑐 < ｌім
𝑛→∞

𝑟𝑛+ " 𝑐𝑥;

邔挻呤馲轘防褯琱駜呪譽 𝑓<𝑥+ " 𝑐𝑥;
謩睸注耼轘防钆詓薆浪籅浉譽挻呤馲轘防;

• 暞赋馲ｉ钴 𝑓<𝑥+荼绵譽璩｜綃猏 𝑦 " ５襮 𝑓<５+ " ３;钴韓団 𝑡埶 𝑓<𝑡+ " ５｜鴸麘僢
翆 𝑥駨 𝑓<𝑥+ " 𝑓<<𝑥−𝑡+\𝑡+ " 𝑓<𝑥−𝑡+𝑓<𝑡+ " ５｜楂埑;舃 𝑓<𝑥+ " 𝑓<𝑥`０+０ % ５｜邔
栦港亻 𝑔<𝑥+ " ｌｎ 𝑓<𝑥+; 𝑔<𝑥\𝑦+ " ｌｎ 𝑓<𝑥\𝑦+ " ｌｎ<𝑓<𝑥+𝑓<𝑦++ " ｌｎ 𝑓<𝑥+\ｌｎ 𝑓<𝑦+ "
𝑔<𝑥+ \ 𝑔<𝑦+; 邔 𝑔<𝑥+ " 𝑐𝑥;婻薏 ｌｎ 𝑓<𝑥+ " 𝑐𝑥 ⟹ 𝑓<𝑥+ " 𝑒𝑐𝑥 " <𝑒𝑐+𝑥;猏 𝑎 " 𝑒𝑐｜
鴸 𝑓<𝑥+ " 𝑎𝑥;

• 麘赋馲ｉ牝踨蟖譽 <５? \∞+;港亻 𝑔<𝑡+ " 𝑓<𝑒𝑡+; 𝑔<𝑢 \ 𝑣+ " 𝑓<𝑒𝑢\𝑣+ " 𝑓<𝑒𝑢𝑒𝑣+ "
𝑓<𝑒𝑢+ \ 𝑓<𝑒𝑣+ " 𝑔<𝑢+ \ 𝑔<𝑣+; 邔 𝑔<𝑡+ " 𝑐𝑡;猏 𝑡 " ｌｎ𝑥｜鴸 𝑓<𝑥+ " 𝑐 ｌｎ𝑥;钴 𝑐 ≠ ５｜
猏 𝑎 " 𝑒３`𝑐｜鴸 𝑓<𝑥+ " ｌоｇ𝑎 𝑥ｐ钴 𝑐 " ５｜鴸 𝑓 ≡ ５;

• 郓呤馲ｉ牝踨蟖譽 <５? \∞+; 钴 𝑓 荼绵譽璩｜柗暞赋馲栦襮 𝑓<𝑥+ % ５; 港亻
𝑔<𝑡+ " ｌｎ 𝑓<𝑒𝑡+; 𝑔<𝑢 \ 𝑣+ " ｌｎ 𝑓<𝑒𝑢\𝑣+ " ｌｎ<𝑓<𝑒𝑢+𝑓<𝑒𝑣++ " ｌｎ 𝑓<𝑒𝑢+ \ ｌｎ 𝑓<𝑒𝑣+ "
𝑔<𝑢+ \ 𝑔<𝑣+; 邔 𝑔<𝑡+ " 𝑐𝑡;婻薏 ｌｎ 𝑓<𝑒𝑡+ " 𝑐𝑡 ⟹ 𝑓<𝑒𝑡+ " 𝑒𝑐𝑡 " <𝑒𝑡+𝑐;猏 𝑥 " 𝑒𝑡｜
鴸 𝑓<𝑥+ " 𝑥𝑐;

□

６;９;０ 浪赋詓毆
澞抹褯谦巶轘防钆浪赋脺跢衉礊凟｜栦襮笋岋褯儬赋轘防牠馲;

６;９;０;３ 脺跢詓毆

牝迹 ６;９ <谦巶轘防脺跢詓毆+ 钴琱駜儬赋 𝑓 ∶ ℝ → ℝ娠捺 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \
𝑓<𝑦+ \ 𝜆｜謩鐜 𝜆譽簳赋｜鴸謩儬赋呅毆譽 𝑓<𝑥+ " 𝑐𝑥 − 𝜆｜謩鐜 𝑐譽痔牝簳赋;

麀茡 譽滃誢簳赋團 𝜆｜猏 𝑔<𝑥+ " 𝑓<𝑥+ \ 𝜆｜鴸

𝑔<𝑥 \ 𝑦+ " 𝑓<𝑥 \ 𝑦+ \ 𝜆 " <𝑓<𝑥+ \ 𝑓<𝑦+ \ 𝜆+ \ 𝜆

" <𝑓<𝑥+ \ 𝜆+ \ <𝑓<𝑦+ \ 𝜆+ " 𝑔<𝑥+ \ 𝑔<𝑦+;
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０１９ ６;９ 谦巶轘防褯翪鴸呪

禡饦 𝑔<𝑥+娠捺澞抹褯挻呤馲谦巶轘防｜邔 𝑔<𝑥+ " 𝑐𝑥; 闹 𝑓<𝑥+ " 𝑔<𝑥+ − 𝜆浪伱｜襮
𝑓<𝑥+ \ 𝜆 " 𝑐𝑥｜踺 𝑓<𝑥+ " 𝑐𝑥 − 𝜆; □

鮲戓 ６;２ <０５０６蛟 １鑃摨槬检摨驹鍥湗牠起 ２戓+ｅ淝烨Ｉ謕侴牝踨団 ℝ犍褯
儬赋 𝑓<𝑥+｜娠捺麘僢翆褯裱赋 𝑥? 𝑦｜懞駨 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+ − ３｜壿冚
𝑥 % ５龩｜𝑓<𝑥+ } ３;襏鶜砲釮癟呤;

А; 𝑓<５+ " ３
В; 𝑓<３+ \ 𝑓<−３+ " ３
С; 𝑓<𝑥+譽閆儬赋
Ｄ; 儬赋 𝑦 " 𝑓<𝑥+褯忑抆稺禡艘 <５? ３+麘俋

呪 埸饦 𝜆 " −３褯脺跢詓毆;氐丷綃賣噲壇呤浣鈽儬赋褯舾蛣｜棼襏鶜貯烨團;
麘禡 <А+ｉ団轘防 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+ − ３ 鐜猏 𝑥 " 𝑦 " ５｜襮 𝑓<５+ "

𝑓<５+ \ 𝑓<５+ − ３｜呪襮 𝑓<５+ " ３;邔 <А+翪猁;
麘禡 <Ｄ+ 褡 <В+ｉ団轘防鐜猏 𝑦 " −𝑥 碴趤紴 𝑓<−𝑥+｜襮 𝑓<𝑥 − 𝑥+ " 𝑓<𝑥+ \

𝑓<−𝑥+ − ３｜踺 𝑓<５+ " 𝑓<𝑥+ \ 𝑓<−𝑥+ − ３; 浪紴 𝑓<５+ " ３｜襮 𝑓<𝑥+ \ 𝑓<−𝑥+ " ０; 玴稺
苢毆饦儬赋忑抆稺禡艘 <５? ３+鐜诊麘俋褯浪赋鼣蟋｜邔 <Ｄ+翪猁; 団謩鐜猏 𝑥 " ３｜
襮 𝑓<３+ \ 𝑓<−３+ " ０;邔 <В+舸娦;
麘禡 <С+ｉ僢缉 𝑥３? 𝑥０ ∈ ℝ 壿 𝑥０ % 𝑥３｜猏 Κ𝑥 " 𝑥０ − 𝑥３ % ５; 匊巖 𝑓<𝑥０+ −

𝑓<𝑥３+ " 𝑓<𝑥３ \ Κ𝑥+ − 𝑓<𝑥３+; 涰邖轘防｜𝑓<𝑥３ \ Κ𝑥+ " 𝑓<𝑥３+ \ 𝑓<Κ𝑥+ − ３｜邔
𝑓<𝑥０+ − 𝑓<𝑥３+ " 𝑓<Κ𝑥+ − ３; 戓趑竸鈽緭詓薆放禡 ５龩儬赋壇盆禡 ３;涰 Κ𝑥 % ５侴
𝑓<Κ𝑥+ } ３｜踺 𝑓<Κ𝑥+ − ３ } ５; 邔 𝑓<𝑥０+ } 𝑓<𝑥３+｜𝑓<𝑥+団 ℝ犍况閆;邔 <С+翪猁;
翪猁褯烨團饦 <А+<С+<Ｄ+;

６;９;０;０ 獽夙詓毆

牝迹 ６;８ <梙獽夙婻檫褯郓呤馲轘防牠馲+ 钴琱駜儬赋 𝑓 ∶ <５? \∞+ → ℝ娠捺
𝑓<𝑥𝑦+ " 𝜆𝑓<𝑥+𝑓<𝑦+｜謩鐜 𝜆 ≠ ５｜謩膱脺圠呪褯牠馲譽 𝑓<𝑥+ " ３

𝜆 𝑥𝛼;

麀茡 猏 𝑔<𝑥+ " 𝜆𝑓<𝑥+｜鴸

𝑔<𝑥𝑦+ " 𝜆𝑓<𝑥𝑦+ " 𝜆<𝜆𝑓<𝑥+𝑓<𝑦++

" <𝜆𝑓<𝑥++<𝜆𝑓<𝑦++ " 𝑔<𝑥+𝑔<𝑦+;

禡饦 𝑔<𝑥+娠捺澞抹褯谦巶郓呤馲轘防｜邔謩翪鴸呪譽 𝑔<𝑥+ " 𝑥𝛼; 闹 𝑓<𝑥+ " 𝑔<𝑥+`𝜆
浪伱｜襮 𝜆𝑓<𝑥+ " 𝑥𝛼｜呪襮 𝑓<𝑥+ " ３

𝜆 𝑥𝛼; □
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起遂穻 儬赋轘防褡廬龠儬赋 ０１８

賣嶇赋襏牝廬龠儬赋舾蛣

鮲戓 ６;３５ｅ淝烨Ｉ謕侴牝踨団 <５? \∞+犍褯琱駜儬赋 𝑓<𝑥+娠捺麘僢翆 𝑥? 𝑦 ∈
<５? \∞+｜懞駨 𝑓<𝑥𝑦+ " ０𝑓<𝑥+𝑓<𝑦+｜壿 𝑓<０+ " ６;襏鶜砲釮癟呤;

А; 𝑓<３+ " ３
０

В; 𝑓<𝑥+饦痞儬赋
С; 𝑓<𝑥+団 <５? \∞+犍裤礊况鏱
Ｄ; 𝑓< 𝑥

０ + " 𝑓<𝑥+
７

呪 埸饦 𝑓<𝑥𝑦+ " 𝜆𝑓<𝑥+𝑓<𝑦+呅毆褯轘防｜謩呪譽梙苢赋褯报儬赋;氐丷縮賣犍顅褯
牠馲猁牝呪快毆｜棼顫谛姛著烨團;
渁牝迹缉急赋 𝜆 " ０｜儬赋牠馲譽 𝑓<𝑥+ " ３

𝜆 𝑥𝛼 " ３
０ 𝑥𝛼;

涰戓趑 𝑓<０+ " ６猁牝暞赋 𝛼ｉ𝑓<０+ " ３
０ <０+𝛼 " ６｜踺 ０𝛼 " ７｜呪襮 𝛼 " １;

娠捺罛駨麠蚩褯儬赋橦谛｜呪快毆譽 𝑓<𝑥+ " ３
０ 𝑥１;

• 麘禡 <А+ｉ𝑓<３+ " ３
０ <３+１ " ３

０ ;<А+翪猁;

• 麘禡 <В+ｉ牝踨蟖 <５? \∞+荼稺禡邖艘麘俋｜畻呤捣盽痞堩舾;<В+舸娦;

• 麘禡 <С+ｉ𝑓 ′<𝑥+ " 𝑑
𝑑𝑥 < ３

０ 𝑥１+ " １
０ 𝑥０;団牝踨蟖 <５? \∞+犍 𝑓 ′<𝑥+ % ５｜儬赋更勇况

鏱;<С+翪猁;

• 麘禡 <Ｄ+ｉ涿床轘防慏紦; 饙紦 𝑓< 𝑥
０ + " ３

０ < 𝑥
０ +１ " 𝑥１

３８｜纺紦 𝑓<𝑥+
７ "

３
０ 𝑥１

７ " 𝑥１
３８ ; 慏

紦蟳质;<Ｄ+翪猁;

翪猁褯烨團饦 <А+<С+<Ｄ+;

６;８ Јеｎѕеｎ轘防褡 Рехіｄеｒ轘防
谦巶轘防朢吢挻呤多港續雀幔;蜍咹页髡紦艘跢笋鐜艘｜衉髡谛茭儬赋浣狶

笋淝茭儬赋｜銰襮笋慏鉢緭懩詓喚;

６;８;３ Јеｎѕеｎ轘防褯鐜艘麠蚩
Јеｎѕеｎ轘防蜍挻呤麠蚩籅晫鐜艘麠蚩ｉ

𝑓<𝑥 \ 𝑦
０ + " 𝑓<𝑥+ \ 𝑓<𝑦+

０ ; <６$０+

娠捺薏轘防褯琱駜儬赋銰饦谛占儬赋;
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０１４ ６;８ Јеｎѕеｎ轘防褡 Рехіｄеｒ轘防

涣 ６;６

Јеｎѕеｎ轘防褡谦巶
挻呤馲轘防褯璁廒
団禡簳赋團 𝑏;脺跢
𝑔<𝑥+ " 𝑓<𝑥+ − 𝑓<５+
滃誢簳赋團猡｜慏茭
轘防质豎;

牝迹 ６;４ <Јеｎѕеｎ轘防褯琱駜呪+ 钴琱駜儬赋 𝑓 ∶ ℝ → ℝ娠捺 <６$０+｜鴸 𝑓<𝑥+ "
𝑎𝑥 \ 𝑏｜謩鐜 𝑎? 𝑏譽簳赋;

麀茡 猏 𝑔<𝑥+ " 𝑓<𝑥+ − 𝑓<５+｜鴸 𝑔<５+ " ５;闹 𝑓<𝑥+ " 𝑔<𝑥+ \ 𝑓<５+浪紴 <６$０+ｉ

𝑔<𝑥 \ 𝑦
０ + \ 𝑓<５+ " 𝑔<𝑥+ \ 𝑓<５+ \ 𝑔<𝑦+ \ 𝑓<５+

０ ?

浉箛襮
𝑔<𝑥 \ 𝑦

０ + " 𝑔<𝑥+ \ 𝑔<𝑦+
０ ; <６$１+

団 <６$１+鐜猏 𝑦 " ５｜厈賣 𝑔<５+ " ５襮 𝑔<𝑥`０+ " 𝑔<𝑥+`０;
猏 𝑢 " 𝑥`０? 𝑣 " 𝑦`０｜鴸

𝑔<𝑢 \ 𝑣+ " 𝑔<０𝑢 \ ０𝑣
０ + " 𝑔<０𝑢+ \ 𝑔<０𝑣+

０ ;

涰 𝑔<𝑥`０+ " 𝑔<𝑥+`０侴 𝑔<０𝑢+ " ０𝑔<𝑢+｜𝑔<０𝑣+ " ０𝑔<𝑣+｜邔

𝑔<𝑢 \ 𝑣+ " ０𝑔<𝑢+ \ ０𝑔<𝑣+
０ " 𝑔<𝑢+ \ 𝑔<𝑣+;

𝑔娠捺挻呤馲谦巶轘防｜涰起６;９凥褯多盽 𝑔<𝑥+ " 𝑎𝑥;浪伱 𝑓<𝑥+ " 𝑔<𝑥+ \ 𝑓<５+｜襮
𝑓<𝑥+ " 𝑎𝑥 \ 𝑏 <𝑏 " 𝑓<５++; □

鮲戓 ６;３３ｅ淝烨Ｉ謕侴牝踨団 ℝ犍褯琱駜儬赋 𝑓<𝑥+娠捺麘僢翆 𝑥? 𝑦 ∈ ℝ｜懞
駨 𝑓<𝑥 \ 𝑦

０ + " 𝑓<𝑥+ \ 𝑓<𝑦+
０ ｜壿 𝑓<３+ " １｜𝑓<０+ " ９;襏鶜砲釮癟呤;

А; 𝑓<５+ " ３
В; 𝑓<𝑥+ " ０𝑥 \ ３
С; 𝑓<𝑥+譽痞儬赋
Ｄ; 𝑓<１+ " ４

呪 涰 Јеｎѕеｎ轘防褯琱駜呪 𝑓<𝑥+ " 𝑎𝑥 \ 𝑏｜浪紴 𝑓<３+ " １｜𝑓<０+ " ９襮

𝑎 \ 𝑏 " １? ０𝑎 \ 𝑏 " ９;

呪襮 𝑎 " ０? 𝑏 " ３｜邔 𝑓<𝑥+ " ０𝑥 \ ３;

• 麘禡 <А+ｉ𝑓<５+ " ０ ⋅ ５ \ ３ " ３;<А+翪猁;

• 麘禡 <В+ｉ謕鲥襮 𝑓<𝑥+ " ０𝑥 \ ３;<В+翪猁;
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起遂穻 儬赋轘防褡廬龠儬赋 ０１７

• 麘禡 <С+ｉ𝑓<−𝑥+ " −０𝑥 \ ３｜藗 −𝑓<𝑥+ " −０𝑥 − ３｜慏幔荼质｜𝑓 荼饦痞儬赋;<С+
舸娦;

• 麘禡 <Ｄ+ｉ𝑓<１+ " ０ ⋅ １ \ ３ " ４;<Ｄ+翪猁;

翪猁褯烨團饦 <А+<В+<Ｄ+;

６;８;０ Рехіｄеｒ轘防褯淝儬赋挻呤菹呪
Рехіｄеｒ轘防蜍谦巶挻呤馲轘防髡谛茭儬赋浣狶笋注茭儬赋ｉ

𝑓<𝑥 \ 𝑦+ " 𝑔<𝑥+ \ ℎ<𝑦+; <６$６+

謩鐜 𝑓? 𝑔? ℎ饦注茭痔牝儬赋;団琱駜舾雞趑砲｜注茭儬赋怬饦柗谛辧匞褯谶舾儬
赋｜鷭璁簳赋團;

牝迹 ６;７ <Рехіｄеｒ轘防褯琱駜呪+ 钴琱駜儬赋 𝑓? 𝑔? ℎ ∶ ℝ → ℝ娠捺 <６$６+｜鴸韓
団簳赋 𝑐? 𝑎? 𝑏埶襮

𝑓<𝑥+ " 𝑐𝑥 \ 𝑎 \ 𝑏? 𝑔<𝑥+ " 𝑐𝑥 \ 𝑎? ℎ<𝑦+ " 𝑐𝑦 \ 𝑏;

麀茡 団 <６$６+鐜猏 𝑥 " ５襮 𝑓<𝑦+ " 𝑔<５+ \ ℎ<𝑦+｜猏 𝑦 " ５襮 𝑓<𝑥+ " 𝑔<𝑥+ \ ℎ<５+;
邋 𝑎 " 𝑔<５+｜𝑏 " ℎ<５+｜鴸

ℎ<𝑦+ " 𝑓<𝑦+ − 𝑎? 𝑔<𝑥+ " 𝑓<𝑥+ − 𝑏;

浪伱 <６$６+ｉ

𝑓<𝑥 \ 𝑦+ " <𝑓<𝑥+ − 𝑏+ \ <𝑓<𝑦+ − 𝑎+ " 𝑓<𝑥+ \ 𝑓<𝑦+ − <𝑎 \ 𝑏+;

猏 𝐹<𝑥+ " 𝑓<𝑥+ − <𝑎 \ 𝑏+｜鴸

𝐹<𝑥 \ 𝑦+ " 𝑓<𝑥 \ 𝑦+ − <𝑎 \ 𝑏+ " 𝑓<𝑥+ \ 𝑓<𝑦+ − <𝑎 \ 𝑏+ − <𝑎 \ 𝑏+ " 𝐹<𝑥+ \ 𝐹<𝑦+;

𝐹 娠捺挻呤馲谦巶轘防｜邔 𝐹<𝑥+ " 𝑐𝑥;浪伱襮

𝑓<𝑥+ " 𝑐𝑥 \ 𝑎 \ 𝑏? 𝑔<𝑥+ " 𝑐𝑥 \ 𝑎? ℎ<𝑦+ " 𝑐𝑦 \ 𝑏;

□

鮲戓 ６;３０ ｅ淝烨Ｉ謕侴牝踨団 ℝ犍褯琱駜儬赋 𝑓? 𝑔? ℎ娠捺麘僢翆 𝑥? 𝑦 ∈ ℝ｜
懞駨 𝑓<𝑥 \ 𝑦+ " 𝑔<𝑥+ \ ℎ<𝑦+｜壿 𝑔<５+ " ３。ℎ<５+ " ０。𝑓<３+ " ６;襏鶜砲釮癟呤;
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０１２ ６;４ 盜浪儬赋轘防

А; 𝑓<𝑥+ " 𝑥 \ １
В; 𝑔<𝑥+ − ℎ<𝑥+ " −３
С; 𝑓<𝑥+譽痞儬赋
Ｄ; 𝑓<０+ " ９

呪 涰 Рехіｄеｒ轘防褯琱駜呪｜𝑓<𝑥+ " 𝑐𝑥 \ 𝑎 \ 𝑏。𝑔<𝑥+ " 𝑐𝑥 \ 𝑎。ℎ<𝑦+ " 𝑐𝑦 \ 𝑏;
浪紴 𝑔<５+ " 𝑎 " ３。ℎ<５+ " 𝑏 " ０。𝑓<３+ " 𝑐 \ 𝑎 \ 𝑏 " 𝑐 \ １ " ６｜呪襮 𝑐 " ３;
邔 𝑓<𝑥+ " 𝑥 \ １。𝑔<𝑥+ " 𝑥 \ ３。ℎ<𝑥+ " 𝑥 \ ０;

• 麘禡 <А+ｉ𝑓<𝑥+ " 𝑥 \ １;<А+翪猁;

• 麘禡 <В+ｉ𝑔<𝑥+ − ℎ<𝑥+ " <𝑥 \ ３+ − <𝑥 \ ０+ " −３;<В+翪猁;

• 麘禡 <С+ｉ𝑓<５+ " １ ≠ ５｜𝑓 荼饦痞儬赋;<С+舸娦;

• 麘禡 <Ｄ+ｉ𝑓<０+ " ０ \ １ " ９;<Ｄ+翪猁;

翪猁褯烨團饦 <А+<В+<Ｄ+;

涣 ６;９
Рехіｄеｒ轘防晖駨郓呤嚃楷 𝑓<𝑥 \ 𝑦+ " 𝑔<𝑥+ ℎ<𝑦+;団琱駜舾壿 𝑓 荼绵譽璩褯麠蚩砲｜猏 𝑦 " ５襮
𝑓<𝑥+ " 𝑔<𝑥+ ℎ<５+｜猏 𝑥 " ５襮 𝑓<𝑦+ " 𝑔<５+ ℎ<𝑦+｜浪伱猡 𝑓 娠捺暞赋馲谦巶轘防｜呪譽
𝑓<𝑥+ " 𝐴 𝑎𝑥。𝑔<𝑥+ " 𝐵 𝑎𝑥。ℎ<𝑦+ " 𝐴

𝐵 𝑎𝑦;

６;４ 盜浪儬赋轘防
窼养凥閯迹褯轘防怬狒慏茭緭詓薆 𝑥? 𝑦;剓駨谛鉢轘防鷭狒裤詓薆｜帹儬赋碴

發元轘毆鈽隋ｉ𝑓<𝑓<𝑥++｜𝑓<𝑓<𝑓<𝑥+++｜质质;埸鉢轘防賻盜浪閯迹;

６;４;３ 盜浪褡麘元
邋 𝑓３<𝑥+ " 𝑓<𝑥+｜𝑓𝑛\３<𝑥+ " 𝑓<𝑓𝑛<𝑥++｜俋 𝑓𝑛<𝑥+譽 𝑓 褯 𝑛占盜浪;

牝踨 ６;０ <麘元+ 钴 𝑓<𝑓<𝑥++ " 𝑥麘罛駨 𝑥晫嗲｜鴸俋 𝑓 譽谛茭麘元;麘元銰饦
绵质隻誯褯盜浪脺轘鏘;

麘元褯煟逥甘彀饦慏占笼衧伱笋邖閯;簳誀褯麘元駨 𝑓<𝑥+ " −𝑥。𝑓<𝑥+ " 𝑎−𝑥。
𝑓<𝑥+ " ３`𝑥 <𝑥 ≠ ５+;

牝迹 ６;２ <麘元褯港亻+ 趑 𝑔饦谛谛隻誯｜鴸 𝑓<𝑥+ " 𝑔−３<−𝑔<𝑥++饦麘元;
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起遂穻 儬赋轘防褡廬龠儬赋 ０６５

麀茡

𝑓<𝑓<𝑥++ " 𝑔−３<−𝑔<𝑔−３<−𝑔<𝑥++++ " 𝑔−３<−<−𝑔<𝑥+++ " 𝑔−３<𝑔<𝑥++ " 𝑥;

□

鮲戓 ６;３１ 捣盽娠捺 𝑓<𝑓<𝑥++ " 𝑥褯琱駜儬赋 𝑓 ∶ ℝ → ℝ褯鉢馲;

呪 琱駜褯麘元霔扢更勇裤礊; 钴 𝑓 更勇况鏱壿 𝑓<𝑓<𝑥++ " 𝑥｜雞趑韓団 𝑥５ 埶
𝑓<𝑥５+ % 𝑥５｜鴸 𝑓<𝑓<𝑥５++ % 𝑓<𝑥５+ % 𝑥５｜褡 𝑓<𝑓<𝑥５++ " 𝑥５ 楂埑ｐ柗迹 𝑓<𝑥５+ } 𝑥５ 晖
楂埑;邔更勇况鏱褯麘元鷭駨 𝑓<𝑥+ " 𝑥;
更勇况閆褯琱駜麘元駨蛃淝ｉ𝑓<𝑥+ " 𝑎−𝑥饦谛枆｜畟谛塷萋 𝑓<𝑥+ " 𝑔−３<−𝑔<𝑥++

麘僢翆更勇况鏱褯琱駜 𝑔怬竸鈽更勇况閆褯麘元;

６;４;０ Ваｂｂаｇе轘防褯盜浪鏘
麘元饦 𝑓０<𝑥+ " 𝑥褯呪;浣狶笋谛塷研呅｜鲥 𝑓𝑛<𝑥+ " ℎ<𝑥+褯呪 𝑓｜俋譽 ℎ褯盜

浪 𝑛占鏘;冚 ℎ<𝑥+ " 𝑥龩｜俋譽 Ваｂｂаｇе轘防;

牝迹 ６;３５ <盜浪鏘褯裤礊舾儙鍖+ 趑 ℎ饦谛谛隻誯｜𝑓饦 ℎ褯琱駜盜浪 𝑛占鏘;

３; 钴 𝑛譽堩赋壿 ℎ更勇况閆｜鴸琱駜盜浪鏘荼韓団;

０; 钴 𝑛譽痞赋｜鴸 ℎ褯裤礊舾褡 𝑓 谛摟;

麀茡 琱駜壿谛谛褯儬赋霔懩更勇裤礊;钴 𝑓 更勇况鏱｜鴸 𝑓０晖更勇况鏱｜捂藗 𝑓𝑛

麘堩赋 𝑛更勇况鏱;钴 𝑓 更勇况閆｜鴸 𝑓０更勇况鏱｜𝑓１更勇况閆｜减慶况浣ｉ𝑓𝑛団
𝑛譽堩赋龩更勇况鏱｜団 𝑛譽痞赋龩褡 𝑓 柗萐;
冚 𝑛譽堩赋龩 ℎ " 𝑓𝑛 霔扢更勇况鏱｜邔 ℎ更勇况閆龩畻呪;冚 𝑛譽痞赋龩 ℎ

褯裤礊舾銰饦 𝑓 褯裤礊舾; □

鮲戓 ６;３６ <３２４２蛟 Рｕｔｎам漱廂 А０戓+ 鲥簳赋 𝑘娠捺惤耼麠蚩龩｜韓団琱駜
儬赋 𝑓 ∶ ℝ → ℝ埶襮 𝑓<𝑓<𝑥++ " 𝑘𝑥２;

呪 薏踺 𝑛 " ０｜ℎ<𝑥+ " 𝑘𝑥２褯盜浪鏘暁戓;
冚 𝑘 } ５龩 ℎ<𝑥+ " 𝑘𝑥２ 更勇况閆;涰牝迹 ６;３５｜堩赋择盜浪鏘楀鲥 ℎ更勇况

鏱｜邔 𝑘 } ５龩畻琱駜呪;
冚 𝑘 ≥ ５龩｜缉 𝑓<𝑥+ " 𝑘３`６𝑥１｜鴸

𝑓<𝑓<𝑥++ " 𝑘３`６<𝑘３`６𝑥１+１ " 𝑘３`６ ⋅ 𝑘１`６𝑥２ " 𝑘𝑥２;
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０６３ ６;４ 盜浪儬赋轘防

邔 𝑘 ≥ ５龩韓団琱駜呪;
罛鲥麠蚩譽 𝑘 ≥ ５;

６;４;１ 麘减籅舾轘防慏饘發元 𝑓
麘盜浪鏘轘防 𝑓𝑛<𝑥+ " ℎ<𝑥+｜団慏饘發元 𝑓ｉ

𝑓<ℎ<𝑥++ " 𝑓<𝑓𝑛<𝑥++ " 𝑓𝑛<𝑓<𝑥++ " ℎ<𝑓<𝑥++;

禡饦 𝑓 褡 ℎ减籅ｉ𝑓 ∘ ℎ " ℎ ∘ 𝑓 ;埸饦盜浪鏘褯霔楀麠蚩｜栦賣禡劈盆褸烨騊祟;

鮲戓 ６;３９ 鲥罛駨凟赋壇儬赋 𝑓 ∶ ℤ → ℤ娠捺 𝑓<𝑓<𝑛++ " 𝑛 \ ３;

呪 麘慏饘發元 𝑓ｉ𝑓<𝑛 \ ３+ " 𝑓<𝑓<𝑓<𝑛+++ " 𝑓<𝑛+ \ ３;
涰 𝑓<𝑛 \ ３+ − 𝑓<𝑛+ " ３襮 𝑓<𝑛+ " 𝑛 \ 𝑚ｅ𝑚譽凟赋簳赋Ｉ;浪伱邖轘防ｉ

𝑓<𝑓<𝑛++ " 𝑓<𝑛 \ 𝑚+ " 𝑛 \ ０𝑚;

楀鲥 𝑛 \ ０𝑚 " 𝑛 \ ３｜踺 ０𝑚 " ３｜団凟赋騊祟跔畻呪;
邔荼韓団娠捺麠蚩褯凟赋壇儬赋;

６;４;６ 滰虜浉轘呤
趑 ℎ褯盜浪鏘 𝑓 栦碴媸晫 𝑓<𝑥+ " 𝜙−３<𝛽<𝜙<𝑥+++｜謩鐜 𝜙饦谛谛隻誯｜𝛽饦床箛

裤褯儬赋;鴸
ℎ<𝑥+ " 𝑓𝑛<𝑥+ " 𝜙−３<𝛽𝑛<𝜙<𝑥+++?

踺 𝜙<ℎ<𝑥++ " 𝛽𝑛<𝜙<𝑥++;禡饦鲥 ℎ褯盜浪鏘鷵多譽鲥床箛裤儬赋 𝛽褯盜浪鏘｜棼绝
陞 𝜙籅伱;
望簳賣褯谶舾浉駨慏耼｜菹廒缉 𝛽<𝑥+ " 𝑥 \ 𝑐褡 𝛽<𝑥+ " 𝑠𝑥｜麘靿 Аｂеｌ轘防褡

Ѕсｈｒþｄеｒ轘防ｉ
• 钴 𝜙<ℎ<𝑥++ " 𝜙<𝑥+ \ ３｜鴸 𝑓<𝑥+ " 𝜙−３<𝜙<𝑥+ \ ３

𝑛 +饦 ℎ褯盜浪 𝑛占鏘;

• 钴 𝜙<ℎ<𝑥++ " 𝑠 𝜙<𝑥+ <𝑠 ≠ ５? ３+｜鴸 𝑓<𝑥+ " 𝜙−３<𝑠３`𝑛𝜙<𝑥++饦 ℎ褯盜浪 𝑛占鏘;

鮲戓 ６;３８ 鲥 ℎ<𝑥+ " 𝑥 \ ３褯盜浪脺轘鏘｜踺鲥 𝑓 埶 𝑓<𝑓<𝑥++ " 𝑥 \ ３;

呪 ℎ<𝑥+ " 𝑥 \ ３楷楒銰饦谶舾呅毆｜缉 𝜙<𝑥+ " 𝑥｜𝛽<𝑥+ " 𝑥 \ ３｜娠捺 𝜙<ℎ<𝑥++ "
ℎ<𝑥+ " 𝑥 \ ３ " 𝜙<𝑥+ \ ３;
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起遂穻 儬赋轘防褡廬龠儬赋 ０６０

涰滰虜浉劷毆｜盜浪脺轘鏘譽

𝑓<𝑥+ " 𝜙−３<𝜙<𝑥+ \ ３
０+ " 𝑥 \ ３

０;

著麀ｉ𝑓<𝑓<𝑥++ " 𝑓<𝑥 \ ３
０ + " 𝑥 \ ３;晫嗲;

鮲戓 ６;３４ 鲥 ℎ<𝑥+ " ６𝑥褯盜浪脺轘鏘;

呪 缉 𝜙<𝑥+ " 𝑥｜𝛽<𝑥+ " ６𝑥｜娠捺 𝜙<ℎ<𝑥++ " ６𝑥 " ６ 𝜙<𝑥+｜踺 Ѕсｈｒþｄеｒ轘防鐜 𝑠 " ６;
盜浪脺轘鏘譽

𝑓<𝑥+ " 𝜙−３<６３`０𝜙<𝑥++ " ０𝑥;

著麀ｉ𝑓<𝑓<𝑥++ " ０<０𝑥+ " ６𝑥;晫嗲;

涣 ６;８
滰虜浉嵌钉元魥褯 𝜙褯烨缉;冚 ℎ楷楒謕饦脺跢衉愳劈龩｜𝜙缉绵质隻誯踺栦;冚 ℎ呅毆畟發
鎥龩｜鲥 𝜙楷楒銰饦呪谛茭儬赋轘防ｅАｂеｌ轘防衉 Ѕсｈｒþｄеｒ轘防Ｉ｜肑夙荼譡禡邖暁戓;滰虜浉
褯豎壇団禡蜍谛茭肑暁戓肷浉譽蝙谛茭栦搬畟箛裤褯暁戓;

６;７ 栗縮鏘毆褡儬赋轘防
储玷鮭郐夫鈽陞谛茭椮浼褯栗縮鏘毆ｉ

√３ \ ０√３ \ １√３ \ ６√⋯ " １;

埸茭质毆褯著麀陞防柤白鹹儬赋轘防褯谛耼渷甘賣呤｜蜍畻冫栗縮多港肷浉譽儬
赋轘防｜棼绝陞蘋壇磘髇猁牝橦谛呪;

６;７;３ 髡栗縮鏘毆笋儬赋轘防
闹犍蟋鏘毆浣狶譽狒急赋 𝑥褯呅毆ｉ

𝑓<𝑥+ " √３ \ 𝑥√３ \ <𝑥 \ ３+√３ \ <𝑥 \ ０+√⋯; <６$９+

麘 <６$９+慏饘脺轘ｉ

-𝑓<𝑥+'０ " ３ \ 𝑥√３ \ <𝑥 \ ３+√３ \ <𝑥 \ ０+√⋯;
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０６１ ６;７ 栗縮鏘毆褡儬赋轘防

鏘镎砲褯栗縮多港褡 𝑓<𝑥+褯牝踨 <６$９+呅毆蟳柗｜鷭饦蜍急赋 𝑥籅晫鹹 𝑥 \ ３ｉ

√３ \ <𝑥 \ ３+√３ \ <𝑥 \ ０+√⋯ " 𝑓<𝑥 \ ３+;

浪紴踺襮 𝑓<𝑥+娠捺褯儬赋轘防

-𝑓<𝑥+'０ " ３ \ 𝑥 𝑓<𝑥 \ ３+? 𝑓<𝑥+ ≥ ５; <６$８+

６;７;０ 淝團毆此鶅褯蜧干褡著麀
<６$８+荼骱禡謕侴褯谦巶轘防枆;谛茭煟屴蒉鴴饦蜧干呪褯呅毆;趑 𝑓<𝑥+譽 𝑛

占淝團毆｜鴸饙紦 -𝑓<𝑥+'０ 譽 ０𝑛占｜纺紦 ３ \ 𝑥 𝑓<𝑥 \ ３+譽 𝑛 \ ３占;慏紦占赋蟳质
楀鲥 ０𝑛 " 𝑛 \ ３｜踺 𝑛 " ３;
趑 𝑓<𝑥+ " 𝑎𝑥 \ 𝑏｜浪紴 <６$８+ｉ

<𝑎𝑥 \ 𝑏+０ " ３ \ 𝑥<𝑎<𝑥 \ ３+ \ 𝑏+ " ３ \ 𝑥<𝑎𝑥 \ 𝑎 \ 𝑏+;

柤椛鈩涿床苢赋ｉ

𝑎０𝑥０ \ ０𝑎𝑏 𝑥 \ 𝑏０ " 𝑎𝑥０ \ <𝑎 \ 𝑏+𝑥 \ ３;

麘靿苢赋蟳质ｉ
𝑎０ " 𝑎? ０𝑎𝑏 " 𝑎 \ 𝑏? 𝑏０ " ３;

涰 𝑎０ " 𝑎襮 𝑎 " ３ｅ齼誢 𝑎 " ５｜嚙鴸 𝑓 逛浉譽簳赋Ｉ;浪紴 ０𝑎𝑏 " 𝑎 \ 𝑏ｉ０𝑏 " ３ \ 𝑏｜
襮 𝑏 " ３;著麀 𝑏０ " ３ｉ晫嗲;
邔 𝑓<𝑥+ " 𝑥 \ ３饦 <６$８+褯呪;浪紴 <６$９+襮

𝑥 \ ３ " √３ \ 𝑥√３ \ <𝑥 \ ３+√３ \ <𝑥 \ ０+√⋯;

缉 𝑥 " ０踺襮储玷鮭郐质毆ｉ１ " √３ \ ０√３ \ １√３ \ ６√⋯;

６;７;１ 蘋壇磘髇麀茡橦谛舾
𝑓<𝑥+ " 𝑥\３饦 <６$８+褯呪｜楀癟茡钊饦 <６$９+罛牝踨褯倪茭 𝑓｜剓嬛麀茡橦谛舾;
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起遂穻 儬赋轘防褡廬龠儬赋 ０６６

牝迹 ６;３３ <栗縮鏘毆褯橦谛舾+ 趑 𝑓<𝑥+娠捺儬赋轘防 <６$８+壿麘罛駨 𝑥 ≥ ３
娠捺蘋跠

𝑥 \ ３
０ ≤ 𝑓<𝑥+ ≤ ０<𝑥 \ ３+; <６$４+

鴸 𝑓<𝑥+ " 𝑥 \ ３;

麀茡 団 <６$４+鐜闹 𝑥慶籅譽 𝑥 \ ３ｉ
𝑥 \ ０

０ ≤ 𝑓<𝑥 \ ３+ ≤ ０<𝑥 \ ０+;

浪紴儬赋轘防 -𝑓<𝑥+'０ " ３ \ 𝑥 𝑓<𝑥 \ ３+｜襮

３ \ 𝑥 ⋅ 𝑥 \ ０
０ ≤ -𝑓<𝑥+'０ ≤ ３ \ 𝑥 ⋅ ０<𝑥 \ ０+;

蜍 𝑥<𝑥 \ ０+ " <𝑥 \ ３+０ − ３浪紴｜襮

３ \ <𝑥 \ ３+０

０ ≤ -𝑓<𝑥+'０ ≤ ０<𝑥 \ ３+０ − ３;

藗 ３ \ <𝑥 \ ３+０ ≥ <𝑥 \ ３+０｜椛轘襮
𝑥 \ ３√

０
≤ 𝑓<𝑥+ ≤

√
０ <𝑥 \ ３+;

褡邖蘋跠 <６$４+涿床｜犍砲戗褯涿鮲髡 ０跩劈笋鹹 √
０;稼發薏陞防 𝑘占｜襮

𝑥 \ ３
０３`０𝑘 ≤ 𝑓<𝑥+ ≤ ０３`０𝑘<𝑥 \ ３+;

猏 𝑘 → ∞｜０３`０𝑘 → ３｜涰磘髇牝迹襮 𝑓<𝑥+ " 𝑥 \ ３; □

涣 ６;４
蘋跠 <６$４+楷楒栦髡栗縮多港煟屴浣鈽;砲戗ｉ円亥鏘镎跔褯 ３荼盆禡 ５｜椑劈襮
𝑓<𝑥+ ≥ √𝑥√𝑥√𝑥 ⋯ " 𝑥;犍戗ｉ円亥鏘镎跔褯 ３賣畟放褯赋慶籅｜襮

𝑓<𝑥+ ≤ √<𝑥 \ ３+√<𝑥 \ ０+√<𝑥 \ １+ ⋯ ≤ ０<𝑥 \ ３+;

涰 𝑥 ≥ 𝑥\３
０ <𝑥 ≥ ３+｜埸噯蘋跠鯟狒 <６$４+｜捺碴襦遣磘髇盜浪;

鮲戓 ６;３７ 鲥栗縮鏘毆 𝑔<𝑥+ " √𝑥 \ <𝑥 \ ３+√<𝑥 \ ３+ \ <𝑥 \ ０+√⋯褯壇;
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０６９ ６;２ 呪戓蒉鴴盆多

呪 慏饘脺轘ｉ-𝑔<𝑥+'０ " 𝑥 \ <𝑥 \ ３+ 𝑔<𝑥 \ ３+;蜧干 𝑔<𝑥+ " 𝑎𝑥 \ 𝑏｜浪紴ｉ

<𝑎𝑥 \ 𝑏+０ " 𝑥 \ <𝑥 \ ３+<𝑎<𝑥 \ ３+ \ 𝑏+;

柤椛涿床苢赋ｉ

𝑎０𝑥０ \ ０𝑎𝑏 𝑥 \ 𝑏０ " 𝑎𝑥０ \ <０𝑎 \ 𝑏 \ ３+𝑥 \ <𝑎 \ 𝑏+;

涰 𝑎０ " 𝑎襮 𝑎 " ３;涰 ０𝑎𝑏 " ０𝑎 \ 𝑏 \ ３襮 ０𝑏 " 𝑏 \ １｜邔 𝑏 " １;著麀簳赋團ｉ𝑏０ " ２｜
𝑎 \ 𝑏 " ６｜荼殙;
谶舾蜧干鶰痴｜默趑 𝑔<𝑥+ " 𝑥 \ 𝑐｜踺 𝑎 " ３｜煟屴浪紴ｉ

<𝑥 \ 𝑐+０ " 𝑥 \ <𝑥 \ ３+<𝑥 \ ３ \ 𝑐+;

饙紦 𝑥０ \ ０𝑐𝑥 \ 𝑐０｜纺紦 𝑥 \ <𝑥 \ ３+<𝑥 \ ３ \ 𝑐+ " 𝑥０ \ <１ \ 𝑐+𝑥 \ <３ \ 𝑐+; 涿床襮
０𝑐 " １ \ 𝑐踺 𝑐 " １｜簳赋團 𝑐０ " ２ ｖѕ ３ \ 𝑐 " ６｜锼荼殙;
薏鏘毆荼韓団谶舾呪;占赋軘覼麠蚩 ０𝑛 " 𝑛 \ ３謕冫牝 𝑛 " ３｜淝團毆此鶅呤

団薏鶰侃｜靿肷萐膱淝團毆轘呤;

６;２ 呪戓蒉鴴盆多
儬赋轘防盠駨憞搬呪呤｜帹駨谛焂鸼發駨侃褯蒉鴴;顅麘谛茭岋暁戓龩｜碴砲

鯌渦栦碴衧譽覞紴艘;

６;２;３ 梹廒澞抹牠馲
殳淝儬赋轘防饦簽楷懌质儬赋褯浪赋舾蛣褯浣狶;蛞笋轘防龩綃譣黏钊饦嚙

屴糐脫茭謕侴牠馲ｉ
• 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+｜挻呤馲｜谶舾儬赋 𝑓<𝑥+ " 𝑐𝑥;
• 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+𝑓<𝑦+｜暞赋馲｜𝑓<𝑥+ " 𝑎𝑥;

• 𝑓<𝑥𝑦+ " 𝑓<𝑥+𝑓<𝑦+｜郓呤馲｜𝑓<𝑥+ " 𝑥𝑘;

• 𝑓<𝑥𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+｜麘赋馲｜𝑓<𝑥+ " ｌоｇ𝑎 𝑥;
• 𝑓< 𝑥\𝑦

０ + " 𝑓<𝑥+\𝑓<𝑦+
０ ｜Јеｎѕеｎ馲｜𝑓<𝑥+ " 𝑎𝑥 \ 𝑏;

• 𝑓<𝑥 \ 𝑦+ " 𝑔<𝑥+ \ ℎ<𝑦+｜Рехіｄеｒ馲｜注茭谶舾儬赋;

轘防梙駨脺跢簳赋衉獽夙婻檫龩｜綃帝詓薆浪籅滃誢簳赋團｜浉伱澞抹呅毆;

６;２;０ 噲壇鶅渦
団轘防鐜浪紴甘昍壇｜夫缉儬赋褯稺品锠约ｉ
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起遂穻 儬赋轘防褡廬龠儬赋 ０６８

• 猏 𝑥 " 𝑦 " ５鲥 𝑓<５+;
• 猏 𝑦 " −𝑥趤紴 𝑓<−𝑥+｜捣盽痞堩舾;

• 猏 𝑦 " 𝑥襮笋 𝑓<０𝑥+褡 𝑓<𝑥+褯稺苢;

• 猏 𝑦 " ３衉 𝑦 " 𝑥栎缉况浣稺苢;

噲壇楷楒荼搬竸鈽畗凟呪｜帹搬劈盆褸烨騊祟｜譽猡駜謴柏夫刂谶椅;

６;２;１ 詓薆浪籅滃團
冚轘防狒慏茭詓薆 𝑥? 𝑦龩｜烨慈 𝑦稺禡 𝑥褯甘昍浪籅｜埶质毆慏紦褯脫焂團蟳

质衉菄滃ｉ
• 猏 𝑦质禡埶脫團譽璩褯壇;

• 猏 𝑦质禡埶饙紦脫團质禡纺紦脫團褯壇｜教拐菄滃;

• 麘俋轘防ｅ𝑥? 𝑦栦减籅Ｉ褡膱麘俋轘防舿賣｜减籅 𝑥? 𝑦襮笋岋轘防｜褡邖轘防舿
嗲鲥呪;

６;２;６ 牠馲雞趑褡痔牝苢赋
冚噲壇塗浪籅荼捺碴猁牝呪龩｜雞趑呪骱禡脫茭儬赋枆ｅ谶舾儬赋。淝團毆。暞

赋儬赋质Ｉ｜賣痔牝苢赋呤鲥呪｜棼著麀罛襮呪猁裱娠捺邖轘防;
淝團毆雞趑褯占赋襏牝｜钴 𝑓 譽 𝑛占淝團毆｜涿床 𝑓<𝑥 \ 𝑦+褡 𝑓<𝑥+ \ 𝑓<𝑦+慏

紦褯占赋｜栦碴猁牝 𝑛褯犍冫;

６;２;９ 裤礊舾褡駨戗舾
髡轘防楷楒夫缉儬赋褯舾蛣ｉ

• 猏 𝑥０ % 𝑥３｜匊巖 𝑓<𝑥０+ − 𝑓<𝑥３+褯殙镎｜襏牝裤礊舾;

• 钴 𝑓<𝑥+ % ５麘罛駨 𝑥晫嗲｜栦缉麘赋肷浉譽挻呤馲轘防;

• 钴 𝑓 駨戗壿娠捺 𝑓<𝑥 \ 𝑦+ " 𝑓<𝑥+ \ 𝑓<𝑦+｜鴸 𝑓 ≡ ５ｅ駨戗挻舾儬赋霔譽璩Ｉ;

６;２;８ 盜浪褡發元
冚轘防狒 𝑓<𝑓<𝑥++衉 𝑓<𝛼<𝑥++龩ｉ

• 麘慏饘發元 𝑓｜闹盜浪鏘轘防肷浉譽减籅舾轘防 𝑓 ∘ ℎ " ℎ ∘ 𝑓 ;
• 拿戩 𝛼褯盜浪樣碚 <ѕрｌіｎｔеｒ+｜钴 𝛼𝑚<𝑥+ " 𝑥｜鴸麘轘防鸼發發元𝑚占栦搬煟屴
呪鈽 𝑓 ;

• 厈賣滰虜浉｜趑 𝑓<𝑥+ " 𝜙−３<𝛽<𝜙<𝑥+++｜闹鲥 𝑓 肷浉譽鲥床箛裤褯 𝛽;
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０６４ ６;２ 呪戓蒉鴴盆多

涣 ６;７

碴犍蒉鴴鈩膱逵灴｜
裱斔呪戓鐜妛妛淝
蒉鴴舿賣;綃噲壇夫
缉锠约｜棼梹廒牠馲
衉雞趑儬赋枆｜望猡
著麀鈩麀茡橦谛舾｜
饦谛麠簳誀褯渦瀯;

６;２;４ 栗縮多港褯轘防浉
畻冫栗縮鏘毆衉畻冫琱菹毆栦碴脺轘衉缉憵赋｜肷浉譽儬赋轘防;郎喚謴柏ｉ

• 趤紴急赋 𝑥｜蜍簳赋栗縮浣狶譽 𝑓<𝑥+褯轘防;

• 蜧干呪褯呅毆ｅ绝簳饦谛占儬赋Ｉ｜賣痔牝苢赋呤鲥呪;

• 绝陞蘋壇磘髇麀茡橦谛舾｜餽嗲犍砲戗｜鸼發盜浪跩蔾｜缉嵀冫;
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鐜铙赋铙饲脔 捂紴岋穻

起 ９穻

荼质毆

簽敛仜君

〠竸氐谛茭晦艘｜氐銰搬擷遣萋缊 〧〳

———閶簽攺騎
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０９５

起魿穻荼质毆

靓 ℎ "
√

𝑎𝑏

鳍
瀯

𝑅
"

𝑎\𝑏０

𝐴 𝐶 𝐵𝑂

𝐷

𝑎 𝑏

忑 ９;３ 奮穦脺懞褡养惤脺懞褯养惤稺苢

氐丷拿戩薆褡薆饲衟褯放盆稺苢; 荼质毆蜍埸耼稺苢媸晫更勇褯浪赋仜君;
楷穻髡望璖浨褯奮穦$养惤脺懞荼质毆鈽拐｜顫謴趤紴谦巶荼质毆。锵筆荼质毆。聦
鮭厈荼质毆褡嘉龟荼质毆｜鈩捣盽钊丷団鲥望壇。呪轘防塗麀茡荼质毆鐜褯靿賣;
楷穻菹譽慏趣菹;窼鳍趣菹餽嗲钆陳荼质毆楷楒;

• 奮穦$养惤脺懞荼质毆;麀茡。浣狶赍謩団鲥望壇暁戓鐜褯靿賣;
• 谦巶荼质毆;萐薆呅毆褡浪赋呅毆褯麀茡褡靿賣;
• 锵筆荼质毆。聦鮭厈荼质毆褡嘉龟荼质毆;噯元。菹快褡菹毆多港鐜褯簽楷
鎴郎;

猡鳍趣菹捣盽麀茡荼质毆褯鴊耼鯌薺;
• 椑劈鯌薺;續雀轘萐｜帴沢占楀婻嶻;
• 镛趣浉褡覞谶呤;浉凟喚譽镛趣｜賣晦炐谶磘鄆樕谶;
• 港亻鯌薺;趤紴岋麘龠｜椈浪赋稺苢鰑呅;
• 芫占浉褡魯騊浉;占赋菹快｜Ѕсｈｕｒ褡Мｕіｒｈеаｄ;
• 浪赋浪籅;浉儙鍖譽緭涰｜Ｒаｖі。郓鰦褡注页浪籅;
• 锵筆褡礊凟;趑筆褡鎣脺｜覞涿苭篒褡礊凟呤;
• 蛳舾鯌薺;鶟娖荼质毆衧譽頼喚｜褡覞谶呤逵譽鼣璗;

９;３ 懞壇荼质毆
９;３;３ 湗慊研呅
氐丷綃捣盽慏茭詓薆褯研呅;
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０９３ ９;３ 懞壇荼质毆

牝迹 ９;３ <湗慊奮穦$养惤脺懞荼质毆+ 麘僢翆膱吖裱赋 𝑎? 𝑏｜绵駨
𝑎 \ 𝑏

０ ≥
√

𝑎𝑏

质镎晫嗲褯沔菹霔楀麠蚩饦 𝑎 " 𝑏;

麀茡 <浪赋麀茡+ 趑 𝑎? 𝑏饦慏茭膱吖裱赋;裱赋褯脺轘膱吖｜<√𝑎 −
√

𝑏+０ ≥ ５; 柤椛
薏畗踣脺轘毆｜襮 𝑎 − ０

√
𝑎𝑏 \ 𝑏 ≥ ５; 跢團凟迹｜踺襮 𝑎 \ 𝑏 ≥ ０

√
𝑎𝑏｜捂藗 𝑎\𝑏

０ ≥
√

𝑎𝑏;
质镎晫嗲褯麠蚩饦 <√𝑎 −

√
𝑏+０ " ５｜踺 √𝑎 "

√
𝑏｜邔 𝑎 " 𝑏; □

麀茡 <养惤麀茡+ 氐丷竸鈽谛茭养惤麀茡;趑鳍賹褯煟瀯譽 𝑎 \ 𝑏;

靓 ℎ "
√

𝑎𝑏
鳍
瀯

𝑅
"

𝑎\𝑏０

𝐴 𝐶 𝐵𝑂

𝐷

𝑎 𝑏

忑 ９;０ АМ$ＧМ荼质毆褯养惤呪楍

団忑鐜｜谶拄 𝐴𝐵譽鳍賹褯煟瀯｜謩菶夙譽 𝑎 \ 𝑏;艘 𝐶 団煟瀯犍｜娠捺 𝐴𝐶 "
𝑎? 𝐶𝐵 " 𝑏; 鳍賹褯鳍瀯 𝑅 " 𝑎\𝑏

０ ;
陞艘 𝐶 衧煟瀯褯曥谶｜减鳍賹禡艘 𝐷; 団煟页注页呅 𝐴𝐷𝐵鐜ｅ涰煟瀯罛麘賹

茣页譽煟页栦侴Ｉ｜涰誯困牝迹｜𝐶𝐷０ " 𝐴𝐶 ⋅ 𝐶𝐵; 邔 𝐶𝐷 "
√

𝑎𝑏;
団煟页注页呅 𝑂𝐶𝐷鐜｜辧饘 𝑂𝐷饦鳍賹褯鳍瀯｜謩菶夙譽 𝑎\𝑏

０ ｜煟页饘 𝐶𝐷褯
菶夙譽 √

𝑎𝑏; 煟页注页呅辧饘菶荼盆禡僢谛煟页饘｜邔 𝑂𝐷 ≥ 𝐶𝐷; 踺 𝑎\𝑏
０ ≥

√
𝑎𝑏;

质镎晫嗲褯麠蚩饦△𝑂𝐶𝐷逛浉｜踺艘 𝐶 褡賹诊 𝑂稼元;薏龩 𝐴𝐶 " 𝐶𝐵｜踺
𝑎 " 𝑏; □

鮲戓 ９;３ 鲥儬赋 𝑓<𝑥+ " 𝑥 \ ２
𝑥 団 𝑥 % ５龩褯望盆壇;

呪 涰 𝑥 % ５｜２`𝑥晖譽翪赋;麘 𝑥塗 ２`𝑥靿賣 АМ$ＧМ荼质毆｜

𝑓<𝑥+ " 𝑥 \ ２
𝑥 ≥ ０√𝑥 ⋅ ２

𝑥 " ０
√

２ " ８

儬赋壇 𝑓<𝑥+褯砲戗譽 ８;譽猁黏 ８饦嚙譽望盆壇｜姛著质镎搬嚙晫嗲; 质镎晫
嗲褯麠蚩饦 𝑥 " ２

𝑥｜踺 𝑥０ " ２; 涰 𝑥 % ５｜呪襮 𝑥 " １;
𝑥 " １龩 𝑓<𝑥+ " ８｜邔儬赋 𝑓<𝑥+褯望盆壇譽 ８;
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起魿穻 荼质毆 ０９０

涣 ９;３ <靿賣 АМ$ＧМ荼质毆鲥望壇褯注茭麠蚩+
• 貯團膱吖ｉ荼质毆鐜褯貯團霔扢譽膱吖赋;
• 塗衉鰦譽牝壇ｉ鲥塗褯望盆壇龩｜貯團褯郓鰦扢譽牝壇ｐ鲥鰦褯望放壇龩｜貯團褯塗扢譽牝
壇;

• 质镎栦缉ｉ埶质镎晫嗲褯麠蚩扢搬団詓薆褯嘀殳缉壇騊祟跔掑笋;
埸注麠饦靿賣 АМ$ＧМ荼质毆龩褯霔楀麠蚩;

９;３;０ 淝慊研呅

牝迹 ９;０ <淝慊奮穦$养惤脺懞荼质毆+ 麘僢翆 𝑛茭膱吖裱赋 𝑎３? 𝑎０? … ? 𝑎𝑛｜绵
駨

𝑎３ \ 𝑎０ \ ⋯ \ 𝑎𝑛
𝑛 ≥ 𝑛√𝑎３𝑎０ … 𝑎𝑛

质镎晫嗲褯沔菹霔楀麠蚩饦 𝑎３ " 𝑎０ " ⋯ " 𝑎𝑛;

麀茡 <谦巶鷵驺呤+ 谦巶鷵驺呤碴萐窼浣狶 <𝑛 → ０𝑛+褡萐猡况浣 <𝑛 → 𝑛 − ３+覼
元廻簽 𝑛 " ０｜顫謴蕹氉谛覞翪凟赋 𝑛 ≥ ０;
綃衧萐窼浣狶; 趑荼质毆麘 𝑛 茭膱吖裱赋晫嗲｜浣麀謩麘 ０𝑛 茭膱吖裱赋

𝑎３? … ? 𝑎０𝑛 崙晫嗲;闹埸 ０𝑛 茭赋脺菹譽慏噯｜円噯 𝑛 茭｜麘貯噯靿賣 АМ$ＧМ 荼
质毆襮

𝑎３ \ ⋯ \ 𝑎𝑛
𝑛 ≥ 𝑛√𝑎３ … 𝑎𝑛?

𝑎𝑛\３ \ ⋯ \ 𝑎０𝑛
𝑛 ≥ 𝑛

√𝑎𝑛\３ … 𝑎０𝑛;

棼蜍埸慏噯赋褯奮穦脺懞壇咹譽慏茭岋褯膱吖赋｜靿賣湗慊 АМ$ＧМ荼质毆｜襮
𝑎３ \ ⋯ \ 𝑎０𝑛

０𝑛 " ３
０ <𝑎３ \ ⋯ \ 𝑎𝑛

𝑛 \ 𝑎𝑛\３ \ ⋯ \ 𝑎０𝑛
𝑛 +

≥ √<𝑎３ \ ⋯ \ 𝑎𝑛
𝑛 + <𝑎𝑛\３ \ ⋯ \ 𝑎０𝑛

𝑛 +

≥ √< 𝑛√𝑎３ … 𝑎𝑛+< 𝑛
√𝑎𝑛\３ … 𝑎０𝑛+

" √ 𝑛√𝑎３ … 𝑎０𝑛 " ０𝑛√𝑎３ … 𝑎０𝑛;

喬戓檥涰 𝑛綻庺 ０𝑛ｐ琱柗 𝑛 " ０褯廻簽｜喬戓麘罛駨 𝑛 " ０𝑘 <𝑘 ∈ ℕ∗+晫嗲;
棼衧萐猡况浣; 趑荼质毆麘 𝑛 茭膱吖裱赋晫嗲｜浣麀謩麘 𝑛 − ３ 茭膱吖裱

赋 𝑎３? … ? 𝑎𝑛−３ 崙晫嗲;譽踴捺起 𝑛 茭赋｜缉埸 𝑛 − ３ 茭赋褯奮穦脺懞壇 𝐴𝑛−３ "
𝑎３\⋯\𝑎𝑛−３

𝑛−３ ｜猏 𝑎𝑛 " 𝐴𝑛−３;闹埸 𝑛茭赋浪紴謕侴褯 𝑛慊 АМ$ＧМ荼质毆｜襮

𝑎３ \ ⋯ \ 𝑎𝑛−３ \ 𝑎𝑛
𝑛 ≥ 𝑛√𝑎３ … 𝑎𝑛−３𝑎𝑛;
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０９１ ９;３ 懞壇荼质毆

涣 ９;０ <稺禡谦巶鷵
驺呤+

谦巶鷵驺呤蜍萐窼
浣狶褡萐猡况浣多
元壎挴;畟淝憹凥
誀ｈｔｔрѕ@

``ｚｕｔомауо;оｒｇ`

ｚｈ$сｎ`роѕｔѕ`

маｔｈ~аｎｄ~саｕсｈу~

іｎｄｕсｔіоｎ`;

饙紦婻 𝑎３ \ ⋯ \ 𝑎𝑛−３ " <𝑛 − ３+𝐴𝑛−３ 浉譽 𝐴𝑛−３｜纺紦浪紴 𝑎𝑛 " 𝐴𝑛−３ 踺
𝑛√<𝑎３ … 𝑎𝑛−３+𝐴𝑛−３｜邔

𝐴𝑛−３ ≥ 𝑛√<𝑎３ … 𝑎𝑛−３+𝐴𝑛−３?

𝐴𝑛
𝑛−３ ≥ <𝑎３ … 𝑎𝑛−３+𝐴𝑛−３ ｅ慏饘缉 𝑛占轘Ｉ?

𝐴𝑛−３
𝑛−３ ≥ 𝑎３ … 𝑎𝑛−３ ｅ𝐴𝑛−３ % ５龩慏饘柗炏碴 𝐴𝑛−３Ｉ?

𝐴𝑛−３ ≥ 𝑛−３√𝑎３ … 𝑎𝑛−３ ｅ慏饘椛 𝑛 − ３占轘Ｉ;

薏踺 𝑎３\⋯\𝑎𝑛−３
𝑛−３ ≥ 𝑛−３

√𝑎３ … 𝑎𝑛−３;钴 𝐴𝑛−３ " ５｜鴸罛駨 𝑎𝑖 " ５｜荼质毆脺圠晫嗲;
萐窼浣狶埶喬戓嚼赍 ０褯谛覞报｜萐猡况浣舃蜍蟳薢慏报饲衟褯凟赋葬赋樒

娠｜湗幔元饲踺蕹氉谛覞翪凟赋 𝑛 ≥ ０; 质镎麠蚩崙栦涰况浣襮笋ｉ𝑛 " ０龩慏赋蟳
质ｐ髡 𝑛浣笋 ０𝑛龩｜质镎楀鲥慏噯跔趣懞蟳质壿慏噯奮穦脺懞壇蟳质｜婻藗 ０𝑛茭
赋踣蟳质ｐ髡 𝑛浣笋 𝑛 − ３龩｜质镎楀鲥 𝑎３ " ⋯ " 𝑎𝑛−３ " 𝑎𝑛 " 𝐴𝑛−３｜钴 𝐴𝑛−３ " ５
鴸罛駨赋懞譽 ５;婻薏质镎晫嗲冚壿栔冚罛駨赋蟳质; □

９;３;１ 挻饊呅毆

牝迹 ９;１ <挻饊 АМ$ＧМ 荼质毆+ 麘 𝑛 茭膱吖裱赋 𝑎３? … ? 𝑎𝑛 塗 𝑛 茭娠捺
∑𝑛

𝑖"３ 𝑤𝑖 " ３褯翪饊稼 𝑤３? … ? 𝑤𝑛｜绵駨

𝑤３𝑎３ \ ⋯ \ 𝑤𝑛𝑎𝑛 ≥ 𝑎𝑤３
３ … 𝑎𝑤𝑛𝑛

质镎晫嗲褯沔菹霔楀麠蚩饦 𝑎３ " 𝑎０ " ⋯ " 𝑎𝑛;

麀茡 钴脫茭 𝑎𝑖 " ５｜鴸纺閾 𝑎𝑤３
３ … 𝑎𝑤𝑛𝑛 " ５;钴罛駨 𝑎𝑖懞譽 ５｜质镎晫嗲ｐ钴庺舐駨

谛茭 𝑎𝑖 % ５｜涰貯饊稼懞譽翪｜饙閾∑ 𝑤𝑖𝑎𝑖 % ５｜荼质毆更勇晫嗲;砲趑 𝑎𝑖 % ５;
玴牝迹栦涰鶟娖荼质毆褡麘赋儬赋褯犍蛳舾煟屴嶇鈽; 儬赋 𝑓<𝑥+ " ｌｎ𝑥 団

<５? \∞+犍饦犍蛳儬赋｜涰鶟娖荼质毆駨
𝑛

∑
𝑖"３

𝑤𝑖 ｌｎ 𝑎𝑖 ≤ ｌｎ<
𝑛

∑
𝑖"３

𝑤𝑖𝑎𝑖+ ;

厈賣麘赋舾蛣｜饙紦浉譽 ｌｎ<𝑎𝑤３
３ … 𝑎𝑤𝑛𝑛 +｜邔 ｌｎ<𝑎𝑤３

３ … 𝑎𝑤𝑛𝑛 + ≤ ｌｎ<∑ 𝑤𝑖𝑎𝑖+; 麘赋儬赋
裤礊况鏱｜薏荼质毆质豎禡 𝑎𝑤３

３ … 𝑎𝑤𝑛𝑛 ≤ ∑ 𝑤𝑖𝑎𝑖; ｌｎ𝑥譽更勇犍蛳儬赋｜𝑎𝑖 % ５龩质
镎晫嗲冚壿栔冚 𝑎３ " 𝑎０ " ⋯ " 𝑎𝑛;多元璩壇研呅｜邖喬戓褯质镎麠蚩晫嗲; □

奮穦脺懞褡养惤脺懞饲衟褯放盆稺苢｜鷭饦畟狶療褯懞壇筆褯谛趣菹;趤紴
礊塗脺懞褡脺轘脺懞猡｜栦襮畗凟褯懞壇荼质毆跑｜祙誀起９;１凥;
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起魿穻 荼质毆 ０９６

９;０ 懞壇荼质毆褯夫白
氐丷埶賣 АМ$ＧМ荼质毆龩｜霔扢續麀貯團膱吖。塗衉鰦譽牝壇｜壿质镎麠蚩

団嘀殳騊祟跔栦掑;嚙鴸多盽栦搬荼晫嗲;砲顅賣鮲檫癟茡溌鸼埸焂窼夫寝襮笋
鷛袃多冧;

９;０;３ 謬鴴膱吖窼夫
АМ$ＧМ荼质毆栔麘膱吖裱赋晫嗲;蜍钊浣狶笋踣喚裱赋寝抾娖橷娦;

鮲戓 ９;０ <詓薆栦譽吖赋+ 趑 𝑎? 𝑏譽裱赋｜𝑎 \ 𝑏 " ０;鲥 𝑎𝑏褯望放壇;
舸娦菹快; 荼挻菹譣萋埶賣 АМ$ＧМ荼质毆｜寝襮笋 𝑎\𝑏

０ ≥
√

𝑎𝑏｜踺 ３ ≥
√

𝑎𝑏｜
髡藗 𝑎𝑏 ≤ ３;
埸茭多盽荼搬晫嗲;缉 𝑎 " １? 𝑏 " −３｜娠捺 𝑎 \ 𝑏 " ０｜帹 𝑎𝑏 " −１;薏龩 √

𝑎𝑏
団裱赋騊祟跔畻翆踨｜荼质毆褯窼夫謕荼晫嗲;
翪猁菹快; 薏暁戓靿咹譽湗占儬赋鲥望壇;猏 𝑏 " ０ − 𝑎｜鴸 𝑎𝑏 " 𝑎<０ − 𝑎+ "
−𝑎０ \ ０𝑎 " −<𝑎 − ３+０ \ ３; 埸饦椛癪萐砲褯锂泈谶｜団頩艘 𝑎 " ３ｅ薏龩 𝑏 " ３Ｉ
閯缉襮望放壇 ３;
钴戓侁暞茡 𝑎? 𝑏譽膱吖裱赋｜慏耼轘呤褯多冧蟳柗;

鮲戓 ９;１ 趑 𝑥譽膱璩裱赋｜鲥 𝑓<𝑥+ " 𝑥 \ ３
𝑥 褯望壇;

呪 舸娦菹快; 謬鴴 𝑥褯殙镎｜煟屴靿賣 АМ$ＧМ荼质毆｜寝襮笋

𝑥 \ ３
𝑥 ≥ ０√𝑥 ⋅ ３

𝑥 " ０

髡藗鶜牝儬赋褯望盆壇譽 ０;薏浣迹鷭団 𝑥 % ５龩駨侃｜婻譽鷭駨 𝑥譽翪龩｜𝑥塗
３`𝑥皼柗龩娠捺膱吖窼夫;
翪猁菹快; 燨 𝑥褯殙镎菹廒捣盽;

• 冚 𝑥 % ５龩｜𝑥塗 ３`𝑥懞譽翪赋;涰 АМ$ＧМ荼质毆｜𝑓<𝑥+ " 𝑥 \ ３
𝑥 ≥ ０;质镎団

𝑥 " ３龩晫嗲;団薏鑽衟｜儬赋褯望盆壇譽 ０;

• 冚 𝑥 } ５龩｜𝑥塗 ３`𝑥懞譽吖赋｜荼娠捺АМ$ＧМ荼质毆褯膱吖窼夫; 猏 𝑥 " −𝑡｜
謩鐜 𝑡 % ５;

𝑓<𝑥+ " −𝑡 \ ３
−𝑡 " − <𝑡 \ ３

𝑡 +

涰 𝑡 % ５｜駨 𝑡 \ ３
𝑡 ≥ ０; 婻薏 𝑓<𝑥+ " − <𝑡 \ ３

𝑡 + ≤ −０;质镎団 𝑡 " ３｜踺 𝑥 " −３龩
晫嗲;団薏鑽衟｜儬赋褯望放壇譽 $０;
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０９９ ９;０ 懞壇荼质毆褯夫白

玴儬赋盠駨踣镛望盆壇衉望放壇;钊団 𝑥 % ５褯趣菹駨镛趣望盆壇 ０｜団 𝑥 } ５褯
趣菹駨镛趣望放壇 $０;

鮲戓 ９;６ 趑裱赋 𝑥? 𝑦娠捺 𝑥 \ 𝑦 " ７;鲥郓鰦 𝑃 " 𝑥𝑦褯缉壇騊祟;

呪 舸娦菹快; 靿賣 АМ$ＧМ荼质毆ｉ
𝑥 \ 𝑦

０ ≥ √𝑥𝑦 ⟹ ７
０ ≥

√
𝑃 ⟹ ６ ≥

√
𝑃

慏饘脺轘襮 ３８ ≥ 𝑃 ;多盽饦 𝑃 褯望放壇譽 ３８;
埸茭浣迹駨慏閯暁戓;√𝑥𝑦鷭団 𝑥𝑦 ≥ ５龩駨翆踨｜壿 АМ$ＧМ楷楒楀鲥 𝑥? 𝑦膱

吖;钴嘀殳 𝑥? 𝑦譽僢翆裱赋｜鮲童 𝑥 " ３５? 𝑦 " −０｜薏龩 𝑥 \ 𝑦 " ７｜帹 𝑥𝑦 " −０５｜√𝑥𝑦
団裱赋蟖跔畻翆踨;
翪猁菹快; 薏暁戓荼靿锯趑 𝑥? 𝑦褯殙镎｜靿埶賣浪赋轘呤; 涰 𝑦 " ７ − 𝑥｜郓鰦

𝑃 鼣白譽稺禡 𝑥褯儬赋ｉ

𝑃<𝑥+ " 𝑥<７ − 𝑥+ " −𝑥０ \ ７𝑥

埸饦椛癪萐砲褯湗占儬赋;覼轘ｉ

𝑃 <𝑥+ " −<𝑥０ − ７𝑥+ " −<<𝑥 − ６+０ − ３８+ " ３８ − <𝑥 − ６+０

涰 <𝑥 − ６+０ ≥ ５｜邔 𝑃<𝑥+ ≤ ３８; 冚 𝑥 " ６ｅ薏龩 𝑦 " ６Ｉ龩｜𝑃<𝑥+缉襮望放壇 ３８;
𝑥栦缉僢翆裱赋｜<𝑥 − ６+０栦畻冫鏱放｜邔 𝑃<𝑥+盠駨望盆壇; 婻薏｜𝑃 褯缉壇騊

祟饦 <−∞? ３８';
望放壇譽 ３８｜壿団 𝑥 " 𝑦 " ６閯缉襮ｐ帹 АМ$ＧМ荼质毆盠駨竸鈽 𝑃 褯砲戗｜

婻薏荼搬浪慶畗凟褯浪赋菹快;

９;０;０ 塗衉鰦膱牝壇
靿賣荼质毆鲥望壇龩｜扢港亻鈽簳赋戗;钴荼质毆褯谛閾锼饦詓薆｜鴸畻呤猁

牝望壇;

鮲戓 ９;９ <戗譽詓薆+ 趑 𝑥 % ５｜鲥 𝑓<𝑥+ " 𝑥１ \ ３
𝑥 褯望盆壇;

舸娦菹快; 煟屴靿賣 АМ$ＧМ荼质毆ｉ

𝑥１ \ ３
𝑥 ≥ ０√𝑥１ ⋅ ３

𝑥 " ０
√

𝑥０ " ０𝑥

荼质毆 𝑓<𝑥+ ≥ ０𝑥嶬晫嗲｜帹席竸鈽簳赋砲戗;０𝑥浆 𝑥詓浉｜荼搬渁薏猁牝
𝑓<𝑥+褯望盆壇;
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起魿穻 荼质毆 ０９８

翪猁菹快; 扢绝陞醹團港亻郓鰦譽牝壇褯呅毆;

𝑓<𝑥+ " 𝑥１ \ ３
１𝑥 \ ３

１𝑥 \ ３
１𝑥 ≥ ６ ６√𝑥１ ⋅ ３

１𝑥 ⋅ ３
１𝑥 ⋅ ３

１𝑥 " ６ ６√ ３
０４

缉质麠蚩譽 𝑥１ " ３
１𝑥｜踺 𝑥６ " ３`１｜𝑥 " ３` ６√１; 邔望盆壇譽 ６` ６√０４;

９;０;１ 缉质麠蚩畻呤娠捺
踺埶鲥鈽谛茭簳赋戗｜晖扢著麀埶质镎晫嗲褯麠蚩搬嚙団牝踨蟖跔掑笋;

鮲戓 ９;８ <缉质麠蚩逵蟳楂埑+ 趑 𝑥? 𝑦譽翪裱赋｜𝑥 ≠ 𝑦;鲥 𝑓<𝑥? 𝑦+ " <𝑥 \ ３
𝑥 +０\

<𝑦 \ ３
𝑦 +０褯望盆壇;

舸娦菹快; 菹廒麘爷镎跔褯慏團靿賣 АМ$ＧМ 荼质毆ｉ𝑥 \ ３
𝑥 ≥ ０｜质镎団

𝑥 " ３龩晫嗲; 𝑦 \ ３
𝑦 ≥ ０｜质镎団 𝑦 " ３龩晫嗲;

婻薏｜𝑓<𝑥? 𝑦+ ≥ ００ \ ００ " ７;
懩藗埶望洃质镎晫嗲褯麠蚩饦 𝑥 " ３壿 𝑦 " ３｜埸褡戓趑 𝑥 ≠ 𝑦楂埑;婻薏 ７
荼饦栦缉笋褯望盆壇;
翪猁菹快; 闹 𝑓<𝑥? 𝑦+咹譽稺禡 𝑡褯儬赋 𝑔<𝑡+ " <𝑡 \ ３`𝑡+０団 𝑡 " 𝑥塗 𝑡 " 𝑦閯
褯缉壇饲塗; 𝑔′<𝑡+ " ０<𝑡 \ ３`𝑡+<３ − ３`𝑡０+;団 <５? ３+犍 𝑔′<𝑡+ } ５｜団 <３? ∞+犍
𝑔′<𝑡+ % ５; 儬赋団 𝑡 " ３閯缉襮望盆壇 ６;涰 𝑥 ≠ 𝑦｜𝑔<𝑥+ \ 𝑔<𝑦+荼搬柗龩缉笋
６ \ ６ " ７｜邔 𝑓<𝑥? 𝑦+ % ７; 蝙谛轘顅｜缉 𝑥 " ３｜𝑦 " ３ \ 𝜀 <𝜀 % ５+｜鴸 𝑥 ≠ 𝑦｜壿
冚 𝜀 → ５\龩

𝑓<３? ３ \ 𝜀+ " ６ \ <３ \ 𝜀 \ ３
３ \ 𝜀+

０
→ ７;

婻薏｜団儙鍖 𝑥? 𝑦 % ５壿 𝑥 ≠ 𝑦砲｜𝑓<𝑥? 𝑦+盠駨望盆壇ｐ謩砲猁戗譽 ７;

賣嶇赋捣盽望壇

鮲戓 ９;４ <缉质艘荼団牝踨蟖跔+ 趑 𝑥 ≥ ０｜鲥 𝑓<𝑥+ " 𝑥 \ ３
𝑥 褯望盆壇;

舸娦菹快; 𝑥 \ ３
𝑥 ≥ ０√𝑥 ⋅ ３

𝑥 " ０; 涰薏襮鈽望盆壇譽 ０;
埸茭多盽舸娦;质镎晫嗲褯麠蚩饦 𝑥 " ３｜帹玴艘荼団牝踨蟖 -０? \∞+跔;儬
赋壇栦碴放禡 ０｜帹搳棧畻呤掑笋 ０;
翪猁菹快; 扢菹快儬赋団暞牝牝踨蟖犍褯裤礊舾; 𝑓 ′<𝑥+ " ３ − ３

𝑥０ ;冚 𝑥 ≥ ０
龩｜𝑥０ ≥ ６｜５ } ３

𝑥０ ≤ ３
６｜邔 𝑓 ′<𝑥+ % ５; 儬赋 𝑓<𝑥+団 -０? \∞+犍更勇裤礊况鏱;

謩望盆壇団鑽衟褯饙紦艘 𝑥 " ０閯缉襮; 望盆壇譽 𝑓<０+ " ０ \ ３
０ " ０;９;
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０９４ ９;１ 懞壇荼质毆跑

９;１ 懞壇荼质毆跑
犍谛凥謕麀茡奮穦脺懞荼盆禡养惤脺懞;砲顅氐丷趤紴礊塗脺懞褡脺轘脺懞｜

竸鈽畗凟褯荼质毆跑;

牝踨 ９;３ <礊塗脺懞褡脺轘脺懞+ 麘 𝑛茭翪裱赋 𝑎３? 𝑎０? … ? 𝑎𝑛ｉ
• 礊塗脺懞 <Наｒмоｎіс Меаｎ? НМ+牝踨譽

𝐻𝑛 " 𝑛
３

𝑎３
\ ３

𝑎０
\ ⋯ \ ３

𝑎𝑛

• 脺轘脺懞 <Ｑｕаｄｒаｔіс Меаｎ? ＱМ+牝踨譽

𝑄𝑛 " √𝑎０
３ \ 𝑎０

０ \ ⋯ \ 𝑎０𝑛
𝑛

礊塗脺懞质禡憵赋褯奮穦脺懞饲憵赋;脺轘脺懞质禡脺轘塗褯奮穦脺懞饲鏘;
埸遂耼脺懞壇饲衟韓団鬽牝褯筆稺苢;

牝迹 ９;６ <懞壇荼质毆跑+ 麘僢翆 𝑛茭翪裱赋 𝑎３? 𝑎０? … ? 𝑎𝑛｜绵駨

𝑛
∑𝑛

𝑖"３
３
𝑎𝑖

≤ 𝑛√
𝑛

∏
𝑖"３

𝑎𝑖 ≤ ∑𝑛
𝑖"３ 𝑎𝑖
𝑛 ≤ √∑𝑛

𝑖"３ 𝑎０
𝑖

𝑛

踺 𝐻𝑛 ≤ 𝐺𝑛 ≤ 𝐴𝑛 ≤ 𝑄𝑛; 団僢翆谛謴荼质毆鐜｜质镎晫嗲褯沔菹霔楀麠蚩
懞譽 𝑎３ " 𝑎０ " ⋯ " 𝑎𝑛;

麀茡 犍谛凥謕麀 𝐺𝑛 ≤ 𝐴𝑛;埸璗鷭麀謩睸慏茭荼质稺苢;
綃麀 𝐻𝑛 ≤ 𝐺𝑛;匊子 𝑛茭翪裱赋 ３

𝑎３
? ３

𝑎０
? … ? ３

𝑎𝑛
｜麘钊丷靿賣奮穦$养惤脺懞荼

质毆｜襮
３

𝑎３
\ ３

𝑎０
\ ⋯ \ ３

𝑎𝑛

𝑛 ≥ 𝑛√ ３
𝑎３

３
𝑎０

… ３
𝑎𝑛

凟迹襮
∑𝑛

𝑖"３
３
𝑎𝑖

𝑛 ≥ ３
𝑛√∏𝑛

𝑖"３ 𝑎𝑖

踺 ３
𝐻𝑛

≥ ３
𝐺𝑛

;貯團懞譽翪赋｜慏饘缉憵赋｜荼质镎轘萐鸼肷｜踺襮 𝐻𝑛 ≤ 𝐺𝑛;
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起魿穻 荼质毆 ０９７

棼麀 𝐴𝑛 ≤ 𝑄𝑛;薏荼质毆质豎禡 < ∑ 𝑎𝑖
𝑛 +０ ≤ ∑ 𝑎０

𝑖
𝑛 ｜栦涰谦巶荼质毆竸鈽;缉慏茭

𝑛潟萐薆 а " <𝑎３? … ? 𝑎𝑛+塗 ｕ " <３? … ? ３+｜涰谦巶荼质毆 <а ⋅ ｕ+０ ≤ ‖а‖０‖ｕ‖０襮

<
𝑛

∑
𝑖"３

𝑎𝑖 ⋅ ３+
０

≤ <
𝑛

∑
𝑖"３

𝑎０
𝑖 + <

𝑛
∑
𝑖"３

３０+ ?

踺
<∑ 𝑎𝑖+

０ ≤ <∑ 𝑎０
𝑖 + ⋅ 𝑛;

荼质毆慏饘柗炏碴 𝑛０｜襮
<∑ 𝑎𝑖+０

𝑛０ ≤ ∑ 𝑎０
𝑖

𝑛 ?

踺 < ∑ 𝑎𝑖
𝑛 +０ ≤ ∑ 𝑎０

𝑖
𝑛 ;貯團譽翪｜慏饘椛脺轘鏘｜踺襮 𝐴𝑛 ≤ 𝑄𝑛;

质镎麠蚩菹廒矾髶緭罛賣褯荼质毆;𝐻𝑛 ≤ 𝐺𝑛 鐜质镎冚壿栔冚 ３`𝑎３ " ⋯ "
３`𝑎𝑛｜踺 𝑎３ " ⋯ " 𝑎𝑛ｐ𝐺𝑛 ≤ 𝐴𝑛褯质镎麠蚩譽 𝑎３ " ⋯ " 𝑎𝑛ｐ𝐴𝑛 ≤ 𝑄𝑛鐜谦巶质镎
冚壿栔冚 <𝑎３? … ? 𝑎𝑛+褡 <３? … ? ３+滰谶｜晖踺 𝑎３ " ⋯ " 𝑎𝑛;婻薏跑鐜僢翆谛謴质镎
晫嗲褯沔菹霔楀麠蚩懞譽罛駨赋蟳质; □

鮲戓 ９;７ 謕侴 𝑥? 𝑦譽翪裱赋｜壿 𝑥 \ 𝑦 " ６;鲥 𝑥０ \ 𝑦０褯望盆壇;

呪 氐丷賣 𝐴０ ≤ 𝑄０ｉ
𝑥 \ 𝑦

０ ≤ √𝑥０ \ 𝑦０

０

闹 𝑥 \ 𝑦 " ６浪紴｜襮
６
０ ≤ √𝑥０ \ 𝑦０

０

０ ≤ √𝑥０ \ 𝑦０

０

慏饘懞譽翪｜慏饘脺轘｜襮

６ ≤ 𝑥０ \ 𝑦０

０
涰薏 𝑥０ \ 𝑦０ ≥ ７;
质镎晫嗲冚壿栔冚 𝑥 " 𝑦;多元 𝑥 \ 𝑦 " ６｜呪襮 𝑥 " 𝑦 " ０;
𝑥 " 𝑦 " ０埶质镎栦碴缉笋｜邔 𝑥０ \ 𝑦０褯望盆壇譽 ７;
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０９２ ９;６ 懞壇荼质毆褯靿賣些黾

９;６ 懞壇荼质毆褯靿賣些黾
氐丷簳賣懞壇荼质毆閯迹塗褡鰦褯望壇暁戓;殳淝暁戓褯浪赋多港扢綃詓呅

皼娠捺 АМ$ＧМ褯窼夫;楷凥捣盽养耼簳賣褯詓呅些黾;

９;６;３ 醹團褡仐團嚂亻牝壇
奮穦$养惤脺懞荼质毆楀鲥貯團饲塗衉貯團饲鰦譽牝壇;冚麠蚩荼娠捺龩｜栦

醹菹衉柢挻團｜港亻岋褯牝壇鼣掑毆;

鮲戓 ９;２ 鲥儬赋 𝑓<𝑥+ " 𝑥０ \ ０
𝑥 団 𝑥 % ５龩褯望盆壇;

呪 鼣掑毆 𝑥０ \ ０
𝑥 褯慏團饲鰦 𝑥０ ⋅ ０

𝑥 " ０𝑥浆 𝑥詓浉｜荼搬煟屴靿賣湗慊懞壇荼
质毆;
譽襮笋牝壇郓鰦｜扢滃誢詓薆 𝑥;𝑥０ 褡慏茭 ３`𝑥蟳郓猡郓鰦譽簳赋｜邔蜍 ０

𝑥 醹
晫 ３

𝑥 \ ３
𝑥 ;

邖儬赋詓譽注團饲塗;

𝑓<𝑥+ " 𝑥０ \ ３
𝑥 \ ３

𝑥
埸注團懞譽翪赋｜壿郓鰦譽 𝑥０ ⋅ ３

𝑥 ⋅ ３
𝑥 " ３｜饦牝壇;

靿賣注慊 АМ$ＧМ荼质毆｜

𝑓<𝑥+ " 𝑥０ \ ３
𝑥 \ ３

𝑥 ≥ １ １√𝑥０ ⋅ ３
𝑥 ⋅ ３

𝑥 " １ １√３ " １

砲戗譽 １;质镎楀鲥罛駨團蟳质｜踺 𝑥０ " ３
𝑥 ; 呪襮 𝑥１ " ３｜舃 𝑥 % ５｜邔 𝑥 " ３;

韓団 𝑥 " ３埶 𝑓<３+ " １｜婻薏儬赋 𝑓<𝑥+褯望盆壇譽 １;

９;６;０ 詓薆浪籅
冚詓薆蒮笋麠蚩儙鍖龩｜趤紴岋詓薆簳栦箛浉浪赋多港;

鮲戓 ９;３５ 趑 𝑎? 𝑏? 𝑐譽注页呅褯注饘菶;麀茡｜襮
𝑎

𝑏 \ 𝑐 − 𝑎 \ 𝑏
𝑐 \ 𝑎 − 𝑏 \ 𝑐

𝑎 \ 𝑏 − 𝑐 ≥ １

呪 荼质毆饙閾菹頼譽注页呅注饘褯谶舾噯元;绝陞詓薆浪籅栦箛浉暁戓;
牝踨岋詓薆 𝑥 " 𝑏 \ 𝑐 − 𝑎。𝑦 " 𝑐 \ 𝑎 − 𝑏。𝑧 " 𝑎 \ 𝑏 − 𝑐; 涰注页呅荼质毆ｅ僢翆

慏饘饲塗放禡起注饘Ｉ｜𝑥? 𝑦? 𝑧懞譽翪赋;
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起魿穻 荼质毆 ０８５

鸼呪襮

𝑦 \ 𝑧 " <𝑐 \ 𝑎 − 𝑏+ \ <𝑎 \ 𝑏 − 𝑐+ " ０𝑎 ⟹ 𝑎 " 𝑦 \ 𝑧
０

𝑧 \ 𝑥 " <𝑎 \ 𝑏 − 𝑐+ \ <𝑏 \ 𝑐 − 𝑎+ " ０𝑏 ⟹ 𝑏 " 𝑧 \ 𝑥
０

𝑥 \ 𝑦 " <𝑏 \ 𝑐 − 𝑎+ \ <𝑐 \ 𝑎 − 𝑏+ " ０𝑐 ⟹ 𝑐 " 𝑥 \ 𝑦
０

浪紴邖荼质毆饙閾ｉ

ＬНЅ " <𝑦 \ 𝑧+`０
𝑥 \ <𝑧 \ 𝑥+`０

𝑦 \ <𝑥 \ 𝑦+`０
𝑧

" ３
０ <𝑦 \ 𝑧

𝑥 \ 𝑧 \ 𝑥
𝑦 \ 𝑥 \ 𝑦

𝑧 +

" ３
０ < 𝑦

𝑥 \ 𝑧
𝑥 \ 𝑧

𝑦 \ 𝑥
𝑦 \ 𝑥

𝑧 \ 𝑦
𝑧 +

凟迹猡襮笋逵譽憵赋褯團麘;

ＬНЅ " ３
０ -<𝑥

𝑦 \ 𝑦
𝑥+ \ <𝑦

𝑧 \ 𝑧
𝑦 + \ < 𝑧

𝑥 \ 𝑥
𝑧 +'

麘円谛麘靿賣湗慊懞壇荼质毆｜鮲童 𝑥
𝑦 \ 𝑦

𝑥 ≥ ０;禡饦

ＬНЅ ≥ ３
０<０ \ ０ \ ０+ " １

质镎晫嗲褯麠蚩饦 𝑥
𝑦 " ３? 𝑦

𝑧 " ３? 𝑧
𝑥 " ３｜踺 𝑥 " 𝑦 " 𝑧; 埸麘靿 𝑏 \ 𝑐 − 𝑎 "

𝑐 \ 𝑎 − 𝑏 " 𝑎 \ 𝑏 − 𝑐｜呪襮 𝑎 " 𝑏 " 𝑐; 婻薏冚注页呅譽质饘注页呅龩｜质镎晫嗲;

９;６;１ 厈賣缉质麠蚩港亻詓呅
麘俋多港褯荼质毆｜嵀壇艘绝簳団罛駨詓薆蟳质龩缉笋;埸谛梲裱栦鸼陞挴

浣鶜醹菹轘毆;

鮲戓 ９;３３ 鲥儬赋 𝑓<𝑥+ " ０𝑥 \ ３
𝑥０ 団 𝑥 % ５龩褯望盆壇;

呪 譽港亻郓鰦譽牝壇褯呅毆｜扢醹菹 ０𝑥;醹呤涰懞壇荼质毆褯缉质麠蚩鸼浣;
趑儬赋団 𝑥５閯缉襮望盆壇｜靿賣荼质毆褯貯團霔扢蟳质;闹 ０𝑥醹譽 𝑛茭蟳质

褯團 ０𝑥
𝑛｜褡 ３

𝑥０ 谛柗靿賣 𝑛 \ ３慊懞壇荼质毆;譽埶郓鰦譽牝壇｜貯團鐜 𝑥褯伢报占
靿譽璩;
郓鰦譽 < ０𝑥

𝑛 +𝑛 ⋅ ３
𝑥０｜謩鐜 𝑥褯报占譽 𝑛 − ０; 猏 𝑛 − ０ " ５｜襮 𝑛 " ０;
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０８３ ９;６ 懞壇荼质毆褯靿賣些黾

婻薏蜍 ０𝑥醹晫 𝑥 \ 𝑥; 麘 𝑥? 𝑥? ３
𝑥０ 注團靿賣懞壇荼质毆｜

𝑓<𝑥+ " 𝑥 \ 𝑥 \ ３
𝑥０ ≥ １ １√𝑥 ⋅ 𝑥 ⋅ ３

𝑥０ " １ １√３ " １

质镎晫嗲麠蚩譽 𝑥 " ３
𝑥０｜踺 𝑥１ " ３; 涰 𝑥 % ５｜呪襮 𝑥 " ３;

𝑥 " ３龩｜𝑓<３+ " ０ \ ３ " １;望盆壇栦碴缉笋; 邔儬赋 𝑓<𝑥+褯望盆壇譽 １;

９;６;６ 凟赋醹菹鐜褯郓鰦望壇
窼顅养茭鮲檫怬団裱赋騊祟跔埢镑嵀壇;冚詓薆罒殒缉凟赋龩｜懞壇荼质毆

褯缉质麠蚩簳簳畻呤娠捺｜望傓呪楀蝙薺埱呤;

鮲戓 ９;３０ <醹赋埶郓鰦望放+ 蜍翪凟赋 ３２４８醹晫钴箕茭翪凟赋饲塗｜埶埸焂
赋褯郓鰦望放｜鲥望放褯郓鰦;

呪 綃椈戓顅詓盆;邋𝑀<𝑛+譽蜍 𝑛醹椛罛搬襮笋褯望放郓鰦｜髡床盆褯赋赋壎;

𝑀<０+ " ０? 𝑀<１+ " １? 𝑀<６+ " ０ ÷ ０ " ６?

𝑀<９+ " １ ÷ ０ " ８? 𝑀<８+ " １ ÷ １ " ２? 𝑀<４+ " １ ÷ ０ ÷ ０ " ３０;

鈽隋褯婻赋鷭駨 ０褡 １｜涰薏蜧薺｜望傓褯醹呤鷭賣 ０褡 １;楀鶜牝埸蚩梲｜栦碴髡
僢翆谛茭望傓醹呤鈽拐｜賣默遣蜍钊凟迹晫鷭賣 ０褡 １褯袎檫;
钴脫茭婻赋 𝑎 ≥ ９｜蜍钊籅晫 １褡 𝑎 − １慏茭婻赋｜郓鰦涰 𝑎詓譽

１<𝑎 − １+ " １𝑎 − ２ % 𝑎?

婻譽 𝑎 ≥ ９龩 ０𝑎 % ２;默遣饲猡郓鰦詓放｜褡望傓舾楂埑｜罛碴望傓醹呤璗褯婻赋
怬荼嗔陞 ６;
屴葛蜍 ６籅晫 ０褡 ０;慏茭 ０褯郓鰦锼饦 ６｜婻赋詓淝藗郓鰦荼詓｜邔栦碴黏譽

望傓醹呤鷭賣 ０褡 １;棼伲注茭 ０｜婻譽

０ ÷ ０ ÷ ０ " ７ } ２ " １ ÷ １?

藗慏饘褯婻赋饲塗怬饦 ８｜罛碴望傓醹呤璗庺淝鈽隋慏茭 ０;
瓈砲褯鷭饦浪赋;邋 𝑛 " １𝑞 \ 𝑟｜謩鐜 𝑟 ∈ )５? ３? ０(;

• 𝑟 " ５龩踣趣賣 １｜望放郓鰦譽 １𝑞ｐ
• 𝑟 " ３龩缉鈽谛茭 １褡睸赋窇晫 ０ \ ０｜望放郓鰦譽 １𝑞−３ ÷ ０ ÷ ０ｐ
• 𝑟 " ０龩續奸埸茭睸赋｜望放郓鰦譽 １𝑞 ÷ ０;

涰 ３２４８ " １ ÷ ８９７ \ ０襮｜望放郓鰦譽 １８９７ ÷ ０;
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起魿穻 荼质毆 ０８０

閯迹琱駜嵀壇賻懞壇荼质毆褯缉质麠蚩｜閯迹凟赋嵀壇賻顫團礊凟｜默遣谛
謴荼寝椈多冧詓庬銰癟茡謕钆望傓;鬽牝婻赋饲塗猡｜涰起９;３凥褯懞壇荼质毆｜
貯婻赋爍屴糐爍庬｜琱駜嚃楷褯礿隃饦円茭婻赋怬质禡 𝑒 ≈ ０;４３７;凟赋鷭搬缉 ０
褡 １｜藗 ０ } 𝑒 } １｜埸銰饦望傓醹呤鷭賣 ０褡 １褯挴糫;

９;６;９ 鷵谛浉轘呤褡芫占舾
氐丷俋谛茭荼质毆譽芫占褯｜童冧冚罛駨詓薆柗郓碴谛茭翪赋婻檫龩｜荼质

稺苢續雀荼詓;埸鉢荼质毆栦団荼鶰谛塷舾褯窼夫砲麘詓薆召挻繌坉儙鍖｜童塗
譽 ３衉鰦譽 ３｜碴箛浉暁戓;

鮲戓 ９;３１ <跔囦涿甘荼质毆+ 趑 𝑎? 𝑏? 𝑐譽翪裱赋;麀茡｜襮
𝑎

𝑏 \ 𝑐 \ 𝑏
𝑐 \ 𝑎 \ 𝑐

𝑎 \ 𝑏 ≥ １
０

呪 匊巖荼质毆饙閾鼣掑毆褯芫占舾;碴 𝑡𝑎? 𝑡𝑏? 𝑡𝑐 <𝑡 % ５+慶籅 𝑎? 𝑏? 𝑐｜鼣掑毆褯壇
荼詓;

𝑡𝑎
𝑡𝑏 \ 𝑡𝑐 \ 𝑡𝑏

𝑡𝑐 \ 𝑡𝑎 \ 𝑡𝑐
𝑡𝑎 \ 𝑡𝑏 " 𝑎

𝑏 \ 𝑐 \ 𝑏
𝑐 \ 𝑎 \ 𝑐

𝑎 \ 𝑏

邔玴荼质毆饦 ５占芫占褯;
涰芫占舾｜栦趑 𝑎 \ 𝑏 \ 𝑐 " ３; 団薏儙鍖砲｜𝑏 \ 𝑐 " ３ − 𝑎。𝑐 \ 𝑎 " ３ − 𝑏。

𝑎 \ 𝑏 " ３ − 𝑐; 荼质毆饙閾詓譽ｉ

ＬНЅ " 𝑎
３ − 𝑎 \ 𝑏

３ − 𝑏 \ 𝑐
３ − 𝑐 " < ３

３ − 𝑎 − ３+ \ < ３
３ − 𝑏 − ３+ \ < ３

３ − 𝑐 − ３+

ＬНЅ " ３
𝑏 \ 𝑐 \ ３

𝑐 \ 𝑎 \ ３
𝑎 \ 𝑏 − １

邖荼质毆质豎禡麀茡
３

𝑏 \ 𝑐 \ ３
𝑐 \ 𝑎 \ ３

𝑎 \ 𝑏 − １ ≥ １
０ ⟹ ３

𝑏 \ 𝑐 \ ３
𝑐 \ 𝑎 \ ３

𝑎 \ 𝑏 ≥ ２
０

薏呅毆栦涰谦巶荼质毆褯 Еｎｇеｌ呅毆煟屴麀茡;

３０

𝑏 \ 𝑐 \ ３０

𝑐 \ 𝑎 \ ３０

𝑎 \ 𝑏 ≥ <３ \ ３ \ ３+０

<𝑏 \ 𝑐+ \ <𝑐 \ 𝑎+ \ <𝑎 \ 𝑏+ " ２
０<𝑎 \ 𝑏 \ 𝑐+

涰 𝑎 \ 𝑏 \ 𝑐 " ３｜荼质毆晫嗲;
邖荼质毆饦芫占褯｜薏多盽麘罛駨翪裱赋 𝑎? 𝑏? 𝑐懞晫嗲;
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０８１ ９;９ 谦巶荼质毆

９;９ 谦巶荼质毆

涣 ９;１ <鼣蟋儙牝+
氐丷綃媸鈽谦巶荼质毆褯浪赋呅毆 <∑ 𝑎𝑖𝑏𝑖+

０ ≤ <∑ 𝑎０
𝑖 +<∑ 𝑏０

𝑖 +ｐ蜍钊呪楍譽萐薆艘鰦鴸奸笋
起注勎起 ３３穻;

氐丷稺诊萐薆跔鰦褡萐薆菶夙饲衟褯稺苢;谦巶荼质毆竸鈽鹹湗幔饲衟褯谛
茭牝薆舿苢;

９;９;３ 萐薆呅毆

牝迹 ９;９ <谦巶荼质毆褯萐薆呅毆+ 麘 𝑛潟甾养璗襮碽衟鐜褯僢翆慏茭萐薆
а " <𝑎３? … ? 𝑎𝑛+塗 ｂ " <𝑏３? … ? 𝑏𝑛+｜绵駨

<а ⋅ ｂ+０ ≤ ‖а‖０‖ｂ‖０

謩鐜 а ⋅ ｂ " ∑𝑛
𝑖"３ 𝑎𝑖𝑏𝑖饦萐薆褯艘鰦｜‖а‖ " √∑ 𝑎０

𝑖 饦萐薆褯甾养璗襮騊赋;
质豎萋｜

<
𝑛

∑
𝑖"３

𝑎𝑖𝑏𝑖+
０

≤ <
𝑛

∑
𝑖"３

𝑎０
𝑖 + <

𝑛
∑
𝑖"３

𝑏０
𝑖 +

质镎晫嗲褯沔菹霔楀麠蚩饦萐薆 а褡 ｂ谶舾蟳稺ｐ甘廒萋｜僢谛萐薆譽璩萐
薆龩晖缉质镎;

麀茡 <簽禡湗占襏廒毆+ 氐丷匊子稺禡裱赋 𝑡褯湗占淝團毆 𝑃<𝑡+ " ∑𝑛
𝑖"３<𝑎𝑖𝑡−𝑏𝑖+０;

𝑃<𝑡+饦钴箕茭脺轘團饲塗｜婻薏麘僢翆裱赋 𝑡｜绵駨 𝑃<𝑡+ ≥ ５;
闹 𝑃<𝑡+柤椛襮

𝑃<𝑡+ "
𝑛

∑
𝑖"３

<𝑎０
𝑖 𝑡０ − ０𝑎𝑖𝑏𝑖𝑡 \ 𝑏０

𝑖 +

" <∑ 𝑎０
𝑖 + 𝑡０ − ０ <∑ 𝑎𝑖𝑏𝑖+ 𝑡 \ <∑ 𝑏０

𝑖 + ;

钊饦稺禡 𝑡褯湗占儬赋ｅ钴∑ 𝑎０
𝑖 " ５鴸譽谛占儬赋Ｉ;

钴∑ 𝑎０
𝑖 " ５｜鴸罛駨 𝑎𝑖 " ５｜荼质毆鰑懩晫嗲; 钴∑ 𝑎０

𝑖 % ５｜鴸 𝑃<𝑡+饦椛癪萐
犍褯湗占儬赋;涰钊绵膱吖栦侴謩忑抆褡 𝑡察庺淝駨谛茭减艘｜婻薏襏廒毆Κ ≤ ５;

Κ " <−０ ∑ 𝑎𝑖𝑏𝑖+
０ − ６ <∑ 𝑎０

𝑖 + <∑ 𝑏０
𝑖 + ≤ ５

６ <∑ 𝑎𝑖𝑏𝑖+
０ ≤ ６ <∑ 𝑎０

𝑖 + <∑ 𝑏０
𝑖 +
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起魿穻 荼质毆 ０８６

薏踺谦巶荼质毆;
质镎晫嗲褯麠蚩饦韓団裱赋 𝑡５埶 𝑃<𝑡５+ " ５;貯團膱吖｜埸质豎禡 𝑎𝑖𝑡５ − 𝑏𝑖 " ５

麘罛駨 𝑖晫嗲｜踺 ｂ " 𝑡５а｜慏萐薆谶舾蟳稺;钴 а " ５衉 ｂ " ５｜质镎晖晫嗲壿柗袎
骱禡谶舾蟳稺研呅;鸼陞挴｜钴慏萐薆谶舾蟳稺｜煟屴浪紴栦襮质镎; □

鮲戓 ９;３６ 謕侴 𝑥? 𝑦? 𝑧譽裱赋｜壿 𝑥 \ ０𝑦 \ １𝑧 " ４;鲥 𝑥０ \ 𝑦０ \ 𝑧０褯望盆壇;

呪 侁澞饦谛茭湗占毆｜儙鍖饦谛茭谶舾轘防;氐丷賣谦巶荼质毆餽嗲湗幔饲衟褯
舿苢;
氐丷闹侁澞鼣掑毆 𝑥０ \ 𝑦０ \ 𝑧０褡儙鍖鼣掑毆 𝑥 \ ０𝑦 \ １𝑧菹廒咹譽萐薆騊赋

褯脺轘褡艘鰦;
猏萐薆 а " <𝑥? 𝑦? 𝑧+塗 ｂ " <３? ０? １+;
鏘渁谦巶荼质毆;

<𝑥 ⋅ ３ \ 𝑦 ⋅ ０ \ 𝑧 ⋅ １+０ ≤ <𝑥０ \ 𝑦０ \ 𝑧０+<３０ \ ００ \ １０+

浪紴 𝑥 \ ０𝑦 \ １𝑧 " ４｜襮

４０ ≤ <𝑥０ \ 𝑦０ \ 𝑧０+<３ \ ６ \ ２+

６２ ≤ ３６<𝑥０ \ 𝑦０ \ 𝑧０+

呪襮 𝑥０ \ 𝑦０ \ 𝑧０ ≥ ６２
３６ " ４

０ ;
质镎晫嗲褯麠蚩饦萐薆 а褡 ｂ滰谶｜踺韓団簳赋 𝑘埶襮 <𝑥? 𝑦? 𝑧+ " 𝑘<３? ０? １+;

踺 𝑥
３ " 𝑦

０ " 𝑧
１ " 𝑘;

闹 𝑥 " 𝑘? 𝑦 " ０𝑘? 𝑧 " １𝑘浪紴 𝑥 \ ０𝑦 \ １𝑧 " ４｜襮

𝑘 \ ０<０𝑘+ \ １<１𝑘+ " ４

𝑘 \ ６𝑘 \ ２𝑘 " ３６𝑘 " ４

呪襮 𝑘 " ３`０;
韓団娠捺质镎麠蚩褯裱赋 𝑥? 𝑦? 𝑧｜踺 𝑥 " ３`０? 𝑦 " ３? 𝑧 " １`０｜婻薏望盆壇譽

４`０;

９;９;０ 浣盽
氐丷竸鈽谦巶荼质毆褯养茭浣盽｜钊丷菹廒麘靿谛焂簳誀褯浪赋多港;
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０８９ ９;９ 谦巶荼质毆

牝迹 ９;８ <谦巶荼质毆褯 Еｎｇеｌ呅毆+ 趑 𝑎３? … ? 𝑎𝑛譽僢翆裱赋｜𝑏３? … ? 𝑏𝑛譽翪
裱赋;鴸

𝑎０
３

𝑏３
\ 𝑎０

０
𝑏０

\ ⋯ \ 𝑎０
𝑛

𝑏𝑛
≥ <𝑎３ \ 𝑎０ \ ⋯ \ 𝑎𝑛+０

𝑏３ \ 𝑏０ \ ⋯ \ 𝑏𝑛

质镎晫嗲冚壿栔冚 𝑎３
𝑏３

" 𝑎０
𝑏０

" ⋯ " 𝑎𝑛
𝑏𝑛
;

麀茡 钊栦涰谦巶荼质毆煟屴襮笋; 猏萐薆 ｕ " < 𝑎３
√𝑏３

? 𝑎０
√𝑏０

? … ? 𝑎𝑛
√𝑏𝑛

+ 塗 ｖ "
<√𝑏３? √𝑏０? … ? √𝑏𝑛+;
涰谦巶荼质毆 <ｕ ⋅ ｖ+０ ≤ ‖ｕ‖０‖ｖ‖０｜菹廒跠奮慏紦｜襮

<ｕ ⋅ ｖ+０ " <
𝑛

∑
𝑖"３

𝑎𝑖
√𝑏𝑖

√𝑏𝑖+
０

" <
𝑛

∑
𝑖"３

𝑎𝑖+
０

ｅ艘鰦褯脺轘Ｉ?

‖ｕ‖０ "
𝑛

∑
𝑖"３

< 𝑎𝑖
√𝑏𝑖

+
０

"
𝑛

∑
𝑖"３

𝑎０
𝑖

𝑏𝑖
ｅｕ褯騊赋脺轘Ｉ?

‖ｖ‖０ "
𝑛

∑
𝑖"３

<√𝑏𝑖+０ "
𝑛

∑
𝑖"３

𝑏𝑖 ｅｖ褯騊赋脺轘Ｉ;

浪紴荼质毆｜踺襮

<∑ 𝑎𝑖+
０ ≤ <∑ 𝑎０

𝑖
𝑏𝑖

+ <∑ 𝑏𝑖+ ?

凟迹猡踺譽罛麀;
质镎晫嗲褯麠蚩饦萐薆 ｕ 褡 ｖ 滰谶｜踺韓団簳赋 𝑘 埶 ｕ " 𝑘ｖ; 菹薆呅毆譽

𝑎𝑖
√𝑏𝑖

" 𝑘√𝑏𝑖｜踺 𝑎𝑖 " 𝑘𝑏𝑖｜邔 𝑎𝑖
𝑏𝑖

" 𝑘麘罛駨 𝑖晫嗲; 鸼陞挴｜钴 𝑎３
𝑏３

" ⋯ " 𝑎𝑛
𝑏𝑛

" 𝑘｜鴸
ｕ " 𝑘ｖ｜谦巶荼质毆缉质镎; □

牝迹 ９;４ <踄栦篒囦簽荼质毆｜𝑝 " ０研呅+ 趑 𝑎３? … ? 𝑎𝑛塗 𝑏３? … ? 𝑏𝑛譽僢翆裱
赋;鴸

√𝑎０
３ \ 𝑏０

３ \ ⋯ \ √𝑎０𝑛 \ 𝑏０𝑛 ≥ √<𝑎３ \ ⋯ \ 𝑎𝑛+０ \ <𝑏３ \ ⋯ \ 𝑏𝑛+０

质镎晫嗲冚壿栔冚罛駨萐薆 <𝑎𝑖? 𝑏𝑖+柗萐滰谶｜踺韓団柗谛茭膱璩萐薆 ｕ塗
膱吖裱赋 𝜆𝑖埶 <𝑎𝑖? 𝑏𝑖+ " 𝜆𝑖ｕｐ璩萐薆栦咹譽僢翆轘萐;

麀茡 钊団养惤犍踺甾养璗襮碽衟鐜褯注页荼质毆; 匊子 𝑛 茭湗潟萐薆 ｖ𝑖 "
<𝑎𝑖? 𝑏𝑖+; 荼质毆饙閾譽∑𝑛

𝑖"３ ‖ｖ𝑖‖｜纺閾譽 ‖ ∑𝑛
𝑖"３ ｖ𝑖‖;
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起魿穻 荼质毆 ０８８

涣 ９;６

埸踺饊轘塗荼质毆｜
３２７５蛟浪猡襮浼;

氐丷麘荼质毆慏饘脺轘｜棼靿賣谦巶荼质毆麀茡; 猏 𝐴 " ∑ 𝑎𝑖｜𝐵 " ∑ 𝑏𝑖; 綃
麀 𝑛 " ０褯研呅｜踺

√𝑎０
３ \ 𝑏０

３ \ √𝑎０
０ \ 𝑏０

０ ≥ √<𝑎３ \ 𝑎０+０ \ <𝑏３ \ 𝑏０+０;

慏饘脺轘｜襮

<𝑎０
３ \ 𝑏０

３+ \ <𝑎０
０ \ 𝑏０

０+ \ ０√<𝑎０
３ \ 𝑏０

３+<𝑎０
０ \ 𝑏０

０+ ≥ <𝑎０
３ \ ０𝑎３𝑎０ \ 𝑎０

０+ \ <𝑏０
３ \ ０𝑏３𝑏０ \ 𝑏０

０+?

浉箛襮√<𝑎０
３ \ 𝑏０

３+<𝑎０
０ \ 𝑏０

０+ ≥ 𝑎３𝑎０ \ 𝑏３𝑏０; 钴纺閾譽吖｜荼质毆鰑懩晫嗲ｐ钴纺閾
膱吖｜慏饘脺轘襮

<𝑎０
３ \ 𝑏０

３+<𝑎０
０ \ 𝑏０

０+ ≥ <𝑎３𝑎０ \ 𝑏３𝑏０+０?

薏踺湗潟谦巶荼质毆;
谛塷研呅栦涰赋铙鷵驺呤｜稼發靿賣 𝑛 " ０褯多盽襮笋;质镎麠蚩挴緭湗潟研

呅鐜谦巶缉质镎壿 𝑎３𝑎０ \ 𝑏３𝑏０ ≥ ５｜埸楀鲥円占元鈩龩急褡蟳挻褯萐薆柗萐滰谶;
婻藗罛駨膱璩萐薆 <𝑎𝑖? 𝑏𝑖+霔扢柗萐滰谶ｐ鸼陞挴｜钴娠捺薏麠蚩｜鴸萐薆菶夙蟳挻
质禡塗萐薆菶夙｜邔缉质镎; □

鮲戓 ９;３９ 謕侴 𝑥? 𝑦譽裱赋｜娠捺 𝑥 \ １𝑦 " ６;鲥 ６𝑥０ \ 𝑦０褯望盆壇;

呪 侁澞儬赋 ６𝑥０ \ 𝑦０ 饦湗占塗｜栦媸晫 <０𝑥+０ \ 𝑦０ｐ藗儙鍖 𝑥 \ １𝑦 " ６饦谶舾褯;
氐丷鷭嬛団湗幔饲衟餽嗲舿苢;
譽鹹軘覼侁澞儬赋｜氐丷蜍 𝑥默媸晫 ０𝑥褯谛鳍;

𝑥 \ １𝑦 " ３
０<０𝑥+ \ １𝑦 " ６

猏萐薆 а " < ３
０ ? １+塗 ｂ " <０𝑥? 𝑦+; 鏘渁谦巶荼质毆｜<а ⋅ ｂ+０ ≤ ‖а‖０‖ｂ‖０;

<３
０<０𝑥+ \ １𝑦+

０
≤ <<３

０+
０

\ １０+ <<０𝑥+０ \ 𝑦０+

浪紴 𝑥 \ １𝑦 " ６｜襮
６０ ≤ <３

６ \ ２+ <６𝑥０ \ 𝑦０+

３８ ≤ １４
６ <６𝑥０ \ 𝑦０+

涰薏 ６𝑥０ \ 𝑦０ ≥ ８６
１４ ;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



０８４ ９;９ 谦巶荼质毆

质镎晫嗲褯麠蚩饦萐薆 а褡 ｂ滰谶｜踺 ０𝑥
３`０ " 𝑦

１ ; 踺 ６𝑥 " 𝑦`１｜衉 𝑦 " ３０𝑥; 浪
紴 𝑥 \ １<３０𝑥+ " ６｜襮 １４𝑥 " ６｜𝑥 " ６`１４; 薏龩 𝑦 " ３０<６`１４+ " ６７`１４;
涰禡韓団埶质镎晫嗲褯裱赋 𝑥? 𝑦｜邔 ６𝑥０ \ 𝑦０褯望盆壇譽 ８６

１４ ;

鮲戓 ９;３８ 謕侴裱赋 𝑎? 𝑏? 𝑐塗 𝑥? 𝑦? 𝑧娠捺 𝑎０ \ 𝑏０ \ 𝑐０ " ２塗 𝑥０ \ 𝑦０ \ 𝑧０ " ３;
鲥 𝑎𝑥 \ 𝑏𝑦 \ 𝑐𝑧褯望放壇;

呪 暁戓瑨赍慏茭湗占塗褯牝壇褡谛茭谶舾噯元褯望壇;埸饦谦巶荼质毆褯煟屴
靿賣;
猏萐薆 ｕ " <𝑎? 𝑏? 𝑐+塗 ｖ " <𝑥? 𝑦? 𝑧+; 鏘渁谦巶荼质毆;

<𝑎𝑥 \ 𝑏𝑦 \ 𝑐𝑧+０ ≤ <𝑎０ \ 𝑏０ \ 𝑐０+<𝑥０ \ 𝑦０ \ 𝑧０+

浪紴謕侴麠蚩ｉ
<𝑎𝑥 \ 𝑏𝑦 \ 𝑐𝑧+０ ≤ ２ ⋅ ３ " ２

涰薏 !𝑎𝑥 \ 𝑏𝑦 \ 𝑐𝑧! ≤ １｜踺 −１ ≤ 𝑎𝑥 \ 𝑏𝑦 \ 𝑐𝑧 ≤ １;
鼣掑毆褯望放壇譽 １;质镎晫嗲褯麠蚩饦萐薆 ｕ褡 ｖ滰谶｜踺韓団簳赋 𝑘 埶

襮 <𝑎? 𝑏? 𝑐+ " 𝑘<𝑥? 𝑦? 𝑧+; 薏龩 𝑎０ \ 𝑏０ \ 𝑐０ " 𝑘０<𝑥０ \ 𝑦０ \ 𝑧０+｜踺 ２ " 𝑘０<３+｜呪襮
𝑘 " ¾１; 冚 𝑘 " １龩｜𝑎 " １𝑥? 𝑏 " １𝑦? 𝑐 " １𝑧｜薏龩 𝑎𝑥 \ 𝑏𝑦 \ 𝑐𝑧 " １𝑥０ \ １𝑦０ \ １𝑧０ "
１<𝑥０ \ 𝑦０ \ 𝑧０+ " １;
涰禡望放壇栦碴缉笋｜邔 𝑎𝑥 \ 𝑏𝑦 \ 𝑐𝑧褯望放壇譽 １;

鮲戓 ９;３４ 謕侴 𝑎? 𝑏? 𝑐懞譽翪赋｜壿 𝑎０ \ 𝑏０ \ ６𝑐０ " １;麀茡ｉ
３; 𝑎 \ 𝑏 \ ０𝑐 ≤ １;
０; 钴 𝑏 " ０𝑐｜鴸 ３

𝑎 \ ３
𝑐 ≥ １;

呪
３; 痔麀荼质毆饦谶舾褯｜麠蚩饦湗占褯;氐丷港亻萐薆鈩靿賣谦巶荼质毆;
蜍麠蚩 𝑎０ \ 𝑏０ \ ６𝑐０ " １媸晫 𝑎０ \ 𝑏０ \ <０𝑐+０ " １; 猏萐薆 ｕ " <𝑎? 𝑏? ０𝑐+塗
ｖ " <３? ３? ３+;
鏘渁谦巶荼质毆;

<𝑎 ⋅ ３ \ 𝑏 ⋅ ３ \ ０𝑐 ⋅ ３+０ ≤ <𝑎０ \ 𝑏０ \ <０𝑐+０+<３０ \ ３０ \ ３０+

<𝑎 \ 𝑏 \ ０𝑐+０ ≤ <𝑎０ \ 𝑏０ \ ６𝑐０+<１+
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起魿穻 荼质毆 ０８７

浪紴 𝑎０ \ 𝑏０ \ ６𝑐０ " １｜襮

<𝑎 \ 𝑏 \ ０𝑐+０ ≤ １ ⋅ １ " ２

涰禡 𝑎? 𝑏? 𝑐懞譽翪赋｜𝑎 \ 𝑏 \ ０𝑐譽翪;慏饘椛脺轘鏘襮 𝑎 \ 𝑏 \ ０𝑐 ≤ １; 质镎晫
嗲冚壿栔冚 𝑎

３ " 𝑏
３ " ０𝑐

３｜踺 𝑎 " 𝑏 " ０𝑐;浪紴麠蚩襮 𝑎０ \ 𝑎０ \ 𝑎０ " １｜𝑎 " ３;
薏龩 𝑎 " 𝑏 " ３? 𝑐 " ３`０;

０; 冚 𝑏 " ０𝑐龩｜邖麠蚩 𝑎０ \ 𝑏０ \ ６𝑐０ " １詓譽

𝑎０ \ <０𝑐+０ \ ６𝑐０ " 𝑎０ \ ７𝑐０ " １

氐丷嬛団薏麠蚩砲麀茡 ３
𝑎 \ ３

𝑐 ≥ １;
埸茭多港魥元埶賣谦巶荼质毆褯 Еｎｇеｌ呅毆; 譽鹹港亻元魥褯團｜氐丷闹 ３

𝑐
媸晫 ６

６𝑐 ;

３
𝑎 \ ３

𝑐 " ３０

𝑎 \ ００

６𝑐 ≥ <３ \ ０+０

𝑎 \ ６𝑐 " ２
𝑎 \ ６𝑐

屴砲挴氐丷鲥 𝑎 \ ６𝑐褯犍戗; 厈賣麠蚩 𝑎０ \ ７𝑐０ " １｜氐丷棼占靿賣谦巶荼
质毆;

<𝑎 \ ６𝑐+０ " <３ ⋅ 𝑎 \
√

０ ⋅
√

７𝑐+０ ≤ <３０ \ <
√

０+０+<𝑎０ \ <
√

７𝑐+０+

<𝑎 \ ６𝑐+０ ≤ <３ \ ０+<𝑎０ \ ７𝑐０+ " １ ⋅ １ " ２

涰禡 𝑎? 𝑐譽翪｜𝑎 \ ６𝑐 ≤ １;
多元慏茭多冧ｉ

３
𝑎 \ ３

𝑐 ≥ ２
𝑎 \ ６𝑐 ≥ ２

１ " １

姛著质镎晫嗲褯麠蚩;Еｎｇеｌ呅毆褯椑劈楀鲥 ３
𝑎 " ０

６𝑐｜踺 𝑎 " ０𝑐ｐ谦巶荼质毆
褯缉质楀鲥 𝑎

３ "
√

７𝑐√
０｜踺 𝑎 " ０𝑐; 慏茭麠蚩谛摟;闹 𝑎 " ０𝑐浪紴 𝑎０ \ ７𝑐０ " １｜

襮 <０𝑐+０ \ ７𝑐０ " ３０𝑐０ " １｜𝑐 " ３`０; 薏龩 𝑎 " ３; 冚 𝑎 " ３? 𝑐 " ３`０ 龩｜
３
𝑎 \ ３

𝑐 " ３ \ ０ " １｜质镎栦碴缉笋;

鮲戓 ９;３７ 謕侴艘 𝑃<𝑎? 𝑏+団賹 𝐶 ∶ 𝑥０ \ 𝑦０ " 𝑥 \ 𝑦犍｜壿 𝑎? 𝑏 ∈ <５? \∞+;

３; 鲥 ３
𝑎 \ ３

𝑏 褯望盆壇;

０; 饦嚙韓団 𝑎? 𝑏娠捺 <𝑎 \ ３+<𝑏 \ ３+ " ６Ｓ钴韓団｜鲥鈽 𝑎? 𝑏褯壇ｐ钴荼韓
団｜癟茡迹涰;

呪
３; 涰戓趑｜𝑎? 𝑏譽翪裱赋｜壿娠捺 𝑎０ \ 𝑏０ " 𝑎 \ 𝑏; 罛鲥鼣掑毆譽 ３

𝑎 \ ３
𝑏 " 𝑎\𝑏

𝑎𝑏 ;
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０８２ ９;９ 谦巶荼质毆

鏘渁懞壇荼质毆｜𝑎０ \ 𝑏０ ≥ ０𝑎𝑏; 闹麠蚩浪紴｜襮 𝑎 \ 𝑏 ≥ ０𝑎𝑏; 涰禡 𝑎? 𝑏 % ５｜栦
襮 𝑎\𝑏

𝑎𝑏 ≥ ０;
质镎晫嗲褯麠蚩饦 𝑎 " 𝑏;浪紴賹褯轘防｜𝑎０ \ 𝑎０ " 𝑎 \ 𝑎｜踺 ０𝑎０ " ０𝑎; 涰禡
𝑎 % ５｜呪襮 𝑎 " ３; 邔冚 𝑎 " 𝑏 " ３龩｜３

𝑎 \ ３
𝑏 缉襮望盆壇 ０;

０; 暁戓质豎禡襏鶜鼣掑毆 𝑎𝑏 \ 𝑎 \ 𝑏 \ ３褯壇搬嚙掑笋 ６; 綃猁牝 𝑎 \ 𝑏褯騊祟;
涰谦巶荼质毆｜

<𝑎 \ 𝑏+０ " <３ ⋅ 𝑎 \ ３ ⋅ 𝑏+０ ≤ <３０ \ ３０+<𝑎０ \ 𝑏０+ " ０<𝑎０ \ 𝑏０+

闹麠蚩 𝑎０ \ 𝑏０ " 𝑎 \ 𝑏浪紴｜

<𝑎 \ 𝑏+０ ≤ ０<𝑎 \ 𝑏+

涰禡 𝑎? 𝑏 % ５｜𝑎 \ 𝑏 % ５｜慏饘柗炏碴 𝑎 \ 𝑏｜襮 𝑎 \ 𝑏 ≤ ０;
柗龩｜涰懞壇荼质毆｜𝑎𝑏 ≤ 𝑎０\𝑏０

０ " 𝑎\𝑏
０ ;

隋団匊巖鼣掑毆 <𝑎 \ ３+<𝑏 \ ３+ｉ

<𝑎 \ ３+<𝑏 \ ３+ " 𝑎𝑏 \ 𝑎 \ 𝑏 \ ３ ≤ 𝑎 \ 𝑏
０ \ <𝑎 \ 𝑏+ \ ３ " １

０<𝑎 \ 𝑏+ \ ３

涰禡 𝑎 \ 𝑏 ≤ ０｜邔
１
０<𝑎 \ 𝑏+ \ ３ ≤ １

０<０+ \ ３ " ６

邔 <𝑎 \ ３+<𝑏 \ ３+褯望放壇譽 ６;
质镎晫嗲褯麠蚩饦犍蟋罛駨荼质毆懞缉质镎｜踺

• 𝑎 \ 𝑏 " ０
• 𝑎 " 𝑏

舿嗲呪襮 𝑎 " 𝑏 " ３;
闹 𝑎 " 𝑏 " ３浪紴邖轘防 𝑎０ \ 𝑏０ " 𝑎 \ 𝑏姛著;３０ \ ３０ " ３ \ ３｜轘防晫嗲;
婻薏｜韓団 𝑎 " 𝑏 " ３埶襮 <𝑎 \ ３+<𝑏 \ ３+ " ６;

鮲戓 ９;３２ 趑翪裱赋𝑚? 𝑛娠捺 ０𝑚 \ 𝑛 " ０;鲥 ３
𝑚 \ ６

𝑛 褯望盆壇;

呪 侁澞饦谛茭菹毆塗｜儙鍖饦谛茭谶舾轘防｜埸魥元賣谦巶荼质毆;
闹儙鍖麠蚩褡侁澞儬赋蟳郓ｉ

<０𝑚 \ 𝑛+ < ３
𝑚 \ ６

𝑛+
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起魿穻 荼质毆 ０４５

麘禡翪赋 𝑥３? 𝑥０? 𝑦３? 𝑦０｜谦巶荼质毆褯谛耼呅毆譽

<𝑥３ \ 𝑥０+<𝑦３ \ 𝑦０+ ≥ <√𝑥３𝑦３ \ √𝑥０𝑦０+０

猏 𝑥３ " ０𝑚? 𝑥０ " 𝑛赍 𝑦３ " ３
𝑚 ? 𝑦０ " ６

𝑛 ;

<０𝑚 \ 𝑛+ < ３
𝑚 \ ６

𝑛+ ≥ <√０𝑚 ⋅ ３
𝑚 \ √𝑛 ⋅ ６

𝑛+
０

<０𝑚 \ 𝑛+ < ３
𝑚 \ ６

𝑛+ ≥ <
√

０ \
√

６+０ " <
√

０ \ ０+０ " ８ \ ６
√

０

闹 ０𝑚 \ 𝑛 " ０浪紴｜襮

０ < ３
𝑚 \ ６

𝑛+ ≥ ８ \ ６
√

０

３
𝑚 \ ６

𝑛 ≥ １ \ ０
√

０

质镎晫嗲褯麠蚩饦 𝑥３
𝑦３
褡 𝑥０

𝑦０
褯涿壇蟳质｜踺 ０𝑚

３`𝑚 " 𝑛
６`𝑛｜崙踺 ０𝑚０ " 𝑛０

６ ｜邔
𝑛 " ０

√
０𝑚;

浪紴 ０𝑚 \ 𝑛 " ０｜襮

０𝑚 \ ０
√

０𝑚 " ０ ⟹ 𝑚<０ \ ０
√

０+ " ０ ⟹ 𝑚 " ３
３ \

√
０

"
√

０ − ３

薏龩 𝑛 " ０
√

０<
√

０ − ３+ " ６ − ０
√

０;
涰禡𝑚? 𝑛懞譽翪赋壿埶质镎晫嗲｜邔 ３

𝑚 \ ６
𝑛 褯望盆壇譽 １ \ ０

√
０;

鮲戓 ９;０５ 謕侴 𝑎 % ５? 𝑏 % ５壿 𝑎 \ 𝑏 " ９;鲥 √𝑎 \ ３ \
√

𝑏 \ １褯望放壇;

呪 侁澞儬赋饦鏘毆饲塗｜ 儙鍖饦谶舾褯; 氐丷賣谦巶荼质毆; 猏萐薆 ｕ "
<√𝑎 \ ３?

√
𝑏 \ １+塗 ｖ " <３? ３+;

鏘渁谦巶荼质毆;

<
√

𝑎 \ ３ ⋅ ３ \
√

𝑏 \ １ ⋅ ３+０ ≤ <<
√

𝑎 \ ３+０ \ <
√

𝑏 \ １+０+<３０ \ ３０+

<
√

𝑎 \ ３ \
√

𝑏 \ １+０ ≤ <<𝑎 \ ３+ \ <𝑏 \ １++<０+

<
√

𝑎 \ ３ \
√

𝑏 \ １+０ ≤ <𝑎 \ 𝑏 \ ６+<０+
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０４３ ９;９ 谦巶荼质毆

浪紴 𝑎 \ 𝑏 " ９｜襮

<
√

𝑎 \ ３ \
√

𝑏 \ １+０ ≤ <９ \ ６+<０+ " ３７

涰禡貯團譽翪｜椛脺轘鏘襮√𝑎 \ ３ \
√

𝑏 \ １ ≤
√

３７ " １
√

０;
质镎晫嗲褯麠蚩饦萐薆 ｕ褡 ｖ滰谶｜踺

√𝑎\３
３ "

√
𝑏\１
３ ; 埸质豎禡 𝑎 \ ３ " 𝑏 \ １｜

踺 𝑎 " 𝑏 \ ０; 舿嗲 𝑎 " 𝑏 \ ０塗 𝑎 \ 𝑏 " ９｜呪襮 𝑏 " １`０? 𝑎 " ４`０;
涰禡韓団埶质镎晫嗲褯翪赋 𝑎? 𝑏｜邔鼣掑毆褯望放壇譽 １

√
０;

鮲戓 ９;０３ 鲥儬赋 𝑓<𝑥+ "
√

𝑥０ − １𝑥 \ ０ \
√

０ \ １𝑥 − 𝑥０褯望放壇;

呪 儬赋饦慏茭鏘毆饲塗;慏茭鏘镎跔褯鼣掑毆蟳挻猡詓薆罒滃誢;

<𝑥０ − １𝑥 \ ０+ \ <０ \ １𝑥 − 𝑥０+ " ６

埸夫白氐丷靿賣谦巶荼质毆;
猏萐薆 ｕ " <

√
𝑥０ − １𝑥 \ ０?

√
０ \ １𝑥 − 𝑥０+塗 ｖ " <３? ３+;

<𝑓<𝑥++０ " <√𝑥０ − １𝑥 \ ０ ⋅ ３ \ √０ \ １𝑥 − 𝑥０ ⋅ ３+０

≤ <<√𝑥０ − １𝑥 \ ０+０ \ <√０ \ １𝑥 − 𝑥０+０+<３０ \ ３０+

≤ <<𝑥０ − １𝑥 \ ０+ \ <０ \ １𝑥 − 𝑥０++<０+

≤ <６+<０+ " ７

邔 𝑓<𝑥+ ≤
√

７ " ０
√

０;
质镎晫嗲褯麠蚩饦

√
𝑥０−１𝑥\０

３ "
√

０\１𝑥−𝑥０
３ ; 踺 𝑥０ − １𝑥 \ ０ " ０ \ １𝑥 − 𝑥０｜浉箛

襮 ０𝑥０ − ８𝑥 " ５｜呪襮 𝑥 " ５衉 𝑥 " １;
姛著埸慏茭壇饦嚙団儬赋褯牝踨蟖跔; 牝踨蟖楀鲥 𝑥０ −１𝑥\０ ≥ ５壿 ０\１𝑥−

𝑥０ ≥ ５; 冚 𝑥 " ５龩｜０ ≥ ５壿 ０ ≥ ５｜晫嗲; 冚 𝑥 " １龩｜２ − ２ \ ０ " ０ ≥ ５壿
０ \ ２ − ２ " ０ ≥ ５｜晫嗲;
涰禡韓団埶质镎晫嗲褯 𝑥壇｜儬赋褯望放壇譽 ０

√
０;

鮲戓 ９;００ 謕侴翪赋 𝑥? 𝑦娠捺 ３
０𝑥\𝑦 \ １

𝑥\𝑦 " ０;鲥 ８𝑥 \ ９𝑦褯望盆壇;

呪 麠蚩饦谛茭菹毆塗｜侁澞饦谛茭谶舾塗;闹侁澞鼣掑毆褡麠蚩鼣掑毆蟳郓｜栦
港亻谛茭簳赋砲戗;
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起魿穻 荼质毆 ０４０

氐丷綃蜍侁澞 ８𝑥 \ ９𝑦 賣麠蚩鐜褯菹頼 ０𝑥 \ 𝑦 褡 𝑥 \ 𝑦 鼣白; 趑 ８𝑥 \ ９𝑦 "
𝐴<０𝑥 \ 𝑦+ \ 𝐵<𝑥 \ 𝑦+ " <０𝐴 \ 𝐵+𝑥 \ <𝐴 \ 𝐵+𝑦; 涿床苢赋襮 ０𝐴 \ 𝐵 " ８? 𝐴 \ 𝐵 " ９;
呪襮 𝐴 " ３? 𝐵 " ６; 邔 ８𝑥 \ ９𝑦 " <０𝑥 \ 𝑦+ \ ６<𝑥 \ 𝑦+;
匊子郓鰦 <８𝑥 \ ９𝑦+ ⋅ ０;

０<８𝑥 \ ９𝑦+ " < ３
０𝑥 \ 𝑦 \ １

𝑥 \ 𝑦 + <<０𝑥 \ 𝑦+ \ ６<𝑥 \ 𝑦++

猏 𝑎 " ３
０𝑥\𝑦｜𝑏 " １

𝑥\𝑦 塗 𝑐 " ０𝑥 \ 𝑦｜𝑑 " ６<𝑥 \ 𝑦+; 鏘渁谦巶荼质毆褯谛茭浣盽｜
衉煟屴涰 АМ$ＧМ荼质毆｜<𝑎 \ 𝑏+<𝑐 \ 𝑑+ ≥ <√𝑎𝑐 \

√
𝑏𝑑+０;

< ３
０𝑥 \ 𝑦 \ １

𝑥 \ 𝑦 + <<０𝑥 \ 𝑦+ \ ６<𝑥 \ 𝑦++ ≥ <
√

３ \
√

１ ⋅ ６+０

" <３ \ ０
√

１+０

" ３１ \ ６
√

１;

婻薏｜０<８𝑥 \ ９𝑦+ ≥ ３１ \ ６
√

１｜踺 ８𝑥 \ ９𝑦 ≥ ３１\６
√

１
０ ;

质镎晫嗲褯麠蚩饦 𝑎
𝑐 " 𝑏

𝑑｜踺 ３`<０𝑥\𝑦+
０𝑥\𝑦 " １`<𝑥\𝑦+

６<𝑥\𝑦+ ;
３

<０𝑥\𝑦+０ " １
６<𝑥\𝑦+０｜踺 ６<𝑥 \

𝑦+０ " １<０𝑥 \ 𝑦+０; 涰禡貯團譽翪｜０<𝑥 \ 𝑦+ "
√

１<０𝑥 \ 𝑦+｜踺 <０ −
√

１+𝑦 " <０
√

１ − ０+𝑥;
猏 𝑟 " 𝑦

𝑥 " ０
√

１−０
０−

√
１ % ５;棼涰戓趑

３
<０ \ 𝑟+𝑥 \ １

<３ \ 𝑟+𝑥 " ０

栦橦谛猁牝谛茭翪赋 𝑥｜髡藗襮笋翪赋 𝑦 " 𝑟𝑥;婻薏质镎麠蚩猁裱栦碴団戓趑騊祟
跔掑笋;
邔 ８𝑥 \ ９𝑦褯望盆壇譽 ３１\６

√
１

０ ;

鮲戓 ９;０１ 謕侴翪赋 𝑥? 𝑦? 𝑧 娠捺 𝑥 \ 𝑦 \ 𝑧 " ３;鲥 𝑥０
𝑦\０𝑧 \ 𝑦０

𝑧\０𝑥 \ 𝑧０
𝑥\０𝑦 褯望

盆壇;

呪 侁澞儬赋郎駨 Еｎｇеｌ呅毆褯澞抹多港;

𝑥０

𝑦 \ ０𝑧 \ 𝑦０

𝑧 \ ０𝑥 \ 𝑧０

𝑥 \ ０𝑦 ≥ <𝑥 \ 𝑦 \ 𝑧+０

<𝑦 \ ０𝑧+ \ <𝑧 \ ０𝑥+ \ <𝑥 \ ０𝑦+

浉箛菹頼ｉ

<𝑦 \ ０𝑧+ \ <𝑧 \ ０𝑥+ \ <𝑥 \ ０𝑦+ " １𝑥 \ １𝑦 \ １𝑧 " １<𝑥 \ 𝑦 \ 𝑧+
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０４１ ９;９ 谦巶荼质毆

浪紴荼质毆ｉ

ＬНЅ ≥ <𝑥 \ 𝑦 \ 𝑧+０

１<𝑥 \ 𝑦 \ 𝑧+ " 𝑥 \ 𝑦 \ 𝑧
１

鏘渁儙鍖 𝑥 \ 𝑦 \ 𝑧 " ３｜襮笋

𝑥０

𝑦 \ ０𝑧 \ 𝑦０

𝑧 \ ０𝑥 \ 𝑧０

𝑥 \ ０𝑦 ≥ ３
１

质镎晫嗲褯麠蚩饦 𝑥
𝑦\０𝑧 " 𝑦

𝑧\０𝑥 " 𝑧
𝑥\０𝑦 ; 钴 𝑥 " 𝑦 " 𝑧｜薏麠蚩鰑懩娠捺; 多元

𝑥 \ 𝑦 \ 𝑧 " ３｜呪襮 𝑥 " 𝑦 " 𝑧 " ３`１;
涰禡韓団埶质镎晫嗲褯缉壇｜邔鼣掑毆褯望盆壇譽 ３`１;

鮲戓 ９;０６ 謕侴翪赋 𝑥? 𝑦娠捺 𝑥 \ 𝑦 " ３;鲥 ３
𝑥０ \ ７

𝑦０ 褯望盆壇;

呪 氐丷賣 Ноｌｄеｒ荼质毆ｅ谦巶荼质毆褯谛耼浣狶Ｉ呪魺埸茭暁戓; 麘禡注噯翪赋
<𝑎３? 𝑎０+? <𝑏３? 𝑏０+? <𝑐３? 𝑐０+｜駨

<𝑎３ \ 𝑎０+<𝑏３ \ 𝑏０+<𝑐３ \ 𝑐０+ ≥ < １√𝑎３𝑏３𝑐３ \ １√𝑎０𝑏０𝑐０+１

氐丷港亻注噯赋; 猏 <𝑎３? 𝑎０+ " < ３
𝑥０ ? ７

𝑦０ +。<𝑏３? 𝑏０+ " <𝑥? 𝑦+。<𝑐３? 𝑐０+ " <𝑥? 𝑦+;
浪紴 Ноｌｄеｒ荼质毆;

< ３
𝑥０ \ ７

𝑦０ + <𝑥 \ 𝑦+<𝑥 \ 𝑦+ ≥ < １√ ３
𝑥０ ⋅ 𝑥 ⋅ 𝑥 \ １√ ７

𝑦０ ⋅ 𝑦 ⋅ 𝑦+
１

厈賣 𝑥 \ 𝑦 " ３箛浉饙閾｜鈩跠奮纺閾｜襮

< ３
𝑥０ \ ７

𝑦０ + ⋅ ３ ⋅ ３ ≥ < １√３ \ １√７+１ " <３ \ ０+１ " ０４

邔 ３
𝑥０ \ ７

𝑦０ ≥ ０４;
质镎晫嗲褯麠蚩饦埸注噯赋晫涿鮲｜踺 𝑎３

𝑎０
" 𝑏３

𝑏０
" 𝑐３

𝑐０
;

３`𝑥０

７`𝑦０ " 𝑥
𝑦

𝑦０

７𝑥０ " 𝑥
𝑦 ⟹ 𝑦１ " ７𝑥１ ⟹ 𝑦 " ０𝑥

舿嗲 𝑦 " ０𝑥塗 𝑥 \ 𝑦 " ３｜呪襮 𝑥 " ３`１? 𝑦 " ０`１;
涰禡韓団埶质镎晫嗲褯翪赋 𝑥? 𝑦｜邔鼣掑毆褯望盆壇譽 ０４;
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起魿穻 荼质毆 ０４６

惤龩楀賣
谦巶荼质毆舿苢湗占馲鼣掑毆｜童∑ 𝑎０

𝑖 褡谛占谶舾噯元｜童∑ 𝑎𝑖𝑏𝑖;鷭楀竸牝
謩鐜谛鉢褯壇藗鶅鲥蝙谛鉢褯望壇｜钊簳搬煟屴竸鈽多冧｜鮲童団谶舾儙鍖砲鲥
湗占塗褯望盆壇｜衉団湗占儙鍖砲鲥谶舾噯元褯望壇;
冚侁澞儬赋譽菹毆塗｜甘廒饦呅童∑ 𝑎０

𝑖
𝑏𝑖
龩｜氐丷栦匊子 Еｎｇеｌ呅毆;菹檫荼霔

饦詓薆褯脺轘｜晖栦碴饦簳赋褯脺轘ｐ鮲童 ３
𝑏 栦媸晫 ３０

𝑏 ｜藗 ２
𝑐 栦媸晫 １０

𝑐 ;钴侁澞儬
赋犃薏多港壿儙鍖褡菹頼饲塗蟳稺｜Еｎｇеｌ呅毆妛妛搬煟屴嶇鈽多盽;
氐丷剓栦碴外阈槔阈萐薆挴嚂亻靿賣麠蚩ｐ鮲童缉 <３? ３? … ? ３+衧譽槔阈萐薆｜

栦餽嗲 <∑ 𝑥𝑖+０褡∑ 𝑥０
𝑖 饲衟褯舿苢;

９;８ 锵筆荼质毆
氐丷拿戩慏茭筆釮褯慊嶻童惤覼麘｜皼搬埶郓鰦饲塗望放衉望盆;锵筆荼质

毆伱礿埸茭暁戓;

牝迹 ９;７ <锵筆荼质毆+ 趑駨慏噯裱赋 𝑎３ ≤ 𝑎０ ≤ … ≤ 𝑎𝑛塗 𝑏３ ≤ 𝑏０ ≤ … ≤ 𝑏𝑛;
趑 <𝑝３? 𝑝０? … ? 𝑝𝑛+饦 <３? ０? … ? 𝑛+褯谛茭僢翆锵釮;鴸駨

𝑛
∑
𝑖"３

𝑎𝑖𝑏𝑛−𝑖\３ ≤
𝑛

∑
𝑖"３

𝑎𝑖𝑏𝑝𝑖
≤

𝑛
∑
𝑖"３

𝑎𝑖𝑏𝑖

婻薏｜慏茭駨筆筆釮褯慊嶻覼麘｜謩郓鰦饲塗団岽筆塗龩缉襮望放壇｜団称
筆塗龩觲禡望放褡望盆饲衟｜団忹筆塗龩缉襮望盆壇;

麀茡 麀茡岽筆塗望放;匊子僢翆膱岽筆褯称筆塗 𝑆 " ∑ 𝑎𝑖𝑏𝑝𝑖
; 钴玴锵釮荼饦岽

筆锵釮 <３? ０? … ? 𝑛+｜鴸韓団慏茭砲澞 𝑗? 𝑘娠捺 𝑗 } 𝑘帹 𝑝𝑗 % 𝑝𝑘;
𝑆鐜褡 𝑗? 𝑘蟳稺褯團譽 𝑎𝑗𝑏𝑝𝑗

\ 𝑎𝑘𝑏𝑝𝑘
;

减籅 𝑝𝑗? 𝑝𝑘 襮笋岋锵釮｜謩麘靿褯塗邋譽 𝑆′; 𝑆′ 鐜褡 𝑗? 𝑘蟳稺褯團譽 𝑎𝑗𝑏𝑝𝑘
\

𝑎𝑘𝑏𝑝𝑗
;

匊厴慏毆饲璁;

𝑆′ − 𝑆 " <𝑎𝑗𝑏𝑝𝑘
\ 𝑎𝑘𝑏𝑝𝑗

+ − <𝑎𝑗𝑏𝑝𝑗
\ 𝑎𝑘𝑏𝑝𝑘

+

" 𝑎𝑘𝑏𝑝𝑗
− 𝑎𝑗𝑏𝑝𝑗

− 𝑎𝑘𝑏𝑝𝑘
\ 𝑎𝑗𝑏𝑝𝑘

" 𝑏𝑝𝑗
<𝑎𝑘 − 𝑎𝑗+ − 𝑏𝑝𝑘

<𝑎𝑘 − 𝑎𝑗+

" <𝑎𝑘 − 𝑎𝑗+<𝑏𝑝𝑗
− 𝑏𝑝𝑘

+
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０４９ ９;８ 锵筆荼质毆

涰雞趑｜𝑗 } 𝑘 ⟹ 𝑎𝑗 ≤ 𝑎𝑘｜邔 𝑎𝑘 − 𝑎𝑗 ≥ ５; 舃 𝑝𝑗 % 𝑝𝑘 ⟹ 𝑏𝑝𝑗
≥ 𝑏𝑝𝑘

｜邔
𝑏𝑝𝑗

− 𝑏𝑝𝑘
≥ ５;

婻薏 𝑆′ − 𝑆 ≥ ５｜踺 𝑆′ ≥ 𝑆;
円冚锵釮鐜鈽隋溌鸼岽筆褯慏茭覼麘｜闹玴覼麘貁翪譽岽筆猡｜伢塗荼寝閆

盆; 绝陞駨冫占埸袎褯减籅｜僢惤称筆锵釮怬栦礊凟譽岽筆锵釮｜壿郓鰦饲塗裤礊
荼閆; 邔岽筆塗望放;麘筆釮 𝑏𝑛 ≤ 𝑏𝑛−３ ≤ ⋯ ≤ 𝑏３靿賣柗袎多盽｜栦襮忹筆塗望盆;
罛碴僢翆称筆塗觲禡忹筆塗褡岽筆塗饲衟; □

鮲戓 ９;０９ 趑 𝑎? 𝑏? 𝑐譽翪裱赋;麀茡 𝑎１ \ 𝑏１ \ 𝑐１ ≥ 𝑎０𝑏 \ 𝑏０𝑐 \ 𝑐０𝑎;

呪 埸茭荼质毆譽谁籅毆｜荼搬雞趑 𝑎? 𝑏? 𝑐褯放盆;氐丷賣 АМ$ＧМ荼质毆麀茡钊;
涰 𝑎? 𝑏? 𝑐懞譽翪裱赋｜菹廒駨

𝑎１ \ 𝑎１ \ 𝑏１ ≥ １ １√𝑎１ ⋅ 𝑎１ ⋅ 𝑏１ " １𝑎０𝑏?

𝑏１ \ 𝑏１ \ 𝑐１ ≥ １𝑏０𝑐? 𝑐１ \ 𝑐１ \ 𝑎１ ≥ １𝑐０𝑎;

注毆蟳挻｜襮
１<𝑎１ \ 𝑏１ \ 𝑐１+ ≥ １<𝑎０𝑏 \ 𝑏０𝑐 \ 𝑐０𝑎+;

慏饘柗炏碴 １｜踺襮
𝑎１ \ 𝑏１ \ 𝑐１ ≥ 𝑎０𝑏 \ 𝑏０𝑐 \ 𝑐０𝑎;

鮲戓 ９;０８ <ІМО+ 謕侴 𝑥𝑖? 𝑦𝑖<𝑖 " ３? ０? … ? 𝑛+譽僢翆裱赋｜壿 𝑥３ ≥ 𝑥０ ≥ … ≥ 𝑥𝑛
塗 𝑦３ ≥ 𝑦０ ≥ … ≥ 𝑦𝑛;舃 𝑧３? 𝑧０? … ? 𝑧𝑛饦 𝑦３? 𝑦０? … ? 𝑦𝑛褯僢翆谛茭锵釮;此麀ｉ

𝑛
∑
𝑖"３

<𝑥𝑖 − 𝑦𝑖+０ ≤
𝑛

∑
𝑖"３

<𝑥𝑖 − 𝑧𝑖+０

呪 柤椛脺轘團｜銰栦蜍暁戓浉譽锵筆荼质毆;
綃柤椛纺閾ｉ

𝑛
∑
𝑖"３

<𝑥𝑖 − 𝑧𝑖+０ "
𝑛

∑
𝑖"３

<𝑥０
𝑖 − ０𝑥𝑖𝑧𝑖 \ 𝑧０

𝑖 +

"
𝑛

∑
𝑖"３

𝑥０
𝑖 − ０

𝑛
∑
𝑖"３

𝑥𝑖𝑧𝑖 \
𝑛

∑
𝑖"３

𝑧０
𝑖

菹快謩鐜褯團;

• ∑ 𝑥０
𝑖 涰筆釮 <𝑥𝑖+橦谛猁牝｜饦簳赋;

• <𝑧𝑖+饦 <𝑦𝑖+褯锵釮｜罛狒慊嶻蟳柗｜栔岽筆荼柗;邔∑ 𝑧０
𝑖 " ∑ 𝑦０

𝑖 晖饦簳赋;
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起魿穻 荼质毆 ０４８

• 浆锵釮 <𝑧𝑖+詓浉褯饦称筆塗∑ 𝑥𝑖𝑧𝑖;

婻薏｜鼣掑毆∑<𝑥𝑖 − 𝑧𝑖+０缉望盆壇冚壿栔冚∑ 𝑥𝑖𝑧𝑖缉望放壇;
涰锵筆荼质毆｜慏茭柗筆锵釮褯筆釮 <𝑥𝑖+褡 <𝑦𝑖+褯郓鰦饲塗団岽筆塗龩望放｜

踺麘 <𝑦𝑖+褯僢翆锵釮 <𝑧𝑖+｜
𝑛

∑
𝑖"３

𝑥𝑖𝑧𝑖 ≤
𝑛

∑
𝑖"３

𝑥𝑖𝑦𝑖

罛碴∑ 𝑥𝑖𝑧𝑖褯望放壇団 𝑧𝑖 " 𝑦𝑖龩缉笋;
浪伱柤椛毆｜∑<𝑥𝑖 − 𝑧𝑖+０褯望盆壇団 𝑧𝑖 " 𝑦𝑖龩缉笋｜薏龩壇譽∑<𝑥𝑖 − 𝑦𝑖+０;
邔麘僢翆锵釮 <𝑧𝑖+｜怬駨

𝑛
∑
𝑖"３

<𝑥𝑖 − 𝑦𝑖+０ ≤
𝑛

∑
𝑖"３

<𝑥𝑖 − 𝑧𝑖+０

９;４ 聦鮭厈荼质毆
聦鮭厈荼质毆竸鈽 <３ \ 𝑥+𝑛褯谛茭谶舾砲戗;

牝迹 ９;２ <聦鮭厈荼质毆｜凟赋呅毆+ 麘僢翆裱赋 𝑥 % −３塗僢翆膱吖凟赋 𝑛｜
绵駨

<３ \ 𝑥+𝑛 ≥ ３ \ 𝑛𝑥

质镎晫嗲褯沔菹霔楀麠蚩饦 𝑛 " ５｜𝑛 " ３衉 𝑥 " ５;

麀茡 賣赋铙鷵驺呤麘凟赋 𝑛 ≥ ５麀茡;
廻簽龩｜𝑛 " ５竸鈽 <３ \ 𝑥+５ ≥ ３ \ ５ ⋅ 𝑥踺 ３ ≥ ３｜𝑛 " ３竸鈽 <３ \ 𝑥+３ ≥ ３ \ ３ ⋅ 𝑥

踺 ３ \ 𝑥 ≥ ３ \ 𝑥｜懞晫嗲;
趑 𝑛 " 𝑘 <𝑘 ≥ ３+龩喬戓晫嗲｜踺 <３ \ 𝑥+𝑘 ≥ ３ \ 𝑘𝑥｜浣麀 𝑛 " 𝑘 \ ３龩喬戓崙晫

嗲;涰戓趑 𝑥 % −３｜邔 ３ \ 𝑥 % ５｜碴翪赋 ３ \ 𝑥柗郓鷵驺雞趑慏紦｜荼质镎轘萐荼
詓｜襮

<３ \ 𝑥+𝑘\３ " <３ \ 𝑥+𝑘<３ \ 𝑥+ ≥ <３ \ 𝑘𝑥+<３ \ 𝑥+;

柤椛纺紦襮 <３ \ 𝑘𝑥+<３ \ 𝑥+ " ３ \ 𝑥 \ 𝑘𝑥 \ 𝑘𝑥０ " ３ \ <𝑘 \ ３+𝑥 \ 𝑘𝑥０｜藗涰 𝑘 ≥ ３壿
𝑥０ ≥ ５駨 𝑘𝑥０ ≥ ５｜邔 ３ \ <𝑘 \ ３+𝑥 \ 𝑘𝑥０ ≥ ３ \ <𝑘 \ ３+𝑥; 涰綻况舾踺襮

<３ \ 𝑥+𝑘\３ ≥ ３ \ <𝑘 \ ３+𝑥?

喬戓麘 𝑛 " 𝑘 \ ３晫嗲;
涰赋铙鷵驺呤邖迹｜聦鮭厈荼质毆麘罛駨膱吖凟赋 𝑛晫嗲;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



０４４ ９;４ 聦鮭厈荼质毆

质镎冚 𝑛 " ５衉 𝑛 " ３龩邖毆绵缉｜冚 𝑥 " ５龩慏饘晖懞譽 ３;钴 𝑛 ≥ ０壿
𝑥 ≠ ５｜鷵驺况浣竸鈽更勇荼质毆;麘 𝑛 " ０駨 <３ \ 𝑥+０ − <３ \ ０𝑥+ " 𝑥０ % ５ｐ钴起 𝑘
謴更勇｜涰 ３ \ 𝑥 % ５壿况浣鐜剓挻犍 𝑘𝑥０ % ５｜起 𝑘 \ ３謴锼更勇;邔质镎晫嗲冚壿
栔冚 𝑛 " ５。𝑛 " ３衉 𝑥 " ５; □

聦鮭厈荼质毆栦浣狶笋裱赋暞赋;砲顅褯麀茡賣笋儬赋褯貘蛳舾;

聦鮭厈荼质毆裱赋呅毆

牝迹 ９;３５ <聦鮭厈荼质毆｜裱赋呅毆+ 趑 𝑥 % −３壿 𝑥 ≠ ５;

• 钴 𝛼 } ５衉 𝛼 % ３｜鴸 <３ \ 𝑥+𝛼 % ３ \ 𝛼𝑥;
• 钴 ５ } 𝛼 } ３｜鴸 <３ \ 𝑥+𝛼 } ３ \ 𝛼𝑥;

麀茡 匊子槔阈儬赋 𝑓<𝑥+ " <３ \ 𝑥+𝛼 − <３ \ 𝛼𝑥+｜謩牝踨蟖譽 <−３? \∞+; 菹快嶇赋
猁牝謩裤礊舾褡嵀壇;

𝑓 ′<𝑥+ " 𝛼<３ \ 𝑥+𝛼−３ − 𝛼 " 𝛼 -<３ \ 𝑥+𝛼−３ − ３'

猏 𝑓 ′<𝑥+ " ５｜橦谛呪譽 𝑥 " ５;
冚 𝛼 % ３龩｜𝛼 − ３ % ５; 钴 𝑥 % ５｜鴸 ３ \ 𝑥 % ３。<３ \ 𝑥+𝛼−３ % ３。𝑓 ′<𝑥+ % ５; 钴

−３ } 𝑥 } ５｜鴸 ５ } ３ \ 𝑥 } ３。<３ \ 𝑥+𝛼−３ } ３。𝑓 ′<𝑥+ } ５; 邔 𝑓<𝑥+団 𝑥 " ５閯缉襮橦
谛褯嵀盆壇｜晖饦望盆壇; 𝑓міｎ " 𝑓<５+ " <３ \ ５+𝛼 − <３ \ ５+ " ５; 婻薏｜麘 𝑥 ≠ ５｜绵
駨 𝑓<𝑥+ % ５｜踺 <３ \ 𝑥+𝛼 % ３ \ 𝛼𝑥;
冚 ５ } 𝛼 } ３龩｜𝛼 − ３ } ５; 钴 𝑥 % ５｜鴸 ３ \ 𝑥 % ３。<３ \ 𝑥+𝛼−３ } ３。𝑓 ′<𝑥+ } ５;

钴 −３ } 𝑥 } ５｜鴸 ５ } ３ \ 𝑥 } ３。<３ \ 𝑥+𝛼−３ % ３。𝑓 ′<𝑥+ % ５; 邔 𝑓<𝑥+団 𝑥 " ５閯缉
襮橦谛褯嵀放壇｜晖饦望放壇; 𝑓мах " 𝑓<５+ " ５; 婻薏｜麘 𝑥 ≠ ５｜绵駨 𝑓<𝑥+ } ５｜踺
<３ \ 𝑥+𝛼 } ３ \ 𝛼𝑥;
冚 𝛼 } ５龩｜𝛼 − ３ } ５;钴 𝑥 % ５｜鴸 <３ \ 𝑥+𝛼−３ } ３｜藗 𝛼 } ５｜邔 𝑓 ′<𝑥+ % ５ｐ钴

−３ } 𝑥 } ５｜鴸 <３ \ 𝑥+𝛼−３ % ３｜邔 𝑓 ′<𝑥+ } ５;婻薏 𝑓 锼団 𝑥 " ５閯缉襮橦谛望盆壇
５｜麘 𝑥 ≠ ５駨 𝑓<𝑥+ % ５; □

鮲戓 ９;０４ 麀茡 ３;５５３３５５５ % ０;

呪 玴荼质毆郎駨 <３ \ 𝑥+𝑛褯呅毆｜氐丷賣聦鮭厈荼质毆麀茡钊;
猏 𝑥 " ５;５５３赍 𝑛 " ３５５５; 麠蚩 𝑥 " ５;５５３ % −３塗 𝑛譽膱吖凟赋懞娠捺; 涰聦

鮭厈荼质毆｜
<３ \ ５;５５３+３５５５ ≥ ３ \ ３５５５ ÷ ５;５５３ " ３ \ ３ " ０
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起魿穻 荼质毆 ０４７

质镎栔団 𝑛 " ５? ３衉 𝑥 " ５龩晫嗲;薏鮲鐜 𝑛 " ３５５５壿 𝑥 " ５;５５３｜懞荼娠捺质
镎麠蚩; 婻薏荼质镎譽更勇荼质镎;
邔 ３;５５３３５５５ % ０;

鮲戓 ９;０７ 麀茡筆釮 𝑎𝑛 " <３ \ ３
𝑛 +𝑛

<𝑛 ∈ ℕ? 𝑛 ≥ ３+更勇裤礊况鏱;

呪 楀麀麘僢翆 𝑛 ≥ ３｜绵駨 𝑎𝑛\３ % 𝑎𝑛;埸质豎禡麀茡 𝑎𝑛\３
𝑎𝑛

% ３;
港亻騹毆鈩浉箛｜襮

𝑎𝑛\３
𝑎𝑛

" <３ \ ３
𝑛\３ +𝑛\３

<３ \ ３
𝑛 +𝑛 " < 𝑛\０

𝑛\３ +𝑛\３

< 𝑛\３
𝑛 +𝑛

" <𝑛 \ ０
𝑛 \ ３+

𝑛\３
⋅ < 𝑛

𝑛 \ ３+
𝑛

" 𝑛 \ ０
𝑛 \ ３ ⋅ <𝑛 \ ０

𝑛 \ ３ ⋅ 𝑛
𝑛 \ ３+

𝑛

" 𝑛 \ ０
𝑛 \ ３ ⋅ < 𝑛０ \ ０𝑛

<𝑛 \ ３+０ +
𝑛

" 𝑛 \ ０
𝑛 \ ３ ⋅ <<𝑛 \ ３+０ − ３

<𝑛 \ ３+０ +
𝑛

" 𝑛 \ ０
𝑛 \ ３ ⋅ <３ − ３

<𝑛 \ ３+０ +
𝑛

麘婻檫 <３ − ３
<𝑛\３+０ +𝑛靿賣聦鮭厈荼质毆; 猏 𝑥 " − ３

<𝑛\３+０ ;涰 𝑛 ≥ ３｜𝑥 % −３壿
𝑥 ≠ ５; 涰聦鮭厈荼质毆｜<３ \ 𝑥+𝑛 ≥ ３ \ 𝑛𝑥｜

<３ − ３
<𝑛 \ ３+０ +

𝑛
≥ ３ − 𝑛

<𝑛 \ ３+０

浪伱騹毆鈩浉箛｜襮
𝑎𝑛\３
𝑎𝑛

≥ 𝑛 \ ０
𝑛 \ ３ ⋅ <３ − 𝑛

<𝑛 \ ３+０ +

" 𝑛 \ ０
𝑛 \ ３ ⋅ <𝑛 \ ３+０ − 𝑛

<𝑛 \ ３+０

" 𝑛 \ ０
𝑛 \ ３ ⋅ 𝑛０ \ ０𝑛 \ ３ − 𝑛

<𝑛 \ ３+０

" <𝑛 \ ０+<𝑛０ \ 𝑛 \ ３+
<𝑛 \ ３+１

涿床菹檫褡菹頼;

<𝑛 \ ０+<𝑛０ \ 𝑛 \ ３+ " 𝑛１ \ １𝑛０ \ １𝑛 \ ０
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０４２ ９;７ 嘉龟荼质毆

<𝑛 \ ３+１ " 𝑛１ \ １𝑛０ \ １𝑛 \ ３

菹檫涿菹頼放 ３; 邔 <𝑛\０+<𝑛０\𝑛\３+
<𝑛\３+１ % ３;

婻薏 𝑎𝑛\３
𝑎𝑛

% ３｜踺 𝑎𝑛\３ % 𝑎𝑛; 筆釮 𝑎𝑛更勇裤礊况鏱;

９;７ 嘉龟荼质毆
氐丷涿床菹毆放盆龩｜簳寝蛞笋谛鉢鞗梦鉢矇嵩旕讚夙詓浉褯荼质毆;

牝迹 ９;３３ <嘉龟荼质毆｜簽楷呅毆+ 趑 𝑎? 𝑏? 𝑥懞譽翪裱赋;

• 钴 𝑎
𝑏 } ３｜鴸 𝑎

𝑏 } 𝑎\𝑥
𝑏\𝑥 ;

• 钴 𝑎
𝑏 % ３｜鴸 𝑎

𝑏 % 𝑎\𝑥
𝑏\𝑥 ;

• 钴 𝑎
𝑏 " ３｜鴸 𝑎

𝑏 " 𝑎\𝑥
𝑏\𝑥 " ３;

麘渖菹赋｜菹檫菹頼柗挻谛茭翪赋寝詓放ｐ麘雞菹赋｜柗挻谛茭翪赋寝詓盆;

麀茡 氐丷涿床 𝑎\𝑥
𝑏\𝑥 褡 𝑎

𝑏 褯放盆;涰禡 𝑎? 𝑏? 𝑥懞譽翪赋｜𝑏塗 𝑏 \ 𝑥崙譽翪｜禡饦衧
璁｜襮

𝑎 \ 𝑥
𝑏 \ 𝑥 − 𝑎

𝑏 " 𝑏<𝑎 \ 𝑥+ − 𝑎<𝑏 \ 𝑥+
𝑏<𝑏 \ 𝑥+ " 𝑎𝑏 \ 𝑏𝑥 − 𝑎𝑏 − 𝑎𝑥

𝑏<𝑏 \ 𝑥+ " 𝑥<𝑏 − 𝑎+
𝑏<𝑏 \ 𝑥+

菹頼 𝑏<𝑏 \ 𝑥+褡 𝑥懞譽翪｜璁褯殙镎畗踣涰 <𝑏 − 𝑎+魺牝;

• 钴 𝑎
𝑏 } ３｜鴸 𝑎 } 𝑏｜踺 𝑏 − 𝑎 % ５;璁譽翪｜邔 𝑎\𝑥

𝑏\𝑥 % 𝑎
𝑏 ;

• 钴 𝑎
𝑏 % ３｜鴸 𝑎 % 𝑏｜踺 𝑏 − 𝑎 } ５;璁譽吖｜邔 𝑎\𝑥

𝑏\𝑥 } 𝑎
𝑏 ;

• 钴 𝑎
𝑏 " ３｜鴸 𝑎 " 𝑏｜踺 𝑏 − 𝑎 " ５;璁譽璩｜邔 𝑎\𝑥

𝑏\𝑥 " 𝑎
𝑏 ;

□

鮲戓 ９;０２ 涿床 ０５０１
０５０６ 褡 ０５０６

０５０９ 褯放盆;

呪 慏茭菹赋多港蟳矇｜起湗茭菹赋栦涰起谛茭詓浉襮笋;
猏 𝑎 " ０５０１? 𝑏 " ０５０６｜鴸 ０５０６

０５０９ " ０５０１\３
０５０６\３ " 𝑎\𝑥

𝑏\𝑥 <𝑥 " ３+;
𝑎
𝑏 " ０５０１

０５０６ } ３饦渖菹赋｜涰嘉龟荼质毆簽楷呅毆栦襮

０５０１
０５０６ } ０５０１ \ ３

０５０６ \ ３ " ０５０６
０５０９

氐丷栦碴蜍簽楷呅毆浣狶笋菹檫。菹頼菹廒挻犍荼柗翪赋褯研呅;
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起魿穻 荼质毆 ０７５

牝迹 ９;３０ <嘉龟荼质毆｜谛塷呅毆+ 趑 𝑎? 𝑏? 𝑥? 𝑦懞譽翪裱赋;菹赋 𝑎\𝑥
𝑏\𝑦 褯壇觲

禡 𝑎
𝑏 塗 𝑥

𝑦 饲衟;
钴 𝑎

𝑏 } 𝑥
𝑦｜鴸 𝑎

𝑏 } 𝑎\𝑥
𝑏\𝑦 } 𝑥

𝑦 ; 钴 𝑎
𝑏 % 𝑥

𝑦｜鴸 𝑎
𝑏 % 𝑎\𝑥

𝑏\𝑦 % 𝑥
𝑦 ;

麀茡 氐丷栦趑 𝑎
𝑏 } 𝑥

𝑦 ;涰禡 𝑏? 𝑦懞譽翪赋｜玴毆质豎禡 𝑎𝑦 } 𝑏𝑥;
綃麀 𝑎

𝑏 } 𝑎\𝑥
𝑏\𝑦｜踺

𝑎
𝑏 } 𝑎 \ 𝑥

𝑏 \ 𝑦 ⟺ 𝑎<𝑏 \ 𝑦+ } 𝑏<𝑎 \ 𝑥+ ⟺ 𝑎𝑦 } 𝑏𝑥?

埸褡雞趑谛摟｜邔晫嗲;
棼麀 𝑎\𝑥

𝑏\𝑦 } 𝑥
𝑦｜踺

𝑎 \ 𝑥
𝑏 \ 𝑦 } 𝑥

𝑦 ⟺ 𝑦<𝑎 \ 𝑥+ } 𝑥<𝑏 \ 𝑦+ ⟺ 𝑎𝑦 } 𝑏𝑥?

柗袎晫嗲;
钴 𝑎

𝑏 % 𝑥
𝑦｜麘俋捣盽踺栦;钴 𝑎

𝑏 " 𝑥
𝑦｜鴸注茭菹赋壇踣趣蟳质; □

涣 ９;９ <养惤呪楍+
氐丷竸谛塷呅毆褯嘉龟荼质毆谛茭养惤呪楍; 匊子脺顅煟页钫澞苢鐜褯慏茭萐薆 ｕ " <𝑏? 𝑎+塗
ｖ " <𝑦? 𝑥+; 涰 𝑎? 𝑏? 𝑥? 𝑦懞譽翪赋｜埸慏茭萐薆薼禡起谛龠冫;
萐薆 ｕ褯辧匞譽 𝑎

𝑏｜萐薆 ｖ褯辧匞譽 𝑥
𝑦 ; 慏茭萐薆褯塗譽 ｕ \ ｖ " <𝑏 \ 𝑦? 𝑎 \ 𝑥+｜謩辧匞譽 𝑎\𝑥

𝑏\𝑦 ;
髡忑鐜栦碴伲鈽｜慏茭起谛龠冫萐薆饲塗褯辧匞觲禡埸慏茭萐薆貯緭褯辧匞饲衟;

𝑥

𝑦

ｕ " <𝑏? 𝑎+

ｖ " <𝑦? 𝑥+

ｕ \ ｖ

辧匞 𝑎`𝑏

辧匞 𝑥`𝑦

𝑂

𝑈<𝑏? 𝑎+

𝑉 <𝑦? 𝑥+

<𝑏 \ 𝑦? 𝑎 \ 𝑥+
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０７３ ９;７ 嘉龟荼质毆

鮲戓 ９;１５ 趑駨慏茭翪赋筆釮 )𝑎𝑛(塗 )𝑏𝑛(;童冧筆釮 𝑐𝑛 " 𝑎𝑛
𝑏𝑛
更勇裤礊况

鏱｜麀茡涰钊丷褯趣菹塗港晫褯筆釮 𝑆𝑛 " ∑𝑛
𝑖"３ 𝑎𝑖

∑𝑛
𝑖"３ 𝑏𝑖

晖更勇裤礊况鏱;

呪 氐丷嬛麀茡麘僢翆 𝑛 ≥ ３怬駨 𝑆𝑛 } 𝑆𝑛\３;
邋 𝐴𝑛 " ∑𝑛

𝑖"３ 𝑎𝑖｜𝐵𝑛 " ∑𝑛
𝑖"３ 𝑏𝑖｜鴸 𝑆𝑛 " 𝐴𝑛

𝐵𝑛
; 涰 𝐴𝑛\３ " 𝐴𝑛 \ 𝑎𝑛\３ 壿

𝐵𝑛\３ " 𝐵𝑛 \ 𝑏𝑛\３｜

𝑆𝑛\３ " 𝐴𝑛 \ 𝑎𝑛\３
𝐵𝑛 \ 𝑏𝑛\３

;

涰嘉龟荼质毆褯谛塷呅毆｜𝑆𝑛\３ 觲禡 𝐴𝑛
𝐵𝑛
塗 𝑎𝑛\３

𝑏𝑛\３
饲衟; 婻薏｜鷭嬛麀茡 𝑆𝑛 }

𝑎𝑛\３
𝑏𝑛\３
｜礶栦襮笋 𝑆𝑛 } 𝑆𝑛\３;

厈賣 𝑎𝑖 " 𝑐𝑖𝑏𝑖｜襮

𝑆𝑛 " 𝑐３𝑏３ \ 𝑐０𝑏０ \ ⋯ \ 𝑐𝑛𝑏𝑛
𝑏３ \ 𝑏０ \ ⋯ \ 𝑏𝑛

;

钊饦 𝑐３? 𝑐０? … ? 𝑐𝑛稺禡翪饊稼 𝑏𝑖褯挻饊奮穦脺懞;
涰 𝑐𝑛更勇裤礊况鏱｜𝑐３ } 𝑐０ } ⋯ } 𝑐𝑛 } 𝑐𝑛\３; 挻饊脺懞壇荼嗔陞罛駨慊嶻鐜

褯望放壇｜婻薏

𝑆𝑛 " ∑𝑛
𝑖"３ 𝑐𝑖𝑏𝑖

∑𝑛
𝑖"３ 𝑏𝑖

≤ 𝑐𝑛;

舃 𝑐𝑛 } 𝑐𝑛\３ " 𝑎𝑛\３
𝑏𝑛\３
｜罛碴 𝑆𝑛 } 𝑎𝑛\３

𝑏𝑛\３
;

婻薏 𝑆𝑛 } 𝑆𝑛\３｜筆釮 𝑆𝑛更勇裤礊况鏱;

９;７;３ 儬赋裤礊舾褡占栦挻舾
嘉龟荼质毆癟茡儬赋 𝑓<𝑡+ " 𝑡

𝑐\𝑡 <𝑐 % ５? 𝑡 ≥ ５+裤礊况鏱;多元注页荼质毆｜氐
丷栦賣钊挴麀茡谛鉢荼质毆;

鮲戓 ９;１３ 趑 𝑥３? 𝑥０? … ? 𝑥𝑛譽裱赋｜𝑐 % ５;麀茡ｉ

! ∑𝑛
𝑖"３ 𝑥𝑖!

𝑐 \ ! ∑𝑛
𝑖"３ 𝑥𝑖!

≤
𝑛

∑
𝑖"３

!𝑥𝑖!
𝑐 \ !𝑥𝑖!

呪 猏 𝑓<𝑡+ " 𝑡
𝑐\𝑡 <𝑡 ≥ ５+｜鴸邖荼质毆栦媸衧 𝑓<! ∑ 𝑥𝑖!+ ≤ ∑ 𝑓<!𝑥𝑖!+;

氐丷闹 𝑓<𝑡+詓呅譽 ３ − 𝑐
𝑐\𝑡 ; 冚 𝑡 ≥ ５龩｜𝑡鏱放寝嶇摟 𝑐 \ 𝑡鏱放｜髡藗埶 𝑐

𝑐\𝑡
閆盆｜婻薏 𝑓<𝑡+裤礊况鏱;
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起魿穻 荼质毆 ０７０

涰注页荼质毆｜! ∑𝑛
𝑖"３ 𝑥𝑖! ≤ ∑𝑛

𝑖"３ !𝑥𝑖!; 涰 𝑓<𝑡+裤礊况鏱｜

𝑓 <∣
𝑛

∑
𝑖"３

𝑥𝑖∣+ ≤ 𝑓 <
𝑛

∑
𝑖"３

!𝑥𝑖!+

踺
! ∑𝑛

𝑖"３ 𝑥𝑖!
𝑐 \ ! ∑𝑛

𝑖"３ 𝑥𝑖!
≤ ∑𝑛

𝑖"３ !𝑥𝑖!
𝑐 \ ∑𝑛

𝑖"３ !𝑥𝑖!
;

氐丷棼著麀 𝑓<𝑡+褯占栦挻舾;麘僢翆 𝑡３? 𝑡０ ≥ ５ｉ

𝑓<𝑡３ \ 𝑡０+ " 𝑡３ \ 𝑡０
𝑐 \ 𝑡３ \ 𝑡０

" 𝑡３
𝑐 \ 𝑡３ \ 𝑡０

\ 𝑡０
𝑐 \ 𝑡３ \ 𝑡０

;

涰 𝑡３? 𝑡０ ≥ ５｜駨 𝑐 \ 𝑡３ \ 𝑡０ ≥ 𝑐 \ 𝑡３壿 𝑐 \ 𝑡３ \ 𝑡０ ≥ 𝑐 \ 𝑡０;禡饦
𝑡３

𝑐 \ 𝑡３ \ 𝑡０
≤ 𝑡３

𝑐 \ 𝑡３
" 𝑓<𝑡３+? 𝑡０

𝑐 \ 𝑡３ \ 𝑡０
≤ 𝑡０

𝑐 \ 𝑡０
" 𝑓<𝑡０+

蟳挻襮笋 𝑓<𝑡３ \ 𝑡０+ ≤ 𝑓<𝑡３+ \ 𝑓<𝑡０+;涰赋铙鷵驺呤｜麘僢翆 𝑛茭膱吖詓薆｜

𝑓 <
𝑛

∑
𝑖"３

𝑡𝑖+ ≤
𝑛

∑
𝑖"３

𝑓<𝑡𝑖+;

缉 𝑡𝑖 " !𝑥𝑖!｜踺襮

𝑓 <
𝑛

∑
𝑖"３

!𝑥𝑖!+ ≤
𝑛

∑
𝑖"３

𝑓<!𝑥𝑖!+ "
𝑛

∑
𝑖"３

!𝑥𝑖!
𝑐 \ !𝑥𝑖!

;

邔
! ∑𝑛

𝑖"３ 𝑥𝑖!
𝑐 \ ! ∑𝑛

𝑖"３ 𝑥𝑖!
≤ ∑𝑛

𝑖"３ !𝑥𝑖!
𝑐 \ ∑𝑛

𝑖"３ !𝑥𝑖!
≤

𝑛
∑
𝑖"３

!𝑥𝑖!
𝑐 \ !𝑥𝑖!

?

邖荼质毆襮麀;

涣 ９;８
冚 𝑐 " ３? 𝑛 " ０龩｜麘僢翆裱赋 𝑎? 𝑏｜

!𝑎 \ 𝑏!
３ \ !𝑎 \ 𝑏! ≤ !𝑎!

３ \ !𝑎! \ !𝑏!
３ \ !𝑏! ;

埸茭荼质毆団夙薆碽衟迹盽鐜駨賣;钴 𝑑<𝑥? 𝑦+ " !𝑥 − 𝑦!饦谛茭夙薆｜鴸 𝑑′<𝑥? 𝑦+ " !𝑥−𝑦!
３\!𝑥−𝑦! 晖

饦谛茭夙薆｜鈩壿饦駨戗夙薆;
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０７１ ９;７ 嘉龟荼质毆

９;７;０ 厈賣詓薆浪籅港亻芫占呅毆
冚儙鍖麠蚩譽郓鰦呅毆龩｜氐丷栦碴绝陞詓薆浪籅蜍钊芫占浉;

鮲戓 ９;１０ 趑 𝑎３? 𝑎０? … ? 𝑎𝑛譽 𝑛茭翪裱赋 <𝑛 ≥ １+｜壿娠捺∏𝑛
𝑖"３ 𝑎𝑖 " ３;麀茡ｉ

３ }
𝑛

∑
𝑖"３

３
３ \ 𝑎𝑖

} 𝑛 − ３

呪 儙鍖麠蚩∏ 𝑎𝑖 " ３饦膱芫占褯;氐丷帝谛占詓薆浪籅｜埶儙鍖緭遣娠捺｜鈩蜍
邖荼质毆芫占浉;
趑韓団翪裱赋 𝑥３? 𝑥０? … ? 𝑥𝑛埶襮

𝑎３ " 𝑥０
𝑥３

? 𝑎０ " 𝑥１
𝑥０

? … ? 𝑎𝑛−３ " 𝑥𝑛
𝑥𝑛−３

? 𝑎𝑛 " 𝑥３
𝑥𝑛

;

麘僢翆娠捺郓鰦譽 ３褯翪赋 𝑎𝑖｜氐丷伢栦镑笋麘靿 𝑥𝑖｜婻薏埸谛浪籅饦元迹褯;
浪紴猡郓鰦麠蚩緭遣娠捺ｉ

𝑛
∏
𝑖"３

𝑎𝑖 " 𝑥０
𝑥３

⋅ 𝑥１
𝑥０

⋯ 𝑥３
𝑥𝑛

" ３;

鲥塗毆鐜円谛團詓譽
３

３ \ 𝑎𝑖
" ３

３ \ 𝑥𝑖\３`𝑥𝑖
" 𝑥𝑖

𝑥𝑖 \ 𝑥𝑖\３
<𝑥𝑛\３ " 𝑥３+;

婻薏邖荼质毆质豎禡ｉ麘僢翆翪裱赋 𝑥３? … ? 𝑥𝑛｜

３ }
𝑛

∑
𝑖"３

𝑥𝑖
𝑥𝑖 \ 𝑥𝑖\３

} 𝑛 − ３;

綃麀饙閾;涰 𝑥𝑗 % ５麘罛駨 𝑗晫嗲｜𝑥𝑖 \ 𝑥𝑖\３ } ∑𝑛
𝑗"３ 𝑥𝑗｜髡藗

𝑥𝑖
𝑥𝑖 \ 𝑥𝑖\３

% 𝑥𝑖
∑𝑛

𝑗"３ 𝑥𝑗
;

麘 𝑖 " ３? … ? 𝑛鲥塗ｉ
𝑛

∑
𝑖"３

𝑥𝑖
𝑥𝑖 \ 𝑥𝑖\３

%
𝑛

∑
𝑖"３

𝑥𝑖
∑𝑛

𝑗"３ 𝑥𝑗
" ∑𝑛

𝑖"３ 𝑥𝑖
∑𝑛

𝑗"３ 𝑥𝑗
" ３;

棼麀纺閾;闹円谛團詓呅譽
𝑥𝑖

𝑥𝑖 \ 𝑥𝑖\３
" ３ − 𝑥𝑖\３

𝑥𝑖 \ 𝑥𝑖\３
?

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



起魿穻 荼质毆 ０７６

麘 𝑖 " ３? … ? 𝑛鲥塗襮
𝑛

∑
𝑖"３

𝑥𝑖
𝑥𝑖 \ 𝑥𝑖\３

" 𝑛 −
𝑛

∑
𝑖"３

𝑥𝑖\３
𝑥𝑖 \ 𝑥𝑖\３

;

楀麀纺閾荼质毆｜鷭嬛麀茡∑𝑛
𝑖"３

𝑥𝑖\３
𝑥𝑖\𝑥𝑖\３

% ３; 杶聾饙閾褯椑劈轘呤｜涰 𝑥𝑖 \
𝑥𝑖\３ } ∑𝑛

𝑗"３ 𝑥𝑗襮
𝑥𝑖\３

𝑥𝑖 \ 𝑥𝑖\３
% 𝑥𝑖\３

∑𝑛
𝑗"３ 𝑥𝑗

;

鲥塗襮
𝑛

∑
𝑖"３

𝑥𝑖\３
𝑥𝑖 \ 𝑥𝑖\３

%
𝑛

∑
𝑖"３

𝑥𝑖\３
∑𝑛

𝑗"３ 𝑥𝑗
" ３

ｅ謩鐜∑ 𝑥𝑖\３鷭饦 𝑥３? … ? 𝑥𝑛褯傭郦跢薼｜锼譽∑ 𝑥𝑗Ｉ;
禡饦∑𝑛

𝑖"３
𝑥𝑖

𝑥𝑖\𝑥𝑖\３
" 𝑛 − <放禡 ３褯赋+｜謩壇盆禡 𝑛 − ３;

多元碴犍慏轘顅｜邖荼质毆襮麀;

９;７;１ 団噯元跠赋鐜褯靿賣
嘉龟荼质毆晖栦賣禡涿床噯元赋褯放盆｜髡藗麀茡脫焂浪赋荼质毆;

鮲戓 ９;１１ 謕侴 𝑖? 𝑚? 𝑛饦翪凟赋｜壿 ３ } 𝑖 ≤ 𝑚 } 𝑛;麀茡ｉ
３; 𝑛𝑖𝐴𝑖

𝑚 } 𝑚𝑖𝐴𝑖
𝑛

０; <３ \ 𝑚+𝑛 % <３ \ 𝑛+𝑚

謩鐜 𝐴𝑘
𝑛 " 𝑛<𝑛 − ３+ … <𝑛 − 𝑘 \ ３+鼣白锵釮赋;

呪 <３+荼质毆 𝑛𝑖𝐴𝑖
𝑚 } 𝑚𝑖𝐴𝑖

𝑛质豎禡 𝐴𝑖
𝑚

𝑚𝑖 } 𝐴𝑖
𝑛

𝑛𝑖 ;
浉箛慏饘ｉ

𝐴𝑖
𝑚

𝑚𝑖 " 𝑚<𝑚 − ３+ … <𝑚 − 𝑖 \ ３+
𝑚 ⋅ 𝑚 ⋯ 𝑚 "

𝑖−３
∏
𝑘"５

𝑚 − 𝑘
𝑚

𝐴𝑖
𝑛

𝑛𝑖 " 𝑛<𝑛 − ３+ … <𝑛 − 𝑖 \ ３+
𝑛 ⋅ 𝑛 ⋯ 𝑛 "

𝑖−３
∏
𝑘"５

𝑛 − 𝑘
𝑛

涿床麘靿團 𝑚−𝑘
𝑚 褡 𝑛−𝑘

𝑛 ｜𝑘 " ５? ３? … ? 𝑖 − ３; 冚 𝑘 " ５龩｜慏團蟳质｜懞譽 ３;
冚 ３ ≤ 𝑘 ≤ 𝑖 − ３龩｜涰禡𝑚 } 𝑛｜𝑚−𝑘

𝑛−𝑘 饦渖菹赋;涰嘉龟荼质毆｜

𝑚 − 𝑘
𝑛 − 𝑘 } <𝑚 − 𝑘+ \ 𝑘

<𝑛 − 𝑘+ \ 𝑘 " 𝑚
𝑛 ;
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０７９ ９;７ 嘉龟荼质毆

婻譽𝑚? 𝑛? 𝑛 − 𝑘懞譽翪｜犍毆栦浉譽 𝑛<𝑚 − 𝑘+ } 𝑚<𝑛 − 𝑘+｜踺

𝑚 − 𝑘
𝑚 } 𝑛 − 𝑘

𝑛 ;

涰禡 𝑖 % ３｜庺舐韓団谛茭 𝑘 ≥ ３埶荼质镎缉更勇盆禡;婻薏
𝑖−３
∏
𝑘"５

𝑚 − 𝑘
𝑚 }

𝑖−３
∏
𝑘"５

𝑛 − 𝑘
𝑛

踺 𝐴𝑖
𝑚

𝑚𝑖 } 𝐴𝑖
𝑛

𝑛𝑖 ｜邔 𝑛𝑖𝐴𝑖
𝑚 } 𝑚𝑖𝐴𝑖

𝑛晫嗲;
<０+賣湗團毆牝迹柤椛慏饘ｉ

<３ \ 𝑚+𝑛 "
𝑛

∑
𝑘"５

<𝑛
𝑘+𝑚𝑘? <３ \ 𝑛+𝑚 "

𝑚
∑
𝑘"５

<𝑚
𝑘 +𝑛𝑘;

麘 𝑘 " ５? ３? … ? 𝑚｜涿床 <𝑛
𝑘+𝑚𝑘 褡 <𝑚

𝑘 +𝑛𝑘; 涰 <𝑛
𝑘+ " 𝐴𝑘

𝑛
𝑘= 塗 <𝑚

𝑘 + " 𝐴𝑘
𝑚

𝑘= ｜涿床慏幔
质豎禡涿床𝑚𝑘𝐴𝑘

𝑛褡 𝑛𝑘𝐴𝑘
𝑚;

鏘渁 <３+褯多盽｜麘 ３ } 𝑘 ≤ 𝑚 } 𝑛｜駨 𝑛𝑘𝐴𝑘
𝑚 } 𝑚𝑘𝐴𝑘

𝑛｜婻薏 <𝑚
𝑘 +𝑛𝑘 } <𝑛

𝑘+𝑚𝑘;
匊巖慏茭塗毆ｉ

<３ \ 𝑚+𝑛 "
𝑚

∑
𝑘"５

<𝑛
𝑘+𝑚𝑘 \

𝑛
∑

𝑘"𝑚\３
<𝑛

𝑘+𝑚𝑘

<３ \ 𝑛+𝑚 "
𝑚

∑
𝑘"５

<𝑚
𝑘 +𝑛𝑘

涰禡 𝑛 % 𝑚｜<３ \ 𝑚+𝑛鐜髡 𝑘 " 𝑚 \ ３笋 𝑛褯團懞譽翪｜邔∑𝑛
𝑘"𝑚\３ <𝑛

𝑘+𝑚𝑘 % ５;
涿床窼𝑚 \ ３團;

𝑚
∑
𝑘"５

<𝑛
𝑘+𝑚𝑘 %

𝑚
∑
𝑘"５

<𝑚
𝑘 +𝑛𝑘

婻譽 𝑘 " ５? ３龩慏饘蟳质｜藗 𝑘 " ０? … ? 𝑚龩饙饘更勇放禡纺饘;
鲇元碴犍慏艘｜

<３ \ 𝑚+𝑛 "
𝑚

∑
𝑘"５

<𝑛
𝑘+𝑚𝑘 \ <翪赋+ %

𝑚
∑
𝑘"５

<𝑚
𝑘 +𝑛𝑘 " <３ \ 𝑛+𝑚

荼质毆襮麀;
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起魿穻 荼质毆 ０７８

９;２ 椑劈鯌薺
窼顅貯凥觲褼褯懞壇。谦巶。锵筆质荼质毆怬饦晫呅鎴郎｜多港軘覼龩煟屴浪

紴; 放薆荼质毆暁戓嬛楀緭北港亻鐜衟薆;褡呪轘防蟳涿｜荼质毆浣迹淝鈽谛亥轘
萐舾｜踺钊嵌钉裱赋筆褯綻况舾｜

𝐴 ≤ 𝐵 壿 𝐵 ≤ 𝐶 ⟹ 𝐴 ≤ 𝐶

楀麀茡 𝐴 ≤ 𝐶 藗煟屴涿床駨拋肑龩｜栦埢镑谛茭鐜衟薆 𝐵｜菹廒麀茡 𝐴 ≤ 𝐵 褡
𝐵 ≤ 𝐶;埸茭鐜衟薆銰饦椑劈;
谛占晫嶖褯椑劈嬛楀柗龩娠捺注茭麠蚩;

• 轘萐續雀ｉ円谛謴椑放衉劈盆怬霔扢潟雀荼质镎褯暞萐｜鈩奸翆质镎麠蚩饦
嚙罒默詓;

• 侁澞嶇萐ｉ椑劈幼棠禡襮笋栦閯迹褯麘龠｜栦碴鲥塗。栦碴儙菹。栦碴縮賣謕
侴荼质毆;

• 犑夙魥夙ｉ椑襮瘭淝｜多盽荼晫嗲ｐ椑襮瘭舐｜跠奮肑碴矾駜;団續雀轘萐褯窼
夫砲帴沢占楀婻嶻｜踺譽犑夙魥夙;
楷凥觲褼注耼望簳賣褯椑劈些穦;

９;２;３ 齼團褡柢團
団翪赋騊祟跔｜砲釮梲裱养塡荼嬛楀麀茡｜鏟樀菹裱賣;

• 菹毆褯菹頼齼誢谛茭翪團｜菹頼詓盆｜菹毆詓放ｐ柢犍谛茭翪團｜菹毆詓盆;
• 浪赋塗鐜齼誢谛茭膱吖團｜伢塗荼詓衉詓盆ｐ柢犍谛茭膱吖團｜伢塗荼詓衉
詓放;

齼團椑劈褯衧賣団禡鳖谛｜踺蜍养茭鴴駨璁瑥褯鼣掑毆浉譽蟳柗多港｜髡藗栦元
鈩閯迹;

鮲戓 ９;１６ 趑 𝑎? 𝑏? 𝑐? 𝑑譽翪裱赋;麀茡｜襮

３ } 𝑎
𝑎 \ 𝑏 \ 𝑑 \ 𝑏

𝑎 \ 𝑏 \ 𝑐 \ 𝑐
𝑏 \ 𝑐 \ 𝑑 \ 𝑑

𝑎 \ 𝑐 \ 𝑑 } ０

呪 遂茭菹毆褯菹頼怬屴糐 𝑎 \ 𝑏 \ 𝑐 \ 𝑑｜帹貯緭恽舐谛茭荼柗詓薆｜煟屴蟳挻床拋
肑;埸龩靿蜍菹頼鳖谛｜碴礶蟳挻;
譽麀砲戗｜竸円茭菹頼柢犍罛恽詓薆｜菹頼詓放｜菹毆詓盆;

𝑎
𝑎 \ 𝑏 \ 𝑑 % 𝑎

𝑎 \ 𝑏 \ 𝑐 \ 𝑑 ? 𝑏
𝑎 \ 𝑏 \ 𝑐 % 𝑏

𝑎 \ 𝑏 \ 𝑐 \ 𝑑 ? …
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０７４ ９;２ 椑劈鯌薺

遂毆蟳挻｜菹頼鳖谛譽 𝑎 \ 𝑏 \ 𝑐 \ 𝑑｜菹檫饲塗葋譽 𝑎 \ 𝑏 \ 𝑐 \ 𝑑;

邖毆 % 𝑎 \ 𝑏 \ 𝑐 \ 𝑑
𝑎 \ 𝑏 \ 𝑐 \ 𝑑 " ３

譽麀犍戗｜嬛椑放円茭菹毆;円茭菹毆怬饦渖菹赋｜涰嘉龟荼质毆 <起９;７凥+｜菹
檫菹頼柗挻谛茭翪赋｜菹毆褯壇鏱放;竸円茭菹毆柢犍罛恽詓薆｜襮

𝑎
𝑎 \ 𝑏 \ 𝑑 } 𝑎 \ 𝑐

𝑎 \ 𝑏 \ 𝑐 \ 𝑑 ? 𝑏
𝑎 \ 𝑏 \ 𝑐 } 𝑏 \ 𝑑

𝑎 \ 𝑏 \ 𝑐 \ 𝑑 ?

𝑐
𝑏 \ 𝑐 \ 𝑑 } 𝑐 \ 𝑎

𝑎 \ 𝑏 \ 𝑐 \ 𝑑 ? 𝑑
𝑎 \ 𝑐 \ 𝑑 } 𝑑 \ 𝑏

𝑎 \ 𝑏 \ 𝑐 \ 𝑑 ;

遂毆蟳挻｜菹頼柗譽 𝑎 \ 𝑏 \ 𝑐 \ 𝑑｜菹檫饲塗譽 ０<𝑎 \ 𝑏 \ 𝑐 \ 𝑑+;

邖毆 } ０<𝑎 \ 𝑏 \ 𝑐 \ 𝑑+
𝑎 \ 𝑏 \ 𝑐 \ 𝑑 " ０

邔邖毆更勇觲禡 ３褡 ０饲衟;

涣 ９;４
柗谛茭鼣掑毆｜萐砲椑劈襮笋砲戗｜萐犍椑劈襮笋犍戗ｐ慏茭轘萐怬暞萐鳖谛菹頼 𝑎 \ 𝑏 \ 𝑐 \ 𝑑;
椑劈轘萐畗踣涰侁澞魺牝;楀麀砲戗｜銰蜍円谛團劈盆ｐ楀麀犍戗｜銰蜍円谛團椑放;

９;２;０ 崥團椑劈
氐丷賣椑劈閯迹赋釮鲥塗荼质毆;麘禡肑碴犑猁鲥塗褯嚾赋∑𝑛

𝑘"３ 𝑎𝑘｜谛茭簽
楷蒉鴴饦蜍绝團 𝑎𝑘椑劈晫脫茭栦崥團蟳滃褯璁菹呅毆 𝑏𝑘−３ − 𝑏𝑘｜鲥塗龩鐜衟團菄
滃｜鷭奸觉訑;

鮲戓 ９;１９ 麀茡ｉ麘僢翆翪凟赋 𝑛｜

３ \ ３
００ \ ３

１０ \ ⋯ \ ３
𝑛０ } ０

呪 绝團 ３
𝑘０ 嬛楀默媸晫蟳薢慏團饲璁;冚 𝑘 ≥ ０ 龩｜蜍菹頼鐜褯 𝑘０ 籅晫畟盆褯

𝑘<𝑘 − ３+｜菹毆詓放壿栦崥團;

３
𝑘０ } ３

𝑘<𝑘 − ３+ " ３
𝑘 − ３ − ３

𝑘

續奸觉團｜髡起湗團壎靿賣薏椑劈;

𝑛
∑
𝑘"３

３
𝑘０ " ３ \

𝑛
∑
𝑘"０

３
𝑘０ } ３ \

𝑛
∑
𝑘"０

< ３
𝑘 − ３ − ３

𝑘+

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



起魿穻 荼质毆 ０７７

" ３ \ <３ − ３
𝑛+ " ０ − ３

𝑛 } ０

麀獤;
犍蟋麀茡鐜｜望放褯歖鶰拐娖団起湗團｜３

００ " ３
６ 罒椑放晫 ３

０⋅３ " ３
０｜谛閯銰椑扨

鹹 ３
６ 褯睸薆;钴楀畟犑猁褯蘋跠｜氐丷默賣菹頼畟屴糐 𝑘０褯崥團轘毆;

３
𝑘０ } ３

𝑘０ − ３
６

" ３
𝑘 − ３

０
− ３

𝑘 \ ３
０

續奸窼慏團褯犑猁壇｜髡 𝑘 " １壎椑劈｜襮
𝑛

∑
𝑘"３

３
𝑘０ } ３ \ ３

６ \ <０
９ − ３

𝑛 \ ３
０

+ } １１
０５ " ３;８９

埸褡玴嚾赋渖裱嵀冫壇 𝜋０
８ ≈ ３;８６６２謕蟳冚屴糐;柗谛茭暁戓｜椑劈襮爍碟楒｜襮

笋褯戗爍犑猁ｐ續奸爍淝犑猁觉團｜歖鶰爍盆;

涣 ９;７ <椑劈褯夙+
椑劈褯餂夙嬛楀褡侁澞軘覼;钴団犍鮲鐜蜍 ３

𝑘０ 椑放譽 ３
𝑘｜鲥塗闹襮笋拐闪褯礊塗嚾赋｜僢惤簳

赋犍戗怬荼韓団｜婻薏椑劈陞夙寝埶多盽鶰侃;谛占元勇褯椑劈霔扢柗龩娠捺慏茭麠蚩;椑鹑
猡褯麘龠栦閯迹ｅ搬鲥塗。搬儙箛Ｉ｜壿椑鹑褯伢薆穬団侁澞嘀殳褯睸薆跔;遣歲窼靿綃蘋跠貯
團赋薆嚾｜壎鄢楀衧賣褯放團霔扢續奸｜鷭帴沢困缼违杁褯占楀婻嶻;

９;２;１ 簽楷儬赋荼质毆椑劈
注页儬赋。暞赋儬赋褡麘赋儬赋柗淝團毆褯煟屴浪赋涿床妛妛涿床拋肑;閯

迹狒埸焂儬赋褯荼质毆｜氐丷綃賣谛噯淝團毆蜍钊丷磘鄆｜棼団淝團毆褯騊祟跔
鲥呪;埸焂簽楷椑劈挴緭儬赋忑龠褡謩覞谶褯薼送稺苢｜晖饦起９;３５凥覞谶呤褯
嶻邫;

牝迹 ９;３１ <翪鮙褡翪覞褯簽楷筆+ 麘僢翆 ５ } 𝑥 } 𝜋
０｜绵駨

ѕіｎ𝑥 } 𝑥 } ｔаｎ𝑥

麀茡 <顅鰦涿床+
童忑｜団裤薼賹鐜缉賹诊页 ∠𝐴𝑂𝑃 " 𝑥 <５ } 𝑥 } 𝜋

０ +｜謩鐜 𝐴譽裤薼賹褡 𝑥察
翪鳍察褯减艘｜𝑃 譽賹犍麘靿艘; 陞 𝑃 衧 𝑂𝐴褯曥谶｜曥捺譽 𝑄ｐ陞 𝐴衧賹褯覞谶
ｅ曥煟禡鳍瀯 𝑂𝐴Ｉ｜减誯谶 𝑂𝑃 褯芩菶谶禡 𝑇 ;

涰注页儬赋牝踨｜𝑃𝑄 " ѕіｎ𝑥｜𝐴𝑇 " ｔаｎ𝑥; 匊巖注茭鑽蟖褯顅鰦;
• 注页呅 𝑂𝐴𝑃 褯顅鰦譽 ３

０ ⋅ 𝑂𝐴 ⋅ 𝑃𝑄 " ３
０ ѕіｎ𝑥ｐ

• 哞呅 𝑂𝐴𝑃 褯顅鰦譽 ３
０ ⋅ ３０ ⋅ 𝑥 " 𝑥

０ｐ
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０７２ ９;２ 椑劈鯌薺

ѕіｎ𝑥
ｔаｎ𝑥

𝑥

𝑂 𝐴

𝑃

𝑄

𝑇

忑 ９;１ 裤薼賹鐜褯顅鰦涿床;△𝑂𝐴𝑃。哞呅 𝑂𝐴𝑃 褡△𝑂𝐴𝑇

• 注页呅 𝑂𝐴𝑇 褯顅鰦譽 ３
０ ⋅ 𝑂𝐴 ⋅ 𝐴𝑇 " ３

０ ｔаｎ𝑥;
涰忑呅褯彔狒稺苢｜△𝑂𝐴𝑃 更勇狒禡哞呅 𝑂𝐴𝑃｜哞呅 𝑂𝐴𝑃 舃更勇狒禡△𝑂𝐴𝑇｜
邔

３
０ ѕіｎ𝑥 } 𝑥

０ } ３
０ ｔаｎ𝑥

慏饘柗郓碴 ０｜踺襮 ѕіｎ𝑥 } 𝑥 } ｔаｎ𝑥; □

涣 ９;２
麘 ѕіｎ𝑥 } 𝑥 } ｔаｎ𝑥貯團缉憵赋鈩凟迹｜栦襮 соѕ𝑥 } ѕіｎ𝑥

𝑥 } ３;冚 𝑥 → ５龩慏紦怬瞲禡 ３｜涰磘
髇邖迹踺襮稼楀嵀冫 ｌім𝑥→５

ѕіｎ𝑥
𝑥 " ３;埸饦杁菹铙褯簽楷嵀冫｜更勇嵀冫仜君誀起遂勎起 ３８

穻;

牝迹 ９;３６ <暞赋儬赋褯簽楷椑劈+ 麘僢翆裱赋 𝑥｜绵駨

𝑒𝑥 ≥ ３ \ 𝑥

质镎晫嗲冚壿栔冚 𝑥 " ５;

暞赋簽楷椑劈褯嶇赋麀茡

麀茡 <嶇赋呤+ 氐丷港亻槔阈儬赋 𝑓<𝑥+ " 𝑒𝑥 − ３ − 𝑥｜鷭嬛麀茡 𝑓<𝑥+ ≥ ５; 鲥嶇襮
𝑓 ′<𝑥+ " 𝑒𝑥 − ３; 冚 𝑥 } ５龩 𝑓 ′<𝑥+ } ５｜𝑓 裤礊况閆ｐ冚 𝑥 % ５龩 𝑓 ′<𝑥+ % ５｜𝑓 裤礊
况鏱; 邔 𝑓 団 𝑥 " ５閯缉襮望盆壇 𝑓<５+ " ５; 禡饦麘僢翆裱赋 𝑥怬駨 𝑓<𝑥+ ≥ ５｜踺
𝑒𝑥 ≥ ３ \ 𝑥｜质镎冚壿栔冚 𝑥 " ５; □

涣 ９;３５ <覞谶椑劈褯养惤翆踨+
荼质毆 𝑒𝑥 ≥ ３ \ 𝑥褯养惤狒踨饦｜樕谶 𝑦 " 𝑒𝑥绵薼禡謩団 𝑥 " ５閯褯覞谶 𝑦 " ３ \ 𝑥褯犍轘
ｅ覞艘炏坉Ｉ;埸翪饦蛳儬赋褯甘彀舾蛣｜誀起１;８凥;埸耼賣覞谶磘鄆樕谶褯薺呤闹団起９;３５凥
鐜拐柤譽苢鳖舾褯覞谶呤;楷凥麀茡鐜埶賣褯嶇赋鎴郎｜謩迹盽簽敛誀起遂勎起 ３８穻;
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起魿穻 荼质毆 ０２５

浣盽 ９;３ <麘赋儬赋褯簽楷椑劈+ 麘僢翆 𝑥 % −３｜绵駨

ｌｎ<３ \ 𝑥+ ≤ 𝑥

质镎晫嗲冚壿栔冚 𝑥 " ５;质豎萋｜麘僢翆 𝑥 % ５｜駨 ｌｎ𝑥 ≤ 𝑥 − ３;

麀茡 趑 𝑥 % −３｜鴸 ３ \ 𝑥 % ５;麘荼质毆 𝑒𝑥 ≥ ３ \ 𝑥慏饘缉緭懩麘赋｜涰麘赋儬赋
裤礊况鏱｜襮 𝑥 ≥ ｌｎ<３ \ 𝑥+; 质镎麠蚩矾髶緭暞赋椑劈｜冚壿栔冚 𝑥 " ５; 闹 𝑥慶籅
譽 𝑥 − ３｜踺襮质豎呅毆 ｌｎ𝑥 ≤ 𝑥 − ３ <𝑥 % ５+; □

鮲戓 ９;１８ 麀茡ｉ麘僢翆翪凟赋 𝑛｜

<３ \ ３
０+ <３ \ ３

６+ <３ \ ３
７+ … <３ \ ３

０𝑛 + } 𝑒

呪 饙饘饦琱郓鰦｜纺饘饦 𝑒;涰暞赋椑劈 𝑒𝑥 ≥ ３ \ 𝑥｜３挻谛茭盆薆褡 𝑒褯报舿苢
壎挴｜藗报褯郓鰦舃栦浉譽暞赋饲塗;氐丷麘円茭婻檫靿賣更勇荼质毆 ３ \ 𝑥 } 𝑒𝑥

<𝑥 % ５+;

３ \ ３
０𝑘 } 𝑒３`０𝑘 <𝑘 " ３? ０? … ? 𝑛+

𝑛茭翪團荼质毆蟳郓｜襮
𝑛

∏
𝑘"３

<３ \ ３
０𝑘 + }

𝑛
∏
𝑘"３

𝑒３`０𝑘 " 𝑒 ３
０ \ ３

６ \⋯\ ３
０𝑛 " 𝑒３− ３

０𝑛 } 𝑒

望猡谛謴婻譽暞赋 ３ − ３
０𝑛 } ３｜壿暞赋儬赋裤礊况鏱;

鮲戓 ９;１４ 麀茡ｉ麘僢翆翪凟赋 𝑛｜

３ \ ３
０ \ ３

１ \ ⋯ \ ３
𝑛 % ｌｎ<𝑛 \ ３+

呪 饙饘饦礊塗嚾赋褯趣菹塗｜纺饘饦麘赋;埸夫白氐丷埶賣麘赋椑劈 ｌｎ<３\𝑥+ } 𝑥
<𝑥 % ５+蜍円谛團 ３

𝑘 褡麘赋舿苢壎挴;缉 𝑥 " ３
𝑘｜襮

３
𝑘 % ｌｎ<３ \ ３

𝑘+ " ｌｎ
𝑘 \ ３

𝑘 " ｌｎ<𝑘 \ ３+ − ｌｎ 𝑘

纺饘葋譽蟳薢麘赋饲璁｜舃饦谛茭崥團多港;麘 𝑘 " ３笋 𝑛鲥塗｜鐜衟團菄滃ｉ
𝑛

∑
𝑘"３

３
𝑘 %

𝑛
∑
𝑘"３

<ｌｎ<𝑘 \ ３+ − ｌｎ 𝑘+ " ｌｎ<𝑛 \ ３+ − ｌｎ ３ " ｌｎ<𝑛 \ ３+
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０２３ ９;３５ 镛趣浉褡規嗲鯌薺

麀獤;

９;３５ 镛趣浉褡規嗲鯌薺

涣 ９;３３
覞谶呤蜍儬赋褯镛趣谶舾糐矇媸晫 𝑓<𝑥５+ \ 𝑓′<𝑥５+<𝑥 − 𝑥５+｜謩更勇迹盽誀起遂勎起 ３８穻; 楷
凥鷭賣懌质轘呤｜踺衧璁牝镎。覼轘褡懞壇荼质毆;

氐丷顅麘淝慊麘俋塗毆

𝑓<𝑎３+ \ 𝑓<𝑎０+ \ ⋯ \ 𝑓<𝑎𝑛+ ≥ 𝐶

煟屴閯迹凟喚龩钆簳寝蛞笋拋肑｜婻譽詓薆罒儙鍖麠蚩逵蟳脻熻;镛趣浉鯌薺蜍
凟喚喬戓醹晫円茭詓薆裤渷晫嗲褯镛趣喬戓

𝑓<𝑥+ ≥ ℓ<𝑥+ <麘円茭𝑥裤渷晫嗲+

懩猡蜍 𝑛 茭镛趣荼质毆蟳挻; 円茭詓薆罒規嗲鈽挴｜淝慊暁戓銰罒銼潟晫谛慊
暁戓;
镛趣荼质毆嬛楀犑诊趑跠;谛茭元勇褯 ℓ<𝑥+楀娠捺注麠;

• 裤團栦麀;𝑓<𝑥+ ≥ ℓ<𝑥+饦谛慊荼质毆｜涿邖暁戓箛裤;
• 鲥塗惜元;∑ ℓ<𝑎𝑖+葋庬搬罒儙鍖麠蚩奮葬｜襮笋侁澞簳赋 𝐶;
• 质镎嬇絘; 镛趣质镎麠蚩褡凟喚质镎麠蚩谛摟｜續麀鲥塗猡质镎栦碴柗龩
晫嗲;

娠捺埸焂麠蚩褯 ℓ<𝑥+绝簳缉谛占儬赋;谛占儬赋鲥塗猡鷭鈽隋∑ 𝑎𝑖｜望絘齚罒儙
鍖麠蚩樳跩;

９;３５;３ 镛趣椑劈
氐丷綃伲谛茭陳馲褯镛趣椑劈鮲檫;

鮲戓 ９;１７ 趑 𝑎? 𝑏? 𝑐譽翪裱赋;麀茡｜襮
𝑎０

𝑎 \ 𝑏 \ 𝑏０

𝑏 \ 𝑐 \ 𝑐０

𝑐 \ 𝑎 ≥ 𝑎 \ 𝑏 \ 𝑐
０

呪 饙饘饦注茭多港蟳柗褯菹毆饲塗｜纺饘鷭狒詓薆褯塗;埸夫白氐丷譽円谛團镑
谛茭谶舾褯镛趣蘋跠

𝑎０

𝑎 \ 𝑏 ≥ 𝛼𝑎 \ 𝛽𝑏
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起魿穻 荼质毆 ０２０

涣 ９;３０

楷鮲鐜镛趣荼质毆
褯谶舾毆 １𝑎−𝑏

６ ｜饦
涿壇儬赋 𝑔<𝑡+団质
镎艘閯褯覞谶;埸晖
癟茡镛趣浉褯衧賣
轘毆｜鈩壿趤鈽砲谛
盆凥褯覞谶呤;

埶襮注毆蟳挻猡纺饘葋庬饦 𝑎\𝑏\𝑐
０ ;

厈賣芫占舾｜猏 𝑏 " ３｜邋 𝑡 " 𝑎
𝑏｜蜍镛趣荼质毆浉譽裤詓薆呅毆

𝑔<𝑡+ " 𝑡０

𝑡 \ ３ ≥ 𝛼𝑡 \ 𝛽

质镎麠蚩 𝑎 " 𝑏 麘靿 𝑡 " ３;缉 𝑔 団 𝑡 " ３ 閯褯覞谶; 𝑔<３+ " ３
０。𝑔′<𝑡+ " 𝑡０\０𝑡

<𝑡\３+０。
𝑔′<３+ " １

６ ; 覞谶譽 𝑦 " ３
０ \ １

６ <𝑡 − ３+ " １𝑡−３
６ ;渁薏蜧干镛趣荼质毆

𝑎０

𝑎 \ 𝑏 ≥ １𝑎 − 𝑏
６

衧璁襮
𝑎０

𝑎 \ 𝑏 − １𝑎 − 𝑏
６ " ６𝑎０ − <１𝑎 − 𝑏+<𝑎 \ 𝑏+

６<𝑎 \ 𝑏+ " 𝑎０ − ０𝑎𝑏 \ 𝑏０

６<𝑎 \ 𝑏+ " <𝑎 − 𝑏+０

６<𝑎 \ 𝑏+ ≥ ５

镛趣荼质毆晫嗲｜质镎冚壿栔冚 𝑎 " 𝑏;柗迹媸鈽蝙坉慏毆｜注毆蟳挻;

∑
сус

𝑎０

𝑎 \ 𝑏 ≥ <１𝑎 − 𝑏+ \ <１𝑏 − 𝑐+ \ <１𝑐 − 𝑎+
６ " ０<𝑎 \ 𝑏 \ 𝑐+

６ " 𝑎 \ 𝑏 \ 𝑐
０

质镎晫嗲冚壿栔冚 𝑎 " 𝑏 " 𝑐;

覞谶呤

９;３５;０ 覞谶呤
趑氐丷楀団儙鍖 𝑎３ \ ⋯ \ 𝑎𝑛 " 𝑆 砲麀茡∑ 𝑓<𝑎𝑖+ ≥ 𝐶｜壿质镎団罛駨詓薆蟳

质 <𝑎𝑖 " 𝑥５ " 𝑆
𝑛 +龩缉襮; 氐丷秗宂镑笋谶舾儬赋 ℓ<𝑥+ " 𝑘𝑥 \ 𝑏｜埶 𝑓<𝑥+ ≥ ℓ<𝑥+｜鈩

壿鲥塗猡葋庬襮笋 𝐶;埸慏茭楀鲥橦谛萋魺牝 ℓ;
• 质镎嬇絘楀鲥 𝑓<𝑥５+ " 𝑘𝑥５ \ 𝑏｜踺煟谶陞艘 <𝑥５? 𝑓<𝑥５++;
• 猏 ℎ<𝑥+ " 𝑓<𝑥+ − 𝑘𝑥 − 𝑏｜鴸 ℎ<𝑥+ ≥ ５壿 ℎ<𝑥５+ " ５｜踺 𝑥５ 饦 ℎ褯望盆壇艘｜邔

ℎ′<𝑥５+ " ５｜踺 𝑘 " 𝑓 ′<𝑥５+;
禡饦 ℓ饦 𝑓 団质镎艘 𝑥５閯褯覞谶;

𝑓<𝑥+ ≥ 𝑓<𝑥５+ \ 𝑓 ′<𝑥５+<𝑥 − 𝑥５+

埸銰饦覞谶呤;钊団质镎晫嗲艘衧樕谶褯覞谶｜賣覞谶浪慶樕谶急褡鲥塗;谶舾毆
鲥塗猡鷭狒∑ 𝑎𝑖｜儙鍖麠蚩蜍钊奮葬;

𝑛
∑
𝑖"３

𝑓<𝑎𝑖+ ≥ 𝑛𝑓<𝑥５+ \ 𝑓 ′<𝑥５+ <
𝑛

∑
𝑖"３

𝑎𝑖 − 𝑛𝑥５+ " 𝑛𝑓<𝑥５+
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０２１ ９;３５ 镛趣浉褡規嗲鯌薺

𝑥

𝑦

<𝑥５? 𝑓<𝑥５++

砲蛳樕谶绵団
謩覞谶犍轘

忑 ９;６ 覞谶呤褯养惤煟逥｜𝑓<𝑥+ ≥ 𝑓<𝑥５+ \ 𝑓 ′<𝑥５+<𝑥 − 𝑥５+

养惤犍｜钴 𝑓 饦砲蛳儬赋｜謩忑龠绵団僢谛覞谶褯犍轘 <起１;８凥+｜覞谶荼质毆
緭遣晫嗲;帹覞谶呤褯魥賣騊祟荼穅禡蛳儬赋ｐ鷭楀衧璁猡搬団缉壇騊祟跔牝镎｜
踺埶 𝑓 默詓蛳舾｜轘呤锼懩駨侃;笼衧菹遂謴;

• 牝质镎艘;涰麘俋舾褡儙鍖麠蚩蜧干质镎艘 𝑥５ｅ绝簳譽詓薆褯脺懞壇Ｉ;
• 媸覞谶;ℓ<𝑥+ " 𝑓<𝑥５+ \ 𝑓 ′<𝑥５+<𝑥 − 𝑥５+;
• 衧璁著麀;跠奮 𝑓<𝑥+ − ℓ<𝑥+｜绝菹猡菹檫靿菹呪鈽 <𝑥 − 𝑥５+０婻檫｜埸饦覞谶褡
樕谶湗择屴教褯浪赋甘彀｜鈩猁黏謩団缉壇騊祟跔荼詓镎;

• 鲥塗滃慊;麘貯團鲥塗｜谶舾團罒儙鍖麠蚩奮葬｜踺襮侁澞簳赋;
童冧楀麀∑ 𝑓<𝑎𝑖+ ≤ 𝐶｜轘萐蟳鸼｜嬛楀樕谶団覞谶砲轘ｅ犍蛳馲Ｉ;

鮲戓 ９;１２ 趑 𝑎? 𝑏? 𝑐譽翪裱赋｜壿 𝑎 \ 𝑏 \ 𝑐 " １;麀茡ｉ
𝑎

３ \ 𝑎０ \ 𝑏
３ \ 𝑏０ \ 𝑐

３ \ 𝑐０ ≤ １
０

呪 儙鍖郎駨麘俋舾｜质镎団 𝑎 " 𝑏 " 𝑐 " ３缉襮;匊巖裤團儬赋 𝑓<𝑥+ " 𝑥
３\𝑥０ 団

𝑥５ " ３閯褯覞谶; 𝑓<３+ " ３
０。𝑓 ′<𝑥+ " ３−𝑥０

<３\𝑥０+０。𝑓 ′<３+ " ５; 覞谶饦龟脺煟谶 ℓ<𝑥+ " ３
０ ;

衧璁襮
３
０ − 𝑥

３ \ 𝑥０ " ３ \ 𝑥０ − ０𝑥
０<３ \ 𝑥０+ " <𝑥 − ３+０

０<３ \ 𝑥０+ ≥ ５

镛趣荼质毆 𝑥
３\𝑥０ ≤ ３

０ 麘罛駨裱赋 𝑥晫嗲;注毆蟳挻踺襮

∑
сус

𝑎
３ \ 𝑎０ ≤ １

０

质镎晫嗲冚壿栔冚 𝑎 " 𝑏 " 𝑐 " ３;
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起魿穻 荼质毆 ０２６

鮲戓 ９;６５ 趑 𝑎? 𝑏? 𝑐譽翪裱赋｜壿 𝑎 \ 𝑏 \ 𝑐 " １;麀茡ｉ
𝑎０

𝑎 \ ０ \ 𝑏０

𝑏 \ ０ \ 𝑐０

𝑐 \ ０ ≥ ３

呪 质镎団 𝑎 " 𝑏 " 𝑐 " ３缉襮;匊巖 𝑓<𝑥+ " 𝑥０
𝑥\０ 団 𝑥５ " ３閯褯覞谶; 𝑓<３+ " ３

１。
𝑓 ′<𝑥+ " 𝑥０\６𝑥

<𝑥\０+０。𝑓 ′<３+ " ９
２ ; 覞谶譽 ℓ<𝑥+ " ３

１ \ ９
２ <𝑥 − ３+ " ９𝑥−０

２ ;衧璁襮

𝑥０

𝑥 \ ０ − ９𝑥 − ０
２ " ２𝑥０ − <９𝑥 − ０+<𝑥 \ ０+

２<𝑥 \ ０+ " ６𝑥０ − ７𝑥 \ ６
２<𝑥 \ ０+ " ６<𝑥 − ３+０

２<𝑥 \ ０+ ≥ ５

菹檫菹呪鈽鹹 <𝑥 − ３+０;麘 𝑎? 𝑏? 𝑐菹廒靿賣镛趣荼质毆鈩鲥塗;

∑
сус

𝑎０

𝑎 \ ０ ≥ ９<𝑎 \ 𝑏 \ 𝑐+ − ８
２ " ９ ⋅ １ − ８

２ " ３

质镎晫嗲冚壿栔冚 𝑎 " 𝑏 " 𝑐 " ３;

鮲戓 ９;６３ 趑 𝑎? 𝑏? 𝑐譽翪裱赋｜壿 𝑎 \ 𝑏 \ 𝑐 " ３;麀茡ｉ
３

３ \ 𝑎０ \ ３
３ \ 𝑏０ \ ３

３ \ 𝑐０ ≤ ０４
３５

呪 质镎団 𝑎 " 𝑏 " 𝑐 " ３
１ 缉襮;匊巖 𝑓<𝑥+ " ３

３\𝑥０ 団 𝑥５ " ３
１ 閯褯覞谶; 𝑓 < ３

１ + " ２
３５。

𝑓 ′<𝑥+ " −０𝑥
<３\𝑥０+０。𝑓 ′ < ３

１ + " − ０４
９５ ; 覞谶譽 ℓ<𝑥+ " ２

３５ − ０４
９５ <𝑥 − ３

１ + " ０４<０−𝑥+
９５ ;衧璁襮

０４<０ − 𝑥+
９５ − ３

３ \ 𝑥０ " ０４<０ − 𝑥+<３ \ 𝑥０+ − ９５
９５<３ \ 𝑥０+ " −０４𝑥１ \ ９６𝑥０ − ０４𝑥 \ ６

９５<３ \ 𝑥０+

菹檫燨覞谶呤褯甘彀菹呪鈽 <１𝑥 − ３+０;

−０４𝑥１ \ ９６𝑥０ − ０４𝑥 \ ６ " <１𝑥 − ３+０<６ − １𝑥+

冚 ５ } 𝑥 } ３龩｜<１𝑥 − ３+０ ≥ ５壿 ６ − １𝑥 % ５｜邔璁毆膱吖｜镛趣荼质毆晫嗲;注毆
蟳挻;

∑
сус

３
３ \ 𝑎０ ≤ ０４

９５ <８ − <𝑎 \ 𝑏 \ 𝑐++ " ０４
９５ ⋅ ９ " ０４

３５

质镎晫嗲冚壿栔冚 𝑎 " 𝑏 " 𝑐 " ３
１ ;

涣 ９;３１ <貘蛳舾默詓龩褯覞谶呤+
跠奮湗择嶇赋｜𝑓″<𝑥+ " ８𝑥０−０

<３\𝑥０+１ ;冚 ５ } 𝑥 } ３√
１ 龩 𝑓″<𝑥+ } ５｜𝑓 犍蛳ｐ冚 ３√

１ } 𝑥 } ３龩
𝑓″<𝑥+ % ５｜𝑓 砲蛳;儬赋団鑽衟 <５? ３+跔默詓貘蛳舾｜鶟娖荼质毆楀鲥団凟茭鑽衟犍貘蛳谛摟｜
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０２９ ９;３３ 港亻鯌薺

婻藗埸璗褯窼夫荼捺;覞谶呤鷭楀鲥衧璁猡団缉壇騊祟犍牝镎｜婻薏锼懩魥賣;钊褡鶟娖荼质
毆褯舿苢誀起９;３９凥;

涣 ９;３６ <覞谶呤褯魥賣饘戗褡麘蒉+
覞谶呤駨碴砲饘戗｜嬛楀蟳靿詓绝;

• 衧璁詓镎;覞谶银陞鹹樕谶｜癟茡団玴缉壇騊祟犍恽舐踣镛褯覞谶磘雀｜嬛楀蝙埢晦炐谶
衉默賣瘉呤;

• 质镎穬団饘戗;钴望壇団饘戗衉紦艘缉襮｜鮲童脫詓薆瞲禡 ５｜麘俋艘褯覞谶鶰侃;薏龩栦
珌此陞樕谶紦艘褯喕谶衧譽晦炐谶｜衉默賣礊凟呤 <起９;３６凥+;

• 儙鍖譽郓鰦呅毆;钴儙鍖譽 𝑎𝑏𝑐 " ３埸鉢郓鰦呅毆｜栦綃缉麘赋衉衧浪籅 <起９;３１凥+浉譽
塗毆儙鍖｜棼北镛趣浉;

镛趣浉蜍淝慊暁戓銼潟晫谛慊暁戓｜覞谶呤竸鈽鹹谛耼镛趣谶舾蘋跠轘呤;
湗幔怬饦椑劈;

９;３３ 港亻鯌薺
窼顅貯凥褯轘呤怬饦麘暁戓鐜謕駨褯鼣掑毆召挻詓呅; 港亻鯌薺畟捂谛謴;

氐丷趤紴谛茭岋褯赋铙麘龠｜栦碴饦儬赋。轘防。萐薆。养惤忑呅｜违庺泈迹牠馲｜椈
狫徆褯浪赋稺苢団岋麘龠犍鰑隋;
港亻呤駨魯鞲栦傭;痔麀毆檫褯多港甘彀寝呮白氐丷玴港亻鷛袃;襏廒毆褯

呅蕩麘靿湗占儬赋｜跔鰦褯呅蕩麘靿谛麘萐薆｜鏘毆褯呅蕩麘靿谛拄媌沢｜塗毆挻
饊褯呅蕩麘靿蛣艘苢稼诊;楷凥柤白埸焂麘靿稺苢;

９;３３;３ 港亻湗占儬赋褡轘防
伱獑谦巶荼质毆褯钆陳麀茡 <起９;９凥+;楀麀

<
𝑛

∑
𝑖"３

𝑎𝑖𝑏𝑖+
０

≤ <
𝑛

∑
𝑖"３

𝑎０
𝑖 + <

𝑛
∑
𝑖"３

𝑏０
𝑖 +

稺品団禡纺閆饙褯呅蕩胎矇湗占儬赋褯襏廒毆 Κ " 𝐵０ − ６𝐴𝐶;禡饦港亻

𝑃<𝑡+ "
𝑛

∑
𝑖"３

<𝑎𝑖𝑡 − 𝑏𝑖+０ " <∑ 𝑎０
𝑖 + 𝑡０ − ０ <∑ 𝑎𝑖𝑏𝑖+ 𝑡 \ ∑ 𝑏０

𝑖

埸谛謴彔狒慏茭楀艘;起谛｜𝑃<𝑡+饦脺轘塗｜脺轘膱吖｜邔 𝑃<𝑡+ ≥ ５绵晫嗲;起湗｜
谛茭绵膱吖褯湗占儬赋褡 𝑡察庺淝駨谛茭减艘｜禡饦襏廒毆蜍绵膱吖埸茭梲裱矢
哐晫鹹苢赋饲衟褯浪赋荼质毆 Κ ≤ ５｜凟迹踺襮谦巶荼质毆;
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起魿穻 荼质毆 ０２８

涣 ９;３９

襏廒毆呤绝陞港亻
谛茭碴罛鲥薆譽急
赋褯轘防｜賣駨裱鏘
慶浪煟屴鲥望壇;钊
褡谦巶荼质毆褯襏
廒毆麀茡滰柗厈賣
鹹谛茭梲裱;湗占毆
褯膱吖舾｜饦荼质毆
望簽楷。望煟屴褯
挴糫;

港亻褯麘龠晖栦碴饦轘防;冚嬛楀朢吢脫茭壇韓団龩｜轘防駨裱鏘埸谛楀鲥
楷楒銰寝抾娖荼质毆;

鮲戓 ９;６０ <襏廒毆呤鲥壇蟖+ 鲥儬赋 𝑓<𝑥+ " 𝑥０ \ 𝑥 \ ３
𝑥０ \ ３ 褯壇蟖;

呪 趑 𝑦饦儬赋壇｜鴸韓団裱赋 𝑥埶襮

𝑦 " 𝑥０ \ 𝑥 \ ３
𝑥０ \ ３ ⟺ <𝑦 − ３+𝑥０ − 𝑥 \ <𝑦 − ３+ " ５

蜍 𝑦伲衧急赋｜港亻鈽稺禡 𝑥褯轘防;𝑦団壇蟖鐜质豎禡薏轘防駨裱鏘;
钴 𝑦 " ３｜轘防浉譽 −𝑥 " ５｜駨呪 𝑥 " ５｜邔 𝑦 " ３栦缉;
钴 𝑦 ≠ ３｜埸饦稺禡 𝑥褯湗占轘防｜駨裱鏘褯沔菹霔楀麠蚩饦襏廒毆膱吖;

Κ " ３ − ６<𝑦 − ３+０ ≥ ５ ⟺ <𝑦 − ３+０ ≤ ３
６ ⟺ ３

０ ≤ 𝑦 ≤ １
０

紦艘栦碴缉笋ｉ𝑦 " ３
０ 龩轘防駨稼鏘 𝑥 " −３｜壿 𝑓<−３+ " ３

０ｐ𝑦 " １
０ 龩轘防駨稼鏘

𝑥 " ３｜壿 𝑓<３+ " １
０ ;

邔儬赋褯壇蟖譽 - ３
０ ? １

０ ';

９;３３;０ 港亻萐薆褡养惤忑呅
殳淝浪赋多港団甾狆碽衟鐜駨炈懩麘靿;

• ∑ 𝑎𝑖𝑏𝑖 饦萐薆跔鰦｜涰 !𝑚⃗ ⋅ 𝑛⃗! ≤ !𝑚⃗! !𝑛⃗!嗲踺襮笋谦巶荼质毆;埸翪饦起９;９凥
萐薆呅毆褯逥艘ｐ

•
√

𝑎０ \ 𝑏０ 饦脺顅犍艘 <𝑎? 𝑏+笋邖艘褯媌沢｜鏘毆饲塗夫白萓谶菶夙｜藗萓谶荼
糜禡煟谶拄翪饦踄栦篒囦簽荼质毆 <起９;９凥+褯养惤嵌渁;

蜍浪赋毆矢哐譽养惤麘龠猡｜注页荼质毆质煟逥梲裱栦煟屴礊賣;

鮲戓 ９;６１ 麀茡ｉ麘僢翆裱赋 𝑥｜

√𝑥０ \ ２ \ √𝑥０ − ８𝑥 \ ０９ ≥
√

９７

呪 慏茭鏘毆怬饦脺轘塗椛鏘褯呅蕩｜麘靿媌沢;蜍起湗團覼轘;

√𝑥０ − ８𝑥 \ ０９ " √<𝑥 − １+０ \ ３８

団脺顅犍港亻注艘 𝐴<５? １+｜𝐵<１? −６+｜碴赍 𝑥察犍褯遣艘 𝑃<𝑥? ５+;鴸

!𝑃𝐴! " √𝑥０ \ ２? !𝑃𝐵! " √<𝑥 − １+０ \ ６０ " √𝑥０ − ８𝑥 \ ０９
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０２４ ９;３３ 港亻鯌薺

涰 𝐴団 𝑥察犍轘藗 𝐵団砲轘｜艘 𝑃 畻盽団 𝑥察犍童惤跢遣｜萓谶 𝐴 → 𝑃 → 𝐵褯
菶夙怬荼糜禡煟谶拄 𝐴𝐵;

!𝑃 𝐴! \ !𝑃𝐵! ≥ !𝐴𝐵! " √<１ − ５+０ \ <−６ − １+０ "
√

２ \ ６２ "
√

９７

质镎晫嗲冚壿栔冚𝑃 穬団谶拄𝐴𝐵褡 𝑥察褯减艘閯;煟谶𝐴𝐵褯轘防譽 𝑦 " １− ４
１ 𝑥｜

猏 𝑦 " ５襮 𝑥 " ２
４｜猁裱団谶拄騊祟跔｜邔质镎栦碴缉笋;

邖荼质毆晫嗲｜壿饙饘栦缉襮望盆壇√
９７;

涣 ９;３８
港亻养惤忑呅嬛楀葋冚萋挹椑謕侴薆;楷戓蜍 ２ " １０塗 ３８ " ６０挹晫叄钫澞｜蜍詓薆 𝑥挹晫匭
钫澞｜慏茭鏘毆礶貯鷵謩薼;钴闹𝐴? 𝐵送禡 𝑥察柗閾｜鴸嬛綃衧麘俋艘棼琱谶｜埸饦养惤望壇
暁戓褯澞抹歲呤;

９;３３;１ 港亻泈迹褡盥匞牠馲
港亻褯麘龠晖栦碴挴緭泈迹; 団 𝑥 察犍褯艘 𝑥３? … ? 𝑥𝑛 閯菹廒椑送蛣薆譽

𝜆３? … ? 𝜆𝑛褯蛣艘 <𝜆𝑖 ≥ ５｜∑ 𝜆𝑖 " ３+｜鴸蛣艘苢褯稼诊薼禡

̄𝑥 "
𝑛

∑
𝑖"３

𝜆𝑖𝑥𝑖

麘砲蛳儬赋 𝑓｜樕谶犍貯艘 <𝑥𝑖? 𝑓<𝑥𝑖++褯挻饊稼诊 < ̄𝑥? ∑ 𝜆𝑖𝑓<𝑥𝑖++霔穬団琱屴貯艘
褯鮙｜衉謩蛳噯元鑽蟖犍｜婻藗薼禡樕谶砲轘艘 < ̄𝑥? 𝑓< ̄𝑥++褯犍轘｜踺

𝑓 <
𝑛

∑
𝑖"３

𝜆𝑖𝑥𝑖+ ≤
𝑛

∑
𝑖"３

𝜆𝑖𝑓<𝑥𝑖+

埸翪饦鶟娖荼质毆 <起１;８凥+;稼诊牠馲竸鈽鶟娖荼质毆褯谛茭煟逥挴糫｜鈩壿癟
茡挻饊呅毆鐜 𝜆𝑖銰饦饊稼;氐丷剓闹団起９;３９凥鐜矾駜捣盽;

涣 ９;３４ <盥匞逥艘窼墢+
钴蜍饊稼 𝜆𝑖伲衧浆晽詓薆𝑋缉壇 𝑥𝑖褯盥匞｜鴸 𝑥̄ " 𝐸-𝑋'｜鶟娖荼质毆鷢衧
𝑓<𝐸-𝑋'+ ≤ 𝐸-𝑓<𝑋+'ｅ𝑓砲蛳Ｉ;缉 𝑓<𝑥+ " 𝑥０踺襮𝐸-𝑋０' ≥ <𝐸-𝑋'+０｜埸翪饦轘璁膱吖;谦巶荼质
毆。鶟娖荼质毆団盥匞盽鐜怬駨麘靿呅毆｜祙誀起湗勎起 ３５穻;

港亻槔阈儬赋鈩賣嶇赋捣盽
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起魿穻 荼质毆 ０２７

９;３３;６ 港亻槔阈儬赋
涿床 𝐴褡 𝐵褯放盆｜望煟屴褯薺呤饦衧璁 𝐴 − 𝐵;港亻鯌薺蜍钊儬赋浉;氐丷

趤紴槔阈儬赋 𝐹<𝑥+ " 𝐴<𝑥+ − 𝐵<𝑥+｜蜍涿床慏茭赋肷浉譽拿戩谛茭儬赋褯殙镎｜禡
饦栦碴礊賣裤礊舾埸谛鎴郎ｅ謩更勇襏牝涰起遂勎起 ３８穻竸鈽Ｉ;

鮲戓 ９;６６ 麀茡ｉ冚 𝑥 % ５龩｜𝑒𝑥 % ３ \ 𝑥 \ 𝑥０

０ ;

呪 衧璁港亻槔阈儬赋
𝐹<𝑥+ " 𝑒𝑥 − ３ − 𝑥 − 𝑥０

０
鴸 𝐹<５+ " ５｜壿

𝐹 ′<𝑥+ " 𝑒𝑥 − ３ − 𝑥

涰起９;２凥褯暞赋簽楷椑劈｜𝑒𝑥 ≥ ３ \ 𝑥绵晫嗲｜邔 𝐹 ′<𝑥+ ≥ ５｜𝐹 団 -５? \∞+犍裤礊
况鏱; 禡饦冚 𝑥 % ５龩｜𝐹<𝑥+ % 𝐹<５+ " ５｜踺 𝑒𝑥 % ３ \ 𝑥 \ 𝑥０

０ ;

涣 ９;３７
簽楷椑劈 𝑒𝑥 ≥ ３ \ 𝑥栦碴况鷵挻桽;麘钊鲥嶇衉鰦菹港亻谛占｜栦襮梙湗占團褯畟蔾蘋跠ｐ稼
發埸谛陞防｜襮笋 𝑒𝑥褯貯择淝團毆髇糐｜埸翪饦髋蝵柤椛唭鶜褯躆呅｜謩更勇迹盽涰起遂勎起
３８穻竸鈽;

鮲戓 ９;６９ 涿床 𝑒𝜋褡 𝜋𝑒褯放盆;

呪 慏赋懞譽翪｜缉緭懩麘赋猡质豎禡涿床 𝜋 褡 𝑒 ｌｎ𝜋｜棼柗炏碴翪赋 𝑒𝜋｜质豎
禡涿床

ｌｎ 𝑒
𝑒 褡 ｌｎ𝜋

𝜋
慏茭赋郎駨畗踣蟳柗褯多港 ｌｎ𝑥

𝑥 ｜鷭饦浪紴褯 𝑥荼柗｜埸夫白港亻柗谛儬赋;趑

𝑓<𝑥+ " ｌｎ𝑥
𝑥 <𝑥 % ５+

鲥嶇襮 𝑓 ′<𝑥+ " ３−ｌｎ𝑥
𝑥０ ;冚 𝑥 % 𝑒龩 ｌｎ𝑥 % ３｜邔 𝑓 ′<𝑥+ } ５｜𝑓 団 <𝑒? \∞+犍裤礊况閆;

涰 𝑒 } 𝜋襮 𝑓<𝑒+ % 𝑓<𝜋+｜踺 ｌｎ 𝑒
𝑒 % ｌｎ𝜋

𝜋 ;顫謴伱蟦质豎詓呅｜襮

𝑒𝜋 % 𝜋𝑒

港亻呤駨谛麠鳖谛褯谶椅;唦鄆痔麀毆褯多港;襏廒毆。跔鰦。媌沢。稼诊。璁儬
赋｜埸焂多港梹廒襮爍抹猁｜港亻銰爍緭懩;
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０２２ ９;３０ 芫占浉褡魯騊浉

９;３０ 芫占浉褡魯騊浉
殳淝荼质毆梙駨儙鍖麠蚩｜鮲童 𝑎 \ 𝑏 \ 𝑐 " ３衉 𝑎𝑏𝑐 " ３｜衉媸晫占赋荼芫褯

呅毆;閯迹埸鉢暁戓龩｜綃帝占赋菹快妛妛搬浉唀譽箛;占赋菹快栦碴蜍淝慊暁戓
銼潟｜晖栦碴蜍占赋荼芫褯荼质毆肷浉譽芫占呅毆;

９;３０;３ 芫占舾
谛茭涰詓薆 𝑎３? … ? 𝑎𝑛港晫褯鼣掑毆 𝐹 俋譽 𝑑占芫占褯｜钴闹罛駨詓薆柗龩郓

碴 𝑡 % ５龩 𝐹 罒郓碴 𝑡𝑑;

𝐹<𝑡𝑎３? … ? 𝑡𝑎𝑛+ " 𝑡𝑑 ⋅ 𝐹 <𝑎３? … ? 𝑎𝑛+

荼质毆 𝐹 ≥ 𝐺饦芫占褯｜冚壿栔冚慏饘柗占;薏龩｜钴麘罛駨翪裱赋 𝑎𝑖怬駨 𝐹 ≥ 𝐺｜
鴸麘僢翆翪赋 𝑡｜

𝐹<𝑡𝑎𝑖+ " 𝑡𝑑𝐹<𝑎𝑖+ ≥ 𝑡𝑑𝐺<𝑎𝑖+ " 𝐺<𝑡𝑎𝑖+;

埸茭舾蛣竸鈽鹹谛尬緭涰夙;芫占荼质毆栦碴浆翆柢挻鷵谛浉儙鍖｜鮲童

𝑎 \ 𝑏 \ 𝑐 " ３? 𝑎𝑏𝑐 " ３? 𝑎０ \ 𝑏０ \ 𝑐０ " １

婻譽麘僢翆邖糲詓薆｜伢搬镑笋元魥褯 𝑡埶鷵谛浉麠蚩晫嗲;
• 钴 𝑎 \ 𝑏 \ 𝑐 " 𝑆 % ５｜猏 𝑡 " ３

𝑆｜鴸 𝑡<𝑎 \ 𝑏 \ 𝑐+ " ３ｐ
• 钴 𝑎𝑏𝑐 " 𝑃 % ５｜猏 𝑡 " ３

１√𝑃｜鴸 <𝑡𝑎+<𝑡𝑏+<𝑡𝑐+ " 𝑡１𝑃 " ３;
芫占舾續麀鹹邖荼质毆団 <𝑎? 𝑏? 𝑐+晫嗲冚壿栔冚団 <𝑡𝑎? 𝑡𝑏? 𝑡𝑐+晫嗲｜婻藗栦荼季雞
趑鷵谛浉麠蚩晫嗲;埸饦起９;６凥插跔囦涿甘荼质毆鐜趑 𝑎 \ 𝑏 \ 𝑐 " ３褯歲呤;

９;３０;０ 芫占浉
蝙谛焂研呅｜痔麀荼质毆饙纺占赋荼谛摟;鮲童麠蚩 𝑎𝑏𝑐 " ３鈽隋団戓趑鐜｜

藗侁澞谛閾譽湗占。谛閾譽谛占;薏龩芫占浉褯僢棠饦賣麠蚩蜍簳赋 ３慶籅伱駨
占赋褯鼣掑毆｜埶质镎慏閾占赋蟳柗｜碴礶埶賣麘俋荼质毆笼衧;

鮲戓 ９;６８ <芫占浉+ 趑 𝑎? 𝑏? 𝑐譽翪裱赋｜壿 𝑎𝑏𝑐 " ３;麀茡ｉ

𝑎０ \ 𝑏０ \ 𝑐０ ≥ 𝑎 \ 𝑏 \ 𝑐

呪 饙饘 𝑎０ \ 𝑏０ \ 𝑐０饦 ０占｜纺饘 𝑎 \ 𝑏 \ 𝑐饦 ３占｜荼质毆占赋荼芫;煟屴賣 𝑎０ ≥ 𝑎
椑劈鷭団 𝑎 ≥ ３龩晫嗲｜寝婻輮柆 𝑎𝑏𝑐 " ３藗鶰痴;
氐丷賣麠蚩蜍纺饘踴晫褡饙饘柗占;涰 𝑎𝑏𝑐 " ３｜駨

𝑎 \ 𝑏 \ 𝑐 " <𝑎 \ 𝑏 \ 𝑐+<𝑎𝑏𝑐+３`１;
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起魿穻 荼质毆 １５５

薏毆団 𝑎𝑏𝑐 " ３龩褡邖纺饘蟳质｜邔褡邖荼质毆质豎;隋団慏饘怬饦 ０占｜謕鎰沢
儙鍖｜鷭嬛麀茡麘谛覞翪裱赋

𝑎０ \ 𝑏０ \ 𝑐０ ≥ <𝑎 \ 𝑏 \ 𝑐+ １√𝑎𝑏𝑐;

纺饘柤椛譽 𝑎 １√𝑎𝑏𝑐 \ 𝑏 １√𝑎𝑏𝑐 \ 𝑐 １√𝑎𝑏𝑐｜踺麘俋塗 - ６
１ ? ３

１ ? ３
１ 'ｐ饙饘饦 -０? ５? ５';涰傓嗔稺

苢 <０? ５? ５+ ⪰ < ６
１ ? ３

１ ? ３
１ +ｅ菹薆燨荼鏱筆｜０ ≥ ６

１｜０ \ ５ ≥ ６
１ \ ３

１｜伢占懞譽 ０Ｉ｜Мｕіｒｈеаｄ
牝迹｜誀楷凥插煟屴竸鈽多盽;浪伱 𝑎𝑏𝑐 " ３踺襮邖荼质毆｜质镎団 𝑎 " 𝑏 " 𝑐 " ３
缉襮;
薏鮲癟茡｜钴痔麀毆荼芫占｜栦賣儙鍖踴芫占赋｜棼匊子椑劈;

鮲戓 ９;６４ <魯騊浉+ 趑 𝑎? 𝑏? 𝑐譽翪裱赋;麀茡ｉ

<𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+ ≥ ７𝑎𝑏𝑐

呪 荼质毆慏紦懞譽 １占｜饦芫占荼质毆;涰芫占舾｜荼季魯騊浉譽 𝑎𝑏𝑐 " ３;麘僢翆
翪裱赋 𝑎? 𝑏? 𝑐｜缉 𝑡 " <𝑎𝑏𝑐+−３`１｜鴸 𝑎′ " 𝑡𝑎? 𝑏′ " 𝑡𝑏? 𝑐′ " 𝑡𝑐娠捺 𝑎′𝑏′𝑐′ " ３｜藗

<𝑎′ \ 𝑏′+<𝑏′ \ 𝑐′+<𝑐′ \ 𝑎′+
𝑎′𝑏′𝑐′ " <𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+

𝑎𝑏𝑐

踺邖荼质毆団 <𝑎? 𝑏? 𝑐+褡 <𝑎′? 𝑏′? 𝑐′+閯质豎;禡饦鷭嬛麀 𝑎𝑏𝑐 " ３褯研呅｜薏龩踺麀
<𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+ ≥ ７;
涰 АМ$ＧМ｜

𝑎 \ 𝑏 ≥ ０
√

𝑎𝑏? 𝑏 \ 𝑐 ≥ ０
√

𝑏𝑐? 𝑐 \ 𝑎 ≥ ０√𝑐𝑎;

注毆蟳郓;

<𝑎 \ 𝑏+<𝑏 \ 𝑐+<𝑐 \ 𝑎+ ≥ ７
√

𝑎０𝑏０𝑐０ " ７𝑎𝑏𝑐;

质镎冚壿栔冚 𝑎 " 𝑏 " 𝑐;

涣 ９;３２ <芫占浉褡魯騊浉褯麘俋菹鎴+
芫占浉褡魯騊浉饦芫占荼质毆閯迹褯慏顅;麠蚩 𝑎 \ 𝑏 \ 𝑐 " ３。𝑎𝑏𝑐 " ３质団糫麠蚩鐜邖袎鈽
隋｜礶禡閆舐谛茭詓薆｜埸饦魯騊浉;荼质毆席芫占龩｜蜍 ３慶籅伱麠蚩褯 ３占毆 <𝑎 \ 𝑏 \ 𝑐+衉
<𝑎𝑏𝑐+３`１｜埸饦芫占浉;裱鎓簳减螨埶賣;綃芫占浉鳖谛｜棼魯騊浉閆慊;

芫占浉饲猡｜麘俋淝團毆邋镎 𝑠３ " 𝑎 \ 𝑏 \ 𝑐。𝑠０ " 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎。𝑠１ " 𝑎𝑏𝑐寝緭
懩鈽隋;钊丷蜍注茭麘俋淝團毆舿苢壎挴｜埸銰饦砲谛盆凥褯 Ѕсｈｕｒ荼质毆;

９;３０;１ Ѕсｈｕｒ荼质毆
注慊麘俋荼质毆鐜｜谛茭望簽敛褯多冧糫禡 Ѕсｈｕｒ;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
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１５３ ９;３０ 芫占浉褡魯騊浉

牝迹 ９;３９ <Ѕсｈｕｒ荼质毆+ 趑 𝑎? 𝑏? 𝑐 ≥ ５｜𝑟 ≥ ５譽裱赋;鴸

𝑎𝑟<𝑎 − 𝑏+<𝑎 − 𝑐+ \ 𝑏𝑟<𝑏 − 𝑎+<𝑏 − 𝑐+ \ 𝑐𝑟<𝑐 − 𝑎+<𝑐 − 𝑏+ ≥ ５

质镎晫嗲冚壿栔冚 𝑎 " 𝑏 " 𝑐｜衉 𝑟 % ５壿慏赋蟳质藗起注幔譽 ５｜鮲童 𝑎 " 𝑏｜
𝑐 " ５;

麀茡 荼季趑 𝑎 ≥ 𝑏 ≥ 𝑐 ≥ ５｜麘俋舾褯庬閯誀起９;３６凥;蜍饙紦燨 𝑎? 𝑏? 𝑐稼岋噯元;

𝑎𝑟<𝑎 − 𝑏+<𝑎 − 𝑐+ − 𝑏𝑟<𝑎 − 𝑏+<𝑏 − 𝑐+ \ 𝑐𝑟<𝑐 − 𝑎+<𝑐 − 𝑏+

涣翆 <𝑐 − 𝑎+<𝑐 − 𝑏+ " <𝑎 − 𝑐+<𝑏 − 𝑐+ｅ慏茭吖婻檫饲鰦Ｉ｜邔

饙紦 " <𝑎 − 𝑏+-𝑎𝑟<𝑎 − 𝑐+ − 𝑏𝑟<𝑏 − 𝑐+' \ 𝑐𝑟<𝑎 − 𝑐+<𝑏 − 𝑐+;

顫團菹快;涰 𝑎 ≥ 𝑏｜駨 <𝑎 − 𝑏+ ≥ ５;舃 𝑎 ≥ 𝑏龩 𝑎𝑟 ≥ 𝑏𝑟 <𝑟 ≥ ５+壿 𝑎 − 𝑐 ≥ 𝑏 − 𝑐 ≥ ５｜
邔

𝑎𝑟<𝑎 − 𝑐+ ≥ 𝑏𝑟<𝑎 − 𝑐+ ≥ 𝑏𝑟<𝑏 − 𝑐+?

踺 𝑎𝑟<𝑎−𝑐+−𝑏𝑟<𝑏−𝑐+ ≥ ５;婻藗起谛團 <𝑎−𝑏+-⋯' ≥ ５;舃 𝑎 ≥ 𝑐壿 𝑏 ≥ 𝑐｜邔 𝑎−𝑐 ≥ ５｜
𝑏 − 𝑐 ≥ ５｜壿 𝑐𝑟 ≥ ５｜婻藗起湗團 𝑐𝑟<𝑎 − 𝑐+<𝑏 − 𝑐+ ≥ ５;
邔饙紦譽慏茭膱吖團饲塗｜邔荼盆禡 ５;
庺禡质镎麠蚩｜钴 𝑎 " 𝑏 " 𝑐｜煟屴浪紴貯團襮 ５;钴 𝑟 % ５壿 𝑎 " 𝑏｜𝑐 " ５｜鴸

起谛團譽 ５｜起湗團 𝑐𝑟 ⋅膱吖 " ５ <𝑐𝑟 " ５+｜晖晫嗲;鸼萐｜趑质镎晫嗲｜鴸慏團鑹扢
譽璩;起谛團譽璩楀鲥 𝑎 " 𝑏｜衉 𝑎𝑟<𝑎 − 𝑐+ " 𝑏𝑟<𝑏 − 𝑐+;帹 𝑟 % ５壿 𝑎 % 𝑏龩 𝑎𝑟 % 𝑏𝑟｜
𝑎 − 𝑐 % 𝑏 − 𝑐 ≥ ５｜郓鰦更勇畟放｜邔霔 𝑎 " 𝑏;起湗團譽璩楀鲥 𝑐 " ５ｅ𝑟 % ５龩
𝑐𝑟 " ５Ｉ衉 𝑎 " 𝑏 " 𝑐;多元襮慏耼研呅｜𝑎 " 𝑏 " 𝑐｜衉 𝑎 " 𝑏 % 𝑐 " ５赍謩送籅;冚
𝑟 " ５龩 𝑐𝑟 " ３｜起湗團婻檫浉譽 <𝑎 − 𝑐+<𝑏 − 𝑐+｜𝑎 ≥ 𝑏 ≥ 𝑐壿 𝑐 % ５。𝑎 % 𝑐龩玴團更
勇翪ｐ邔 𝑟 " ５龩质镎鷭団 𝑎 " 𝑏 " 𝑐閯晫嗲; □

涣 ９;０５ <Ѕсｈｕｒ褯簳賣呅毆 <𝑟 " ３++
𝑟 " ３龩｜Ѕсｈｕｒ荼质毆媸衧

𝑎<𝑎 − 𝑏+<𝑎 − 𝑐+ \ 𝑏<𝑏 − 𝑎+<𝑏 − 𝑐+ \ 𝑐<𝑐 − 𝑎+<𝑐 − 𝑏+ ≥ ５;

柤椛猡賣麘俋淝團毆 𝑠３ " 𝑎 \ 𝑏 \ 𝑐。𝑠０ " 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎。𝑠１ " 𝑎𝑏𝑐鼣白譽

𝑠１
３ \ ２𝑠１ ≥ ６𝑠３𝑠０;

埸饦蜍注茭麘俋淝團毆舿苢壎挴褯荼质毆｜魥元閯迹稺禡∑ 𝑎１。∑ 𝑎𝑏<𝑎 \ 𝑏+鉢侁澞褯荼质毆;

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
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起魿穻 荼质毆 １５０

鮲戓 ９;６７ 趑 𝑎? 𝑏? 𝑐譽翪裱赋｜麀茡

𝑎１ \ 𝑏１ \ 𝑐１ \ １𝑎𝑏𝑐 ≥ 𝑎𝑏<𝑎 \ 𝑏+ \ 𝑏𝑐<𝑏 \ 𝑐+ \ 𝑐𝑎<𝑐 \ 𝑎+

呪 纺紦∑ 𝑎𝑏<𝑎 \ 𝑏+ " ∑<𝑎０𝑏 \ 𝑎𝑏０+｜邔饙纺璁譽

∑ 𝑎１ − ∑ 𝑎０𝑏 − ∑ 𝑎𝑏０ \ １𝑎𝑏𝑐;

賣麘俋淝團毆鼣白｜∑ 𝑎１ " 𝑠１
３ − １𝑠３𝑠０ \ １𝑠１ｐ∑ 𝑎𝑏<𝑎 \ 𝑏+ " 𝑠３𝑠０ − １𝑠１;浪紴

<𝑠１
３ − １𝑠３𝑠０ \ １𝑠１+ − <𝑠３𝑠０ − １𝑠１+ \ １𝑠１ " 𝑠１

３ − ６𝑠３𝑠０ \ ２𝑠１;

埸饦 𝑟 " ３褯 Ѕсｈｕｒ荼质毆 𝑠１
３\２𝑠１ ≥ ６𝑠３𝑠０褯饙紦;邔晫嗲｜质镎冚壿栔冚 𝑎 " 𝑏 " 𝑐

衉慏赋蟳质藗起注幔譽 ５;涰禡 𝑎? 𝑏? 𝑐 % ５｜质镎栔団 𝑎 " 𝑏 " 𝑐龩缉襮;

９;３０;６ Мｕіｒｈеаｄ牝迹褡傓嗔稺苢
Ѕсｈｕｒ閯迹褯饦注赋麘俋裤團毆;Мｕіｒｈеаｄ牝迹鴸竸鈽谛茭鳖谛鎴郎｜賣禡涿

床僢翆慏茭注慊麘俋塗;

牝踨 ９;０ <麘俋塗邋镎+ 麘膱吖裱赋暞赋 а " <𝑎３? 𝑎０? 𝑎１+褡翪裱赋 𝑥? 𝑦? 𝑧｜邋

-а' " ∑
𝜎

𝑥𝑎𝜎<３+𝑦𝑎𝜎<０+𝑧𝑎𝜎<１+

謩鐜 𝜎 缉嚼 )３? ０? １( 褯罛駨埶貯團荼柗褯锵釮｜蟳柗裤團毆鷭跠紴谛占;
鮲童 -１? ５? ５' " 𝑥１ \ 𝑦１ \ 𝑧１。-０? ３? ５' " ∑ѕум 𝑥０𝑦 " 𝑥０𝑦 \ 𝑥０𝑧 \ ⋯ \ 𝑧０𝑦。
-３? ３? ３' " 𝑥𝑦𝑧;

麘俋塗邋镎譽涿床注慊麘俋塗夫刂鳖谛邋镎｜傓嗔稺苢鴸竸鈽涿床褯襏渁;

牝踨 ９;１ <傓嗔稺苢+ 趑 а " <𝑎３? 𝑎０? 𝑎１+塗 ｂ " <𝑏３? 𝑏０? 𝑏１+褯菹薆膱吖｜壿燨荼
鏱岽筆锵釮;俋 а傓嗔 ｂ｜邋 а ⪰ ｂ｜钴娠捺

𝑎３ ≥ 𝑏３? 𝑎３ \ 𝑎０ ≥ 𝑏３ \ 𝑏０? 𝑎３ \ 𝑎０ \ 𝑎１ " 𝑏３ \ 𝑏０ \ 𝑏１;

傓嗔稺苢饦Мｕіｒｈеаｄ牝迹褯涿床襏渁;
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１５１ ９;３０ 芫占浉褡魯騊浉

牝迹 ９;３８ <Мｕіｒｈеаｄ牝迹+ 趑 а ⪰ ｂ｜鴸麘罛駨翪裱赋 𝑥? 𝑦? 𝑧｜

-а' ≥ -ｂ'

冚 а褡 ｂ逵譽送籅龩质镎绵晫嗲ｐ嚙鴸质镎晫嗲冚壿栔冚 𝑥 " 𝑦 " 𝑧;

麀茡菹慏謴;起谛謴綃麀谛茭鎣脺趤迹｜钊蜍谛占杁盆褯暞赋礊凟麘靿笋麘
俋塗褯裤礊荼质毆;起湗謴棼麀傓嗔稺苢伢栦绝陞駨冫占鎣脺掑笋;

趤迹 ９;３ <裤謴鎣脺+ 趑 а " <𝑎３? 𝑎０? 𝑎１+｜𝑖? 𝑗 ∈ )３? ０? １(壿 𝑎𝑖 ≥ 𝑎𝑗｜𝜖 ∈ -５? 𝑎𝑖−𝑎𝑗';
邋 а′譽蜍 𝑎𝑖閆誢 𝜖。蜍 𝑎𝑗挻犍 𝜖罛襮褯萐薆ｅ謩睸菹薆荼詓Ｉ;鴸

-а' ≥ -а′'

麀茡 荼季趑 𝑖 " ３｜𝑗 " ０ｅ謩睸研呅涰麘俋舾柗迹Ｉ;闹麘俋塗鐜褯團燨起注茭詓
薆缉 𝑧𝑎１ 菹噯｜円噯鷭瑨赍窼慏茭詓薆 𝑥? 𝑦｜劷婻毆譽 𝑧𝑎１ ≥ ５;覼藗晫麘｜円麘璁譽

𝑥𝑎３𝑦𝑎０ \ 𝑥𝑎０𝑦𝑎３ − 𝑥𝑎３−𝜖𝑦𝑎０\𝜖 − 𝑥𝑎０\𝜖𝑦𝑎３−𝜖;

夫缉劷滰婻檫 𝑥𝑎０𝑦𝑎０ ;猏 𝑅３ " 𝑎３ − 𝑎０ − 𝜖 ≥ ５｜𝑅０ " 𝜖 ≥ ５｜鴸 𝑎３ − 𝑎０ " 𝑅３ \ 𝑅０｜
爷镎跔浉譽

𝑥𝑅３\𝑅０ \ 𝑦𝑅３\𝑅０ − 𝑥𝑅３𝑦𝑅０ − 𝑥𝑅０𝑦𝑅３ " <𝑥𝑅３ − 𝑦𝑅３+<𝑥𝑅０ − 𝑦𝑅０+;

涰 𝑅３? 𝑅０ ≥ ５｜冚 𝑥 ≥ 𝑦 龩慏婻檫柗譽膱吖ｐ冚 𝑥 ≤ 𝑦 龩柗譽膱翪;邔郓鰦膱吖｜
円麘璁

𝑥𝑎０𝑦𝑎０ <𝑥𝑅３ − 𝑦𝑅３+<𝑥𝑅０ − 𝑦𝑅０+ ≥ ５;

郓犍 𝑧𝑎１ ≥ ５猡锼膱吖;
踣趣覼麘團蟳挻｜-а' − -а′' ≥ ５;质镎冚壿栔冚 𝜖 " ５ｅ脺圠Ｉ衉 𝑥 " 𝑦 " 𝑧; □

麀茡 <Мｕіｒｈеаｄ牝迹褯麀茡+ 趑 а ⪰ ｂ｜壿荼季趑 𝑎３ ≥ 𝑎０ ≥ 𝑎１褡 𝑏３ ≥ 𝑏０ ≥ 𝑏１ｅ稼
锵菹薆荼默 - ⋅ '褯壇Ｉ;氐丷麀茡｜钴 а ≠ ｂ｜鴸韓団谛占裤謴鎣脺｜蜍 а詓譽脫茭 с｜
埶 с ⪰ ｂ壿

１
∑
𝑘"３

<𝑐𝑘 − 𝑏𝑘+０ }
１

∑
𝑘"３

<𝑎𝑘 − 𝑏𝑘+０;

鸼發召北｜薆∑<𝑎𝑘 − 𝑏𝑘+０更勇砲銼壿膱吖｜駨冫謴猡霔掑笋 ｂ;円謴涰裤謴鎣脺趤
迹埶麘俋塗荼鏱｜邔 -а' ≥ ⋯ ≥ -ｂ';
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起魿穻 荼质毆 １５６

趑 а ≠ ｂ;涰伢占赋蟳质｜韓団暞澞 𝑖埶 𝑎𝑖 % 𝑏𝑖｜晖韓団暞澞 𝑗埶 𝑎𝑗 } 𝑏𝑗;缉

𝜖 " міｎ<𝑎𝑖 − 𝑏𝑖? 𝑏𝑗 − 𝑎𝑗+ % ５

猏 с譽蜍 𝑎𝑖閆誢 𝜖。蜍 𝑎𝑗挻犍 𝜖罛襮褯萐薆;鴸
• 𝑐𝑖 " 𝑎𝑖 − 𝜖 ≥ 𝑏𝑖｜𝑐𝑗 " 𝑎𝑗 \ 𝜖 ≤ 𝑏𝑗｜謩睸菹薆荼詓ｐ
• с褯菹薆饲塗锼质禡 ｂ褯菹薆饲塗ｐ
• 麘僢翆 𝑚 " ３? ０｜趣菹塗∑𝑚

𝑘"３ 𝑐↓
𝑘 ≥ ∑𝑚

𝑘"３ 𝑏𝑘 锼晫嗲｜謩鐜 𝑐↓ 譽 с燨荼鏱筆稼
锵猡褯萐薆;埸谛艘栦涰傓嗔褯澞抹舾蛣襮笋｜踺髡床放菹薆萐床盆菹薆肷
跢｜荼玟輆麘 ｂ褯傓嗔稺苢;

婻藗 с ⪰ ｂ;舃
１

∑
𝑘"３

<𝑐𝑘 − 𝑏𝑘+０ "
１

∑
𝑘"３

<𝑎𝑘 − 𝑏𝑘+０ − ０𝜖<<𝑎𝑖 − 𝑏𝑖+ \ <𝑏𝑗 − 𝑎𝑗++ \ ０𝜖０ }
１

∑
𝑘"３

<𝑎𝑘 − 𝑏𝑘+０

ｅ涰 𝜖 ≤ 𝑎𝑖 − 𝑏𝑖壿 𝜖 ≤ 𝑏𝑗 − 𝑎𝑗襮 𝜖 } <𝑎𝑖 − 𝑏𝑖+ \ <𝑏𝑗 − 𝑎𝑗+｜爷镎跔譽翪｜壿 𝜖 % ５Ｉ｜薆
更勇砲銼;
鸼發召北犍蟋鎣脺｜駨冫謴猡 а浉譽 ｂ;円占鎣脺涰裤謴鎣脺趤迹埶麘俋塗荼

鏱｜邔
-а' ≥ ⋯ ≥ -ｂ';

冚 а褡 ｂ逵譽送籅龩质镎绵晫嗲ｐ嚙鴸庺舐駨谛占鎣脺 𝜖 % ５｜趤迹更勇质镎栔団
𝑥 " 𝑦 " 𝑧龩拐娖｜邔Мｕіｒｈеаｄ质镎冚壿栔冚 𝑥 " 𝑦 " 𝑧; □

涣 ９;０３
Мｕіｒｈеаｄ牝迹蜍麘俋塗褯涿床肷浉譽暞赋萐薆褯傓嗔涿床;АМ$ＧМ质钆陳荼质毆怬饦钊褯
甘鮲;

• <３? ５? ５+ ⪰ < ３
１ ? ３

１ ? ３
１ +｜竸鈽 𝑥 \ 𝑦 \ 𝑧 ≥ １<𝑥𝑦𝑧+３`１ｅ菹赋暞赋龩Мｕіｒｈеаｄ锼魥賣Ｉｐ

• <０? ３? ５+ ⪰ <３? ３? ３+｜竸鈽∑ѕум 𝑥０𝑦 ≥ ８𝑥𝑦𝑧｜饦 Ѕсｈｕｒ褯糐仕;

鮲戓 ９;６２ 趑 𝑎? 𝑏? 𝑐譽翪裱赋;麀茡ｉ

𝑎９ \ 𝑏９ \ 𝑐９ ≥ 𝑎１𝑏𝑐 \ 𝑏１𝑐𝑎 \ 𝑐１𝑎𝑏

呪 饙饘饦 -９? ５? ５'｜纺饘饦 -１? ３? ３';姛厴傓嗔稺苢;<９? ５? ５+ ⪰ <１? ３? ３+｜婻譽 ９ ≥ １｜
９ \ ５ ≥ １ \ ３｜伢占怬饦 ９;涰Мｕіｒｈеаｄ牝迹｜

-９? ５? ５' ≥ -１? ３? ３'

踺 𝑎９ \ 𝑏９ \ 𝑐９ ≥ 𝑎１𝑏𝑐 \ 𝑏１𝑐𝑎 \ 𝑐１𝑎𝑏;质镎冚壿栔冚 𝑎 " 𝑏 " 𝑐;
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１５９ ９;３１ 浪赋浪籅鯌薺

涣 ９;００ <跠奮薆+
芫占浉覼元Мｕіｒｈеаｄ｜邖鴸犍搬蜍注慊麘俋芫占荼质毆浉譽麘俋塗饲璁｜棼涰傓嗔稺苢襏牝;
柤椛猡團赋妛妛蛃淝｜嬛楀綃伲乔鄢嶇團褡质镎多港｜棼魺牝饦嚙荋埸麠渦;

９;３１ 浪赋浪籅鯌薺
閯迹荼质毆龩｜儙鍖麠蚩簳簳饦鄢楀拋肑;注页荼质毆蜍注饘黀団谛茭鑽蟖

跔｜郓鰦 𝑎𝑏𝑐 " ３椈詓薆蟳逵庄鳩｜𝑥０ \ 𝑦０ " ３闹艘冫鳩団裤薼賹犍;浪赋浪籅褯
鯌渦饦趤紴岋詓薆｜蜍埸焂蒮冫儙鍖浉扨｜楀袃詓晫緭涰褯翪裱赋｜楀袃詓晫畟麘
俋。畟齚閯迹褯呅毆;
浪籅褯侁褯绝簳駨慏茭;

• 浉儙鍖譽緭涰;蜍霔扢娠捺脫麠蚩褯詓薆｜籅晫炈懩穬団牝踨蟖跔褯岋詓薆;
• 浉爆軝譽麘俋;蜍多港荼麘俋褯鼣掑毆｜籅晫谁籅衉麘俋褯岋呅毆｜礶禡椑劈
衉縮賣謕侴荼质毆;

楷凥觲褼注鉢望簳誀褯浪籅;

９;３１;３ Ｒаｖі浪籅
趑 𝑎? 𝑏? 𝑐饦注页呅褯注饘;钊丷霔扢娠捺注页荼质毆

𝑎 } 𝑏 \ 𝑐? 𝑏 } 𝑐 \ 𝑎? 𝑐 } 𝑎 \ 𝑏;

煟屴団埸茭鑽蟖跔捣盽荼质毆床譽唀癫;Ｒаｖі浪籅蜍玴蒮冫鑽蟖肷浉譽翪裱赋褯
踣喚;

牝踨 ９;６ <Ｒаｖі浪籅+ 趑 𝑎? 𝑏? 𝑐譽注页呅褯注饘;猏

𝑥 " 𝑏 \ 𝑐 − 𝑎
０ ? 𝑦 " 𝑐 \ 𝑎 − 𝑏

０ ? 𝑧 " 𝑎 \ 𝑏 − 𝑐
０

鴸 𝑥? 𝑦? 𝑧 % ５｜壿

𝑎 " 𝑦 \ 𝑧? 𝑏 " 𝑧 \ 𝑥? 𝑐 " 𝑥 \ 𝑦;

养惤犍｜𝑥? 𝑦? 𝑧翪饦跔覞賹団注饘犍覞艘菹鈽褯覞谶菶;髡頩艘 𝐴鈽拐褯慏拄
覞谶菶蟳质｜邋譽 𝑥ｐ髡 𝐵鈽拐邋譽 𝑦ｐ髡 𝐶 鈽拐邋譽 𝑧;禡饦

𝑎 " 𝑦 \ 𝑧? 𝑏 " 𝑧 \ 𝑥? 𝑐 " 𝑥 \ 𝑦?

壿 𝑥? 𝑦? 𝑧 % ５緭遣續麀注页荼质毆晫嗲;鸼陞挴｜僢翆翪裱赋 𝑥? 𝑦? 𝑧怬麘靿谛茭注
页呅;稺禡注饘褯荼质毆銰肷浉譽稺禡注茭緭涰翪裱赋 𝑥? 𝑦? 𝑧褯荼质毆;
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起魿穻 荼质毆 １５８

𝐴 𝐵

𝐶

𝐼 𝑥 𝑦

𝑥

𝑧 𝑧

𝑦

忑 ９;９ Ｒаｖі浪籅褯养惤挴糫｜跔覞賹覞艘菹饘譽 𝑥? 𝑦? 𝑧

鮲戓 ９;９５ 趑 𝑎? 𝑏? 𝑐譽注页呅褯注饘;麀茡｜襮

𝑎０ \ 𝑏０ \ 𝑐０ } ０<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+

呪 衧 Ｒаｖі浪籅 𝑎 " 𝑦 \ 𝑧。𝑏 " 𝑧 \ 𝑥。𝑐 " 𝑥 \ 𝑦 <𝑥? 𝑦? 𝑧 % ５+;

𝑎０ \ 𝑏０ \ 𝑐０ " <𝑦 \ 𝑧+０ \ <𝑧 \ 𝑥+０ \ <𝑥 \ 𝑦+０

" ０<𝑥０ \ 𝑦０ \ 𝑧０+ \ ０<𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥+

𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎 " <𝑦 \ 𝑧+<𝑧 \ 𝑥+ \ <𝑧 \ 𝑥+<𝑥 \ 𝑦+ \ <𝑥 \ 𝑦+<𝑦 \ 𝑧+

" 𝑥０ \ 𝑦０ \ 𝑧０ \ １<𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥+

痔麀 𝑎０ \ 𝑏０ \ 𝑐０ } ０<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+浉譽

０<𝑥０ \ 𝑦０ \ 𝑧０+ \ ０<𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥+ } ０<𝑥０ \ 𝑦０ \ 𝑧０+ \ ８<𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥+?

踺 ５ } ６<𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥+;涰 𝑥? 𝑦? 𝑧 % ５｜纺饘更勇譽翪｜多盽晫嗲;
质镎栔団注页呅逛浉龩栦搬鈽隋｜薏龩 𝑥? 𝑦? 𝑧鐜庺舐谛茭譽 ５｜謕爍鈽翪裱赋

騊祟｜邔更勇荼质毆晫嗲;

涣 ９;０１
Ｒаｖі浪籅蜍注页呅埸茭养惤儙鍖｜畗踣矢哐晫 𝑥? 𝑦? 𝑧 % ５埸茭浪赋麠蚩;薏猡 АМ$ＧМ。谦巶。
Ѕсｈｕｒ质鎴郎怬栦団畻儙鍖褯翪裱赋犍緭涰召柤;
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１５４ ９;３１ 浪赋浪籅鯌薺

９;３１;０ 郓鰦浪籅
冚儙鍖譽 𝑎𝑏𝑐 " ３龩｜谛茭簳賣浪籅饦

𝑎 " 𝑥
𝑦 ? 𝑏 " 𝑦

𝑧 ? 𝑐 " 𝑧
𝑥 <𝑥? 𝑦? 𝑧 % ５+;

薏龩 𝑎𝑏𝑐 " ３緭遣晫嗲｜殳淝菹毆鼣掑毆鐜褯郓鰦婻檫寝慏慏菄滃;踺礶荼鰑毆媸
鈽 𝑥? 𝑦? 𝑧｜梹廒 ３

𝑎 " 𝑏𝑐埸鉢稺苢｜銰謕钆饦団帝郓鰦浪籅;

鮲戓 ９;９３ 趑 𝑎? 𝑏? 𝑐譽翪裱赋｜壿 𝑎𝑏𝑐 " ３;麀茡ｉ
３

𝑎１<𝑏 \ 𝑐+ \ ３
𝑏１<𝑐 \ 𝑎+ \ ３

𝑐１<𝑎 \ 𝑏+ ≥ １
０

呪 儙鍖 𝑎𝑏𝑐 " ３褯稺品衧賣饦蜍憵赋褡郓鰦质柗; ３
𝑎 " 𝑏𝑐。３

𝑏 " 𝑐𝑎。３
𝑐 " 𝑎𝑏;麘饙饘

靿賣谦巶荼质毆褯 Еｎｇеｌ呅毆;

∑
сус

３
𝑎１<𝑏 \ 𝑐+ " ∑

сус

３
𝑎０

𝑎<𝑏 \ 𝑐+ ≥ <∑ ３
𝑎 +０

∑ 𝑎<𝑏 \ 𝑐+ ;

菹頼∑ 𝑎<𝑏 \ 𝑐+ " ∑<𝑎𝑏 \ 𝑎𝑐+ " ０<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+;菹檫鐜∑ ３
𝑎 " ∑ 𝑏𝑐 " 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎

ｅ涰 ３
𝑎 " 𝑏𝑐Ｉ;猏 𝑝 " 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎｜鴸

∑
сус

３
𝑎１<𝑏 \ 𝑐+ ≥ 𝑝０

０𝑝 " 𝑝
０ ;

涰 АМ$ＧМ｜𝑝 " 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎 ≥ １ １√𝑎０𝑏０𝑐０ " １<𝑎𝑏𝑐+０`１ " １｜邔 𝑝
０ ≥ １

０ ;多盽晫嗲;
质镎晫嗲冚壿栔冚 𝑎 " 𝑏 " 𝑐ｅАМ$ＧМ质镎Ｉ壿 Еｎｇеｌ呅毆质镎麠蚩 𝑎<𝑏 \ 𝑐+

晫涿鮲禡 ３
𝑎 柗龩娠捺｜踺 𝑎 " 𝑏 " 𝑐 " ３;

涣 ９;０６
薏麀鈩席鰑毆媸鈽 𝑎 " 𝑥

𝑦 质呅毆｜帹 ３
𝑎 " 𝑏𝑐褯梹廒謕钆壎笋鹹郓鰦浪籅褯衧賣;钴猏 𝑎 " 𝑥

𝑦。
𝑏 " 𝑦

𝑧。𝑐 " 𝑧
𝑥｜鴸郓鰦儙鍖緭遣滃鶰｜菹毆鐜褯 𝑥? 𝑦? 𝑧寝放薆菄滃;団畟發鎥褯菹毆荼质毆鐜｜

鰑毆浪籅妛妛畟检梲;

鮲戓 ９;９０ 趑 𝑎? 𝑏? 𝑐譽翪裱赋｜壿 𝑎𝑏𝑐 " ３;麀茡ｉ

𝑎０ \ 𝑏０ \ 𝑐０ \ １ ≥ ０<𝑎 \ 𝑏 \ 𝑐+
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起魿穻 荼质毆 １５７

呪 涰 𝑎𝑏𝑐 " ３赍 АМ$ＧМ｜𝑎 \ 𝑏 \ 𝑐 ≥ １ １√𝑎𝑏𝑐 " １;痔麀质豎禡

𝑎０ \ 𝑏０ \ 𝑐０ − ０<𝑎 \ 𝑏 \ 𝑐+ \ １ ≥ ５?

踺 <𝑎 − ３+０ \ <𝑏 − ３+０ \ <𝑐 − ３+０ ≥ ５｜绵晫嗲;质镎冚壿栔冚 𝑎 " 𝑏 " 𝑐 " ３;
氐丷厈賣 𝑎𝑏𝑐 " ３猁黏质镎艘 𝑎 " 𝑏 " 𝑐 " ３栦掑;儙鍖 𝑎𝑏𝑐 " ３續麀鹹质镎褯

栦掑舾;

９;３１;１ 注页浪籅
冚詓薆娠捺 𝑥０ \ 𝑦０ " ３龩｜猏 𝑥 " соѕ 𝜃｜𝑦 " ѕіｎ 𝜃 <𝜃 ∈ ℝ+｜儙鍖緭遣娠捺｜壿栦

礊賣注页绵质毆;畟谛塷萋｜钴 𝑥? 𝑦? 𝑧 % ５壿 𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥 " ３｜栦猏

𝑥 " ｔаｎ
𝐴
０ ? 𝑦 " ｔаｎ

𝐵
０ ? 𝑧 " ｔаｎ

𝐶
０ ?

謩鐜𝐴? 𝐵? 𝐶譽脫注页呅褯跔页;鳍页翪覞劷毆續麀 𝑥𝑦\𝑦𝑧\𝑧𝑥 " ３冚𝐴\𝐵\𝐶 "
𝜋ｅ注页绵质毆団起湗勎起 ８穻鐜苢鳖鯕呪Ｉ;

鮲戓 ９;９１ 趑 𝑥? 𝑦譽裱赋｜壿 𝑥０ \ 𝑦０ " ３;鲥 𝑥 \ ０𝑦褯望放壇;

呪 猏 𝑥 " соѕ 𝜃｜𝑦 " ѕіｎ 𝜃;鴸

𝑥 \ ０𝑦 " соѕ 𝜃 \ ０ ѕіｎ 𝜃 "
√

９ < ３√
９ соѕ 𝜃 \ ０√

９ ѕіｎ 𝜃+ "
√

９ ѕіｎ<𝜃 \ 𝜙+?

謩鐜 соѕ𝜙 " ０√
９｜ѕіｎ𝜙 " ３√

９ ;望放壇譽
√

９｜冚 ѕіｎ<𝜃 \ 𝜙+ " ３龩缉襮;

晖栦賣谦巶荼质毆;<𝑥 \ ０𝑦+０ ≤ <３０ \ ００+<𝑥０ \ 𝑦０+ " ９｜望放壇√
９;注页浪籅竸

鈽鹹质镎艘褯急赋鼣白;

鮲戓 ９;９６ 趑 𝑥? 𝑦? 𝑧 % ５｜壿 𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥 " ３;麀茡ｉ

𝑥 \ 𝑦 \ 𝑧 ≥
√

１

呪 涰 𝑥０ \ 𝑦０ \ 𝑧０ ≥ 𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥｜襮

<𝑥 \ 𝑦 \ 𝑧+０ " 𝑥０ \ 𝑦０ \ 𝑧０ \ ０<𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥+ ≥ １<𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥+ " １?

邔 𝑥 \ 𝑦 \ 𝑧 ≥
√

１;质镎冚壿栔冚 𝑥 " 𝑦 " 𝑧 " ３√
１ ;

賣注页浪籅;猏 𝑥 " ｔаｎ 𝐴
０。𝑦 " ｔаｎ 𝐵

０。𝑧 " ｔаｎ 𝐶
０。𝐴 \ 𝐵 \ 𝐶 " 𝜋。𝐴? 𝐵? 𝐶 % ５;鴸

𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥 " ３緭遣晫嗲;侁澞浉譽

ｔаｎ
𝐴
０ \ ｔаｎ

𝐵
０ \ ｔаｎ

𝐶
０ ≥

√
１;
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１５２ ９;３６ 锵筆褡礊凟鯌薺

団 𝐴 " 𝐵 " 𝐶 " 𝜋
１ 龩｜ｔаｎ 𝜋

８ " ３√
１｜注幔塗譽

√
１｜质镎晫嗲;涰 ｔаｎ団 <５? 𝜋

０ +犍砲蛳｜
鶟娖荼质毆竸鈽

３
１ ∑ ｔаｎ

𝐴
０ ≥ ｔаｎ

𝐴 \ 𝐵 \ 𝐶
８ " ｔаｎ

𝜋
８ " ３√

１?

邔∑ ｔаｎ 𝐴
０ ≥

√
１;注页浪籅蜍浪赋儙鍖 𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥 " ３矢哐譽页夙儙鍖 𝐴 \ 𝐵 \

𝐶 " 𝜋｜髡藗栦礊賣注页儬赋褯蛳舾;

涣 ９;０９ <鏱薆浪籅+
麘俋湗慊暁戓鐜｜簳猏 𝑎 " 𝑚 \ 𝑡｜𝑏 " 𝑚 − 𝑡ｅ𝑚 " 𝑎\𝑏

０ 譽脺懞壇｜𝑡 " 𝑎−𝑏
０ 譽爆璁Ｉ;埸蜍慏茭

詓薆醹晫脺懞龟脺褡爆沢防夙｜礶禡菹快麘俋儬赋麘爆璁褯裤礊舾｜誀起９;３６凥;詓薆浪籅褯
畟淝些黾誀起９;６凥;

浪籅呤褯滰绝谶椅饦梹廒儙鍖褯多港｜烨慈搬緭遣娠捺玴儙鍖褯急赋浉;注
页呅賣覞谶菶｜郓鰦賣菹毆｜賹賣注页儬赋;

９;３６ 锵筆褡礊凟鯌薺
氐丷顅麘麘俋荼质毆褡谁籅荼质毆龩｜涣翆笋詓薆薼送栦碴逵籅藗鼣掑毆壇

續雀荼詓;婻薏栦碴雞趑詓薆謕燨放盆锵釮｜蜍畻筆褯浪赋塗詓譽駨筆;锵筆荼质
毆 <起９;８凥+饦埸谛鯌薺褯壎艘ｐ楷凥蜍钊浣狶笋覞涿苭篒荼质毆｜鈩趤紴褡饲麘
堩褯礊凟呤;

９;３６;３ 荼季趑筆褯元呤舾
遣歲饲窼｜氐丷綃菹乔慏耼麘俋舾;

• 畗踣麘俋;僢翆送籅詓薆｜鼣掑毆荼詓;鮲童 𝑎１ \ 𝑏１ \ 𝑐１褡 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎;薏龩
栦僢翆雞趑 𝑎 ≥ 𝑏 ≥ 𝑐;

• 谁籅麘俋;栔団傭郦送籅 <𝑎? 𝑏? 𝑐+ ↦ <𝑏? 𝑐? 𝑎+砲荼詓;鮲童 𝑎０𝑏 \ 𝑏０𝑐 \ 𝑐０𝑎;薏龩
浆翆雞趑 𝑎 ≥ 𝑏 ≥ 𝑐寝默詓鼣掑毆褯壇｜谁籅麘俋麘鸼筆锵釮谛塷竸鈽荼柗多
冧;起９;８凥褯起谛碚鮲戓翪婻童薏皼默賣 АМ$ＧМ;

猁黏元呤舾饲猡｜趑筆皼饦元呤褯箛浉謴柏;

９;３６;０ 覞涿苭篒荼质毆
锵筆荼质毆涿床褯饦柗筆塗褡鸼筆塗｜覞涿苭篒荼质毆竸鈽畟犑憹褯牝薆呅

毆｜踺慏茭柗萐裤礊筆釮褯脺懞郓鰦荼盆禡貯緭脺懞褯郓鰦;
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起魿穻 荼质毆 １３５

牝迹 ９;３４ <覞涿苭篒荼质毆+ 趑 𝑎３ ≤ 𝑎０ ≤ … ≤ 𝑎𝑛褡 𝑏３ ≤ 𝑏０ ≤ … ≤ 𝑏𝑛譽慏
噯柗筆裱赋;鴸

𝑎３𝑏３ \ 𝑎０𝑏０ \ ⋯ \ 𝑎𝑛𝑏𝑛
𝑛 ≥ <𝑎３ \ ⋯ \ 𝑎𝑛

𝑛 + <𝑏３ \ ⋯ \ 𝑏𝑛
𝑛 +

踺∑ 𝑎𝑖𝑏𝑖 ≥ ３
𝑛 <∑ 𝑎𝑖+<∑ 𝑏𝑖+;钴慏噯鸼筆 <𝑎３ ≤ … ≤ 𝑎𝑛｜𝑏３ ≥ … ≥ 𝑏𝑛+｜鴸荼质

镎鸼萐;质镎晫嗲冚壿栔冚 𝑎３ " ⋯ " 𝑎𝑛衉 𝑏３ " ⋯ " 𝑏𝑛;

麀茡 麘僢翆 𝑖? 𝑗 ∈ )３? … ? 𝑛(｜涰慏噯柗筆｜<𝑎𝑖 − 𝑎𝑗+褡 <𝑏𝑖 − 𝑏𝑗+柗镎｜衉庺舐谛茭
譽璩｜邔

<𝑎𝑖 − 𝑎𝑗+<𝑏𝑖 − 𝑏𝑗+ ≥ ５;

柤椛襮 𝑎𝑖𝑏𝑖 \ 𝑎𝑗𝑏𝑗 ≥ 𝑎𝑖𝑏𝑗 \ 𝑎𝑗𝑏𝑖;麘罛駨 𝑖? 𝑗鲥塗;

𝑛
∑
𝑖"３

𝑛
∑
𝑗"３

<𝑎𝑖𝑏𝑖 \ 𝑎𝑗𝑏𝑗+ ≥
𝑛

∑
𝑖"３

𝑛
∑
𝑗"３

<𝑎𝑖𝑏𝑗 \ 𝑎𝑗𝑏𝑖+;

饙饘｜麘 𝑗 鲥塗龩円茭 𝑎𝑖𝑏𝑖 鈽隋 𝑛 占｜麘 𝑖 鲥塗龩円茭 𝑎𝑗𝑏𝑗 鈽隋 𝑛 占｜邔饙饘
" ０𝑛 ∑ 𝑎𝑖𝑏𝑖;纺饘｜∑𝑖 ∑𝑗 𝑎𝑖𝑏𝑗 " <∑ 𝑎𝑖+<∑ 𝑏𝑗+｜柗迹∑𝑖 ∑𝑗 𝑎𝑗𝑏𝑖 " <∑ 𝑎𝑗+<∑ 𝑏𝑖+｜邔
纺饘 " ０<∑ 𝑎𝑖+<∑ 𝑏𝑖+;婻薏

０𝑛 ∑ 𝑎𝑖𝑏𝑖 ≥ ０<∑ 𝑎𝑖+<∑ 𝑏𝑖+?

踺∑ 𝑎𝑖𝑏𝑖 ≥ ３
𝑛 <∑ 𝑎𝑖+<∑ 𝑏𝑖+;质镎晫嗲冚壿栔冚麘罛駨 𝑖? 𝑗怬駨 <𝑎𝑖−𝑎𝑗+<𝑏𝑖−𝑏𝑗+ " ５｜

踺罛駨 𝑎𝑖蟳质衉罛駨 𝑏𝑖蟳质; □

涣 ９;０８
覞涿苭篒荼质毆麘锵筆荼质毆衧牝薆挻桽｜竸鈽柗筆塗褡脺懞郓鰦饲衟褯璁媌ｐ锵筆荼质毆鷭
癟柗筆塗望放;湗幔滰祒柗谛茭浪赋跔踳｜踺 <𝑎𝑖 − 𝑎𝑗+<𝑏𝑖 − 𝑏𝑗+ ≥ ５;

鮲戓 ９;９９ 趑 𝑎３ ≤ 𝑎０ ≤ … ≤ 𝑎𝑛譽裱赋｜𝑓 譽况鏱儬赋;鴸

３
𝑛

𝑛
∑
𝑖"３

𝑎𝑖𝑓<𝑎𝑖+ ≥ < ３
𝑛

𝑛
∑
𝑖"３

𝑎𝑖+ < ３
𝑛

𝑛
∑
𝑖"３

𝑓<𝑎𝑖++

呪 涰 𝑓 况鏱｜筆釮 <𝑓<𝑎３+? … ? 𝑓<𝑎𝑛++褡 <𝑎３? … ? 𝑎𝑛+柗筆;涰覞涿苭篒荼质毆踺襮;
埸饦覞涿苭篒望陳馲褯靿賣牠毆｜况鏱筆釮褡钊団况鏱儬赋砲褯抆｜郓鰦脺懞荼
盆禡貯緭脺懞褯郓鰦;
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１３３ ９;３６ 锵筆褡礊凟鯌薺

鮲戓 ９;９８ 趑 𝑎? 𝑏? 𝑐譽翪裱赋;麀茡｜襮

𝑎１ \ 𝑏１ \ 𝑐１ ≥ ３
１<𝑎 \ 𝑏 \ 𝑐+<𝑎０ \ 𝑏０ \ 𝑐０+

呪 荼质毆畗踣麘俋｜荼季趑 𝑎 ≥ 𝑏 ≥ 𝑐 % ５;鴸 𝑎０ ≥ 𝑏０ ≥ 𝑐０｜筆釮 <𝑎? 𝑏? 𝑐+ 褡
<𝑎０? 𝑏０? 𝑐０+柗筆;涰覞涿苭篒｜

𝑎 ⋅ 𝑎０ \ 𝑏 ⋅ 𝑏０ \ 𝑐 ⋅ 𝑐０

１ ≥ <𝑎 \ 𝑏 \ 𝑐
１ + <𝑎０ \ 𝑏０ \ 𝑐０

１ + ?

踺 𝑎１\𝑏１\𝑐１
１ ≥ <𝑎\𝑏\𝑐+<𝑎０\𝑏０\𝑐０+

２ ｜慏饘柗郓 １踺襮

𝑎１ \ 𝑏１ \ 𝑐１ ≥ ３
１<𝑎 \ 𝑏 \ 𝑐+<𝑎０ \ 𝑏０ \ 𝑐０+;

质镎冚壿栔冚 𝑎 " 𝑏 " 𝑐;

鮲戓 ９;９４ 趑 𝑎? 𝑏? 𝑐譽翪裱赋;麀茡｜襮
𝑎０

𝑏 \ 𝑏０

𝑐 \ 𝑐０

𝑎 ≥ 𝑎 \ 𝑏 \ 𝑐

呪 涰 АМ$ＧМ镛趣覼麘;

𝑎０

𝑏 \ 𝑏 ≥ ０𝑎? 𝑏０

𝑐 \ 𝑐 ≥ ０𝑏? 𝑐０

𝑎 \ 𝑎 ≥ ０𝑐;

注毆蟳挻;∑ 𝑎０
𝑏 \ <𝑎 \ 𝑏 \ 𝑐+ ≥ ０<𝑎 \ 𝑏 \ 𝑐+｜踺∑ 𝑎０

𝑏 ≥ 𝑎 \ 𝑏 \ 𝑐;质镎冚壿栔冚
𝑎 " 𝑏 " 𝑐;
薏麀賣镛趣 АМ$ＧМ;鎴郎褯烨慈靿幼棠禡多港｜覞涿苭篒魥元慏噯柗筆筆釮

褯郓鰦塗ｐ冚多港饦脺轘涿谶舾龩｜镛趣 АМ$ＧМ妛妛畟煟屴;

９;３６;１ 礊凟呤
礊凟呤褯鯌薺褡锵筆麘堩｜锵筆蜍詓薆燨放盆锵庬｜礊凟呤鄢遣默詓詓薆褯

壇｜埶钊丷瞲禡蟳质｜鈩麀茡円谛謴礊凟怬埶侁澞儬赋曌氐丷秗宂褯轘萐詓浉;

牝迹 ９;３７ <礊凟呤褯簽楷謹鉩+ 趑 𝑓<𝑥３? … ? 𝑥𝑛+ 譽麘俋儬赋｜団蔾容 )𝑥𝑖 ≥
５? ∑ 𝑥𝑖 " 𝑆(犍琱駜;钴麘僢翆 𝑥𝑖 ≠ 𝑥𝑗｜蜍钊丷慶籅譽 𝑥𝑖\𝑥𝑗

０ ? 𝑥𝑖\𝑥𝑗
０ ｅ衉畟谛

塷褯鎣脺詓籅Ｉ猡 𝑓 褯壇荼閆｜鴸 𝑓 団 𝑥３ " ⋯ " 𝑥𝑛 " 𝑆
𝑛 閯缉襮望放壇ｐ钴

慶籅猡 𝑓 褯壇荼鏱｜鴸団玴艘缉襮望盆壇;
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起魿穻 荼质毆 １３０

麀茡 団蔾容 )<𝑥３? … ? 𝑥𝑛+ ∶ 𝑥𝑖 ≥ ５? ∑ 𝑥𝑖 " 𝑆(犍｜琱駜儬赋 𝑓 缉笋嵀壇;趑嵀壇艘
譽 <𝑥∗

３? … ? 𝑥∗
𝑛+;钴脫慏茭菹薆 𝑥∗

𝑖 ≠ 𝑥∗
𝑗｜鴸鎣脺詓籅埶 𝑓 更勇詓浉｜褡嵀壇舾楂埑;

邔嵀壇艘閯罛駨菹薆蟳质; □

鮲戓 ９;９７ <АМ$ＧМ褯礊凟呤麀茡+ 麀茡ｉ麘翪裱赋 𝑎３? … ? 𝑎𝑛｜駨 𝑎３\⋯\𝑎𝑛
𝑛 ≥

𝑛
√𝑎３ … 𝑎𝑛｜质镎冚壿栔冚 𝑎３ " ⋯ " 𝑎𝑛;

呪 塗 𝑆 " 𝑎３ \ ⋯ \ 𝑎𝑛鬽牝龩｜鷭嬛麀鰦 𝑃 " 𝑎３ … 𝑎𝑛団 𝑎３ " ⋯ " 𝑎𝑛 " 𝑆
𝑛 龩望放;

趑脫慏茭詓薆 𝑎𝑖 ≠ 𝑎𝑗｜荼季 𝑎𝑖 } 𝑎𝑗;猏 𝑎′
𝑖 " 𝑎′

𝑗 " 𝑎𝑖\𝑎𝑗
０ ;鴸 𝑎′

𝑖 \ 𝑎′
𝑗 " 𝑎𝑖 \ 𝑎𝑗｜

塗續雀荼詓｜藗

𝑎′
𝑖𝑎′

𝑗 " <𝑎𝑖 \ 𝑎𝑗
０ +

０
≥ 𝑎𝑖𝑎𝑗

ｅ涰 <√𝑎𝑖 − √𝑎𝑗+０ ≥ ５Ｉ;质镎冚壿栔冚 𝑎𝑖 " 𝑎𝑗;邔鰦更勇鏱放;
鸼發闹荼蟳质褯詓薆麘鎣脺｜鰦裤礊况鏱;団蔾容 )𝑎𝑖 ≥ ５ ∶ ∑ 𝑎𝑖 " 𝑆(犍｜琱

駜儬赋 𝑃 缉笋望放壇ｐ钴望放壇艘駨脫慏茭詓薆荼质｜鴸栦鎣脺埶鰦更勇鏱放｜楂
埑;邔望放壇艘霔埶罛駨詓薆蟳质｜薏龩 𝑃 " < 𝑆

𝑛 +𝑛
;邔麘僢翆翪裱赋｜𝑃 ≤ < 𝑆

𝑛 +𝑛｜踺
АМ$ＧМ晫嗲;

鮲戓 ９;９２ 趑 𝑎? 𝑏? 𝑐譽翪裱赋｜壿 𝑎 \ 𝑏 \ 𝑐 " １;麀茡ｉ

𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎 ≤ １

呪 涰 <𝑎 \ 𝑏 \ 𝑐+０ " 𝑎０ \ 𝑏０ \ 𝑐０ \ ０<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+ " ２｜駨 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎 " ２−<𝑎０\𝑏０\𝑐０+
０ ;

涰 𝑎０ \ 𝑏０ \ 𝑐０ ≥ <𝑎\𝑏\𝑐+０

１ " １ｅＱМ$АМ衉谦巶Ｉ｜邔 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎 ≤ ２−１
０ " １;质镎冚

壿栔冚 𝑎 " 𝑏 " 𝑐 " ３;
賣礊凟呤;趑 𝑎 ≠ 𝑏｜猏 𝑎′ " 𝑏′ " 𝑎\𝑏

０ ｜𝑐′ " 𝑐;鴸 𝑎′ \ 𝑏′ \ 𝑐′ " １荼詓｜藗

𝑎′𝑏′ \ 𝑏′𝑐′ \ 𝑐′𝑎′ − <𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+ " <𝑎 \ 𝑏
０ +

０
\ 𝑐<𝑎 \ 𝑏+ − 𝑎𝑏 − 𝑐<𝑎 \ 𝑏+

" <𝑎 \ 𝑏+０

６ − 𝑎𝑏 " <𝑎 − 𝑏+０

６ ≥ ５;

邔鎣脺猡 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎荼閆;鸼發鎣脺庺 𝑎 " 𝑏 " 𝑐 " ３｜襮 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎 ≤ １;

涣 ９;０４ <礊凟呤褯更璹舾+
駨冫謴礊凟団詓薆缉駨迹赋龩栦碴犑猁笋掑蟳质艘ｐ麘谛塷裱赋｜嬛団蔾容｜童 𝑎𝑖 ≥ ５｜
∑ 𝑎𝑖 " 𝑆犍厈賣琱駜儬赋缉笋望壇｜棼麀茡望壇艘霔埶罛駨詓薆蟳质ｅ嚙鴸栦矾駜礊凟埶侁
澞畟傓｜楂埑Ｉ;埸谛謴嵌钉嵀壇褯韓団舾｜謩更勇簽敛誀菹快懌謴;起９;３０凥褯Мｕіｒｈеаｄ牝迹
鐜｜鎣脺衧賣禡暞赋ｐ礊凟呤衧賣禡詓薆楷楒;
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１３１ ９;３９ 蛳舾鯌薺

锵筆団雞趑鐜趑筆｜礊凟団陞防鐜鎣脺｜慏幔怬椈麘俋舾煟屴捂紴麀茡;

９;３９ 蛳舾鯌薺

涣 ９;０７
楷凥蛳舾鯌薺鐜褯湗择嶇赋襏牝。Јеｎѕеｎ靿賣褡 Ｙоｕｎｇ荼质毆｜嵌钉起１穻褯貘蛳牝踨褡起遂
勎起 ３８穻; 鶟娖煟斨褡懞壇甘鮲饦紴癪ｐ謩睸舾蛣団薏簽敛犍柤椛;

氐丷窼顅貯凥褯鎴郎｜椑劈。港亻。浪籅。锵筆｜放淝団浪赋亥顅眫衧;蛳舾鯌
薺籅谛茭咹页｜髡儬赋忑龠褯籦樕轘萐伲痔荼质毆;钴谛茭儬赋砲蛳｜童 𝑦 " 𝑥０衉
𝑦 " 𝑒𝑥｜琱屴忑龠犍僢翆慏艘褯鮙霔薼禡樕谶褯犍轘;蜍埸谛养惤梲裱矢哐晫浪赋
仜君｜銰饦鶟娖荼质毆;
起１;８凥 謕钆觲褼陞鶟娖荼质毆褯畗凟皃蟋褡麀茡;楷凥蜍钊椑団荼质毆鯌

薺褯嗨诧鐜｜柤白钊童惤衧譽懞壇荼质毆质钆陳多冧褯頼喚｜童惤褡覞谶呤
<起９;３５凥+逵譽鼣璗｜碴赍钊褯饘戗団续璗;

蛳舾。鶟娖褡覞谶麘聾

９;３９;３ 鶟娖荼质毆

牝迹 ９;３２ <鶟娖荼质毆｜伱獑+ 趑 𝑓 譽鑽衟 𝐼 犍褯砲蛳儬赋; 鴸麘僢翆
𝑥３? … ? 𝑥𝑛 ∈ 𝐼 褡膱吖饊稼 𝜆𝑖 <∑ 𝜆𝑖 " ３+｜

𝑓 <
𝑛

∑
𝑖"３

𝜆𝑖𝑥𝑖+ ≤
𝑛

∑
𝑖"３

𝜆𝑖𝑓<𝑥𝑖+

钴 𝑓 犍蛳｜荼质镎鸼萐;麘更勇貘蛳儬赋｜质镎晫嗲冚壿栔冚罛駨翪饊稼麘
靿褯 𝑥𝑖蟳质;

麀茡 麀茡誀牝迹 １;３５; □

缉质饊稼 𝜆𝑖 " ３
𝑛｜襮奮穦脺懞呅毆;

𝑓 <𝑥３ \ ⋯ \ 𝑥𝑛
𝑛 + ≤ 𝑓<𝑥３+ \ ⋯ \ 𝑓<𝑥𝑛+

𝑛 ?

踺脺懞褯儬赋壇荼嗔陞儬赋壇褯脺懞ｅ砲蛳研呅Ｉ;

鮲戓 ９;８５ <涰鶟娖嶇鈽 АМ$ＧМ+ 麘翪赋 𝑥３? … ? 𝑥𝑛｜ 麀茡 𝑥３\⋯\𝑥𝑛
𝑛 ≥

𝑛
√𝑥３ … 𝑥𝑛;
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起魿穻 荼质毆 １３６

呪 缉 𝑓<𝑥+ " ｌｎ𝑥｜牝踨蟖 <５? \∞+;𝑓″<𝑥+ " − ３
𝑥０ } ５｜𝑓 更勇犍蛳;涰犍蛳褯鶟娖荼

质毆｜
ｌｎ𝑥３ \ ⋯ \ ｌｎ𝑥𝑛

𝑛 ≤ ｌｎ<𝑥３ \ ⋯ \ 𝑥𝑛
𝑛 + ;

饙饘 " ｌｎ 𝑛
√𝑥３ … 𝑥𝑛;涰 ｌｎ更勇况鏱｜襮 𝑛

√𝑥３ … 𝑥𝑛 ≤ 𝑥３\⋯\𝑥𝑛
𝑛 ;

鮲戓 ９;８３ <报脺懞荼质毆褯躆呅+ 趑 𝑎３? … ? 𝑎𝑛 % ５｜𝑝 % ３;麀茡ｉ

<𝑎𝑝
３ \ ⋯ \ 𝑎𝑝

𝑛
𝑛 +

３`𝑝
≥ 𝑎３ \ ⋯ \ 𝑎𝑛

𝑛

呪 缉 𝑓<𝑥+ " 𝑥𝑝 <𝑥 % ５+;𝑝 % ３。𝑓″<𝑥+ " 𝑝<𝑝 − ３+𝑥𝑝−０ % ５。𝑓 砲蛳;涰鶟娖｜

<𝑎３ \ ⋯ \ 𝑎𝑛
𝑛 +

𝑝
≤ 𝑎𝑝

３ \ ⋯ \ 𝑎𝑝
𝑛

𝑛 ;

慏饘椛 𝑝占轘ｅ翪赋｜轘萐荼詓Ｉ踺襮;质镎冚壿栔冚 𝑎３ " ⋯ " 𝑎𝑛;
埸饦报脺懞荼质毆𝑀𝑝 ≥ 𝑀３ <𝑝 % ３+褯甘鮲;畟谛塷萋｜麘 𝑝 % 𝑞｜駨𝑀𝑝 ≥ 𝑀𝑞｜

麀茡栦绝陞麘 𝑡 ↦ 𝑡𝑝`𝑞褯蛳舾褡鶟娖畗晫;

鮲戓 ９;８０ <Ｙоｕｎｇ荼质毆+ 趑 𝑎? 𝑏 % ５｜𝑝? 𝑞 % ３壿 ３
𝑝 \ ３

𝑞 " ３;麀茡ｉ

𝑎𝑏 ≤ 𝑎𝑝

𝑝 \ 𝑏𝑞

𝑞

呪 缉 𝑓<𝑥+ " 𝑒𝑥｜砲蛳;猏 𝑥３ " ｌｎ<𝑎𝑝+｜𝑥０ " ｌｎ<𝑏𝑞+｜饊稼 𝜆３ " ３
𝑝｜𝜆０ " ３

𝑞 ;涰鶟娖｜

ехр<３
𝑝 ｌｎ<𝑎𝑝+ \ ３

𝑞 ｌｎ<𝑏𝑞++ ≤ ３
𝑝𝑒ｌｎ<𝑎𝑝+ \ ３

𝑞 𝑒ｌｎ<𝑏𝑞+;

饙饘 " ехр<ｌｎ 𝑎 \ ｌｎ 𝑏+ " 𝑎𝑏｜纺饘 " 𝑎𝑝
𝑝 \ 𝑏𝑞

𝑞 ;质镎冚壿栔冚 𝑎𝑝 " 𝑏𝑞;

９;３９;０ 饊稼烨慈褯皽穦
鶟娖荼质毆褯饊稼 𝜆𝑖栦燨暁戓嬛楀緭涰烨缉｜葋冚烨慈饊稼栦蜍儙鍖麠蚩煟

屴證鯀捂荼质毆;

鮲戓 ９;８１ 趑 𝑎? 𝑏? 𝑐 % ５｜壿 𝑎 \ 𝑏 \ 𝑐 " ３;麀茡ｉ

𝑎 ｌｎ 𝑎 \ 𝑏 ｌｎ 𝑏 \ 𝑐 ｌｎ 𝑐 ≥ − ｌｎ １

侴塡稺涣[睸喬赋萅萅糄｜駨闁阈褯颌誢碰拐葄晦雀谛砲萅萅糄
МЈ$ＤＲАＦТ$ＲЕＶІЕＷ(c) 2026 Yu Mingshu / Project Akari / Zhongxue Shuxue Zhilv / rikka.moe/books / me@rikka.moe



１３９ ９;３９ 蛳舾鯌薺

呪 缉 𝑓<𝑥+ " 𝑥 ｌｎ𝑥 <𝑥 % ５+;𝑓″<𝑥+ " ３
𝑥 % ５｜𝑓 砲蛳;涰鶟娖ｅ质饊稼Ｉ｜

𝑓 <𝑎 \ 𝑏 \ 𝑐
１ + ≤ 𝑓<𝑎+ \ 𝑓<𝑏+ \ 𝑓<𝑐+

１ ;

踺 ３
１ ｌｎ

３
１ ≤ ３

１ <𝑎 ｌｎ 𝑎 \ 𝑏 ｌｎ 𝑏 \ 𝑐 ｌｎ 𝑐+｜邔 𝑎 ｌｎ 𝑎 \ 𝑏 ｌｎ 𝑏 \ 𝑐 ｌｎ 𝑐 ≥ ｌｎ ３
１ " − ｌｎ １;质镎冚

壿栔冚 𝑎 " 𝑏 " 𝑐 " ３
１ ;

埸饦锠约盽鐜黄褯犍戗∑ 𝑎𝑖 ｌｎ 𝑎𝑖 ≥ − ｌｎ𝑛ｅ団∑ 𝑎𝑖 " ３龩Ｉ褯注慊甘鮲;

９;３９;１ 褡覞谶呤褯麘聾
覞谶呤 <起９;３５凥+褡鶟娖荼质毆舿苢蔾璹｜麘砲蛳儬赋樕谶绵団覞谶犍轘｜踺

𝑓<𝑥+ ≥ 𝑓<𝑥５+ \ 𝑓 ′<𝑥５+<𝑥 − 𝑥５+;

埸翪饦覞谶呤褯镛趣荼质毆;麘 𝑛 茭艘鲥塗鈩厈賣 ∑ 𝑥𝑖 " 𝑛𝑥５｜襮 ∑ 𝑓<𝑥𝑖+ ≥
𝑛𝑓<𝑥５+｜埸褡鶟娖団质饊稼。质镎艘譽脺懞壇龩褯多盽谛摟;
湗幔褯菹鎴童砲;

• 鶟娖;嬛儬赋団凟茭鑽衟犍貘蛳舾谛摟｜谛占竸鈽踣镛多盽ｐ饊稼鲄嘢｜魥元
脺懞壇儙鍖;

• 覞谶呤;鷭嬛団缉壇騊祟跔衧璁牝镎ｐ魥元貘蛳舾默詓帹锼駨晦炐谶褯研呅
ｅ起９;３５凥插鮲Ｉ;

鮲戓 ９;８６ <柗谛暁戓褯慏耼咹页+ 趑 𝑎? 𝑏? 𝑐 % ５｜壿 𝑎 \ 𝑏 \ 𝑐 " １;麀茡ｉ

𝑎０ \ 𝑏０ \ 𝑐０ ≥ １

呪 髡鶟娖咹页伲｜缉 𝑓<𝑥+ " 𝑥０｜砲蛳 <𝑓″ " ０ % ５+｜涰鶟娖荼质毆襮

<𝑎 \ 𝑏 \ 𝑐
１ +

０
≤ 𝑎０ \ 𝑏０ \ 𝑐０

１ ?

踺 ３ ≤ 𝑎０\𝑏０\𝑐０
１ ｜邔 𝑎０ \ 𝑏０ \ 𝑐０ ≥ １;

髡覞谶呤咹页伲｜质镎艘 𝑥５ " ３。𝑓<３+ " ３。𝑓 ′<𝑥+ " ０𝑥。𝑓 ′<３+ " ０｜覞谶
ℓ<𝑥+ " ３ \ ０<𝑥 − ３+ " ０𝑥 − ３;衧璁襮 𝑥０ − <０𝑥 − ３+ " <𝑥 − ３+０ ≥ ５｜鲥塗踺襮
∑ 𝑎０ ≥ ∑<０𝑎 − ３+ " ０ ⋅ １ − １ " １;
鶟娖谛謴笋薼ｐ覞谶呤柤白鹹镛趣谶舾蘋跠挻鲥塗滃慊褯晽鳩;

９;３９;６ 貘蛳舾默詓龩
钴儬赋団鑽衟跔默詓貘蛳舾ｅ鈽隋砫艘Ｉ｜鶟娖荼质毆楀鲥凟茭鑽衟犍貘蛳谛

摟｜薏閯窼夫荼捺;薏龩覞谶呤。菹拄捣盽衉礊凟呤妛妛畟駨侃;
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起魿穻 荼质毆 １３８

鮲戓 ９;８９ 趑 𝑎? 𝑏? 𝑐 ∈ <５? ３+｜壿 𝑎 \ 𝑏 \ 𝑐 " ３;麀茡ｉ
３

３ \ 𝑎０ \ ３
３ \ 𝑏０ \ ３

３ \ 𝑐０ ≤ ０４
３５

呪 薏戓謕団 起９;３５凥 鐜賣覞谶呤麀茡;儬赋 𝑓<𝑥+ " ３
３\𝑥０ 褯湗择嶇赋 𝑓″<𝑥+ "

８𝑥０−０
<３\𝑥０+１ 団 𝑥 " ３√

１ 閯詓镎;団 <５? ３√
１ +犍犍蛳｜団 < ３√

１ ? ３+犍砲蛳;缉壇騊祟 <５? ３+颣
爍砫艘｜鶟娖楀鲥凟茭鑽衟犍貘蛳谛摟｜薏閯窼夫荼捺;覞谶呤団 𝑥５ " ３

１ 閯衧晦炐
谶｜衧璁猡菹檫菹呪鈽 <１𝑥 − ３+０<６ − １𝑥+｜団 <５? ３+犍牝镎｜岽厈畗晫麀茡;
晦炐谶褯韓団鷭楀鲥衧璁団缉壇騊祟跔牝镎;

涣 ９;０２ <鴊耼鯌薺褯麘靿稺苢+
• 椑劈 <起９;２凥+;港亻鐜衟薆｜續雀轘萐｜蜍朠犑夙ｐ
• 镛趣浉 <起９;３５凥+;浉凟喚譽镛趣｜覞谶呤饦望轢鴤褯呅毆ｐ
• 港亻 <起９;３３凥+;趤紴岋麘龠｜椈浪赋稺苢鰑隋ｐ
• 芫占浉褡魯騊浉 <起９;３０凥+;占赋菹快｜Ѕсｈｕｒ褡Мｕіｒｈеаｄ;
• 浪赋浪籅 <起９;３１凥+;浉儙鍖譽緭涰｜Ｒаｖі。郓鰦。注页ｐ
• 锵筆褡礊凟 <起９;３６凥+;趑筆褡鎣脺｜覞涿苭篒褡礊凟呤ｐ
• 蛳舾ｅ楷凥Ｉ;髡籦樕轘萐伲荼质毆｜鶟娖譽頼喚｜褡覞谶呤逵譽鼣璗;

９;３８ 捂择荼质毆
起９;９凥竸鈽鹹谦巶荼质毆褡踄栦篒囦簽荼质毆 𝑝 " ０褯研呅;楷凥蜍钊丷浣

狶笋谛塷褯 𝑝占报｜鈩趤紴报脺懞荼质毆褡栗紴荼质毆;

９;３８;３ 朒鋿騎荼质毆

牝迹 ９;０５ <朒鋿騎荼质毆+ 趑 𝑥𝑖 % ５｜𝑦𝑖 % ５ｅ𝑖 " ３? ０? … ? 𝑛Ｉ｜𝑝 % ３壿 ３
𝑝 \ ３

𝑞 " ３｜
鴸

𝑛
∑
𝑖"３

𝑥𝑖𝑦𝑖 ≤ <
𝑛

∑
𝑖"３

𝑥𝑝
𝑖 +

３
𝑝

<
𝑛

∑
𝑖"３

𝑦𝑞
𝑖 +

３
𝑞

<９$３+

质镎冚壿栔冚 𝑥𝑝
𝑖 褡 𝑦𝑞

𝑖 晫涿鮲龩晫嗲;冚 ５ } 𝑝 } ３龩荼质毆鸼萐;

麀茡 綃麀 Ｙоｕｎｇ荼质毆ｉ麘 𝑎? 𝑏 % ５｜𝑝 % ３｜３
𝑝 \ ３

𝑞 " ３｜駨

𝑎𝑏 ≤ 𝑎𝑝

𝑝 \ 𝑏𝑞

𝑞 <９$０+
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１３４ ９;３８ 捂择荼质毆

埸涰 𝑓<𝑡+ " 𝑡𝑝
𝑝 \ ３

𝑞 − 𝑡３`𝑝 団 𝑡 % ５犍褯望盆壇竸鈽｜衉涰蛳儬赋 𝑒𝑥 褯覞谶荼质毆
竸鈽;
趑 𝐴 " <∑ 𝑥𝑝

𝑖 +３`𝑝｜𝐵 " <∑ 𝑦𝑞
𝑖 +３`𝑞;钴 𝐴 " ５ 衉 𝐵 " ５ 鴸多盽脺圠;嚙鴸猏

𝑎𝑖 " 𝑥𝑖
𝐴｜𝑏𝑖 " 𝑦𝑖

𝐵｜鴸∑ 𝑎𝑝
𝑖 " ∑ 𝑏𝑞

𝑖 " ３;麘円茭 𝑖靿賣 Ｙоｕｎｇ荼质毆ｉ

𝑎𝑖𝑏𝑖 ≤ 𝑎𝑝
𝑖

𝑝 \ 𝑏𝑞
𝑖
𝑞

麘 𝑖鲥塗ｉ∑ 𝑎𝑖𝑏𝑖 ≤ ３
𝑝 ∑ 𝑎𝑝

𝑖 \ ３
𝑞 ∑ 𝑏𝑞

𝑖 " ３
𝑝 \ ３

𝑞 " ３;剓邖踺襮 <９$３+; □

缉 𝑝 " 𝑞 " ０｜朒鋿騎荼质毆逛浉譽谦巶荼质毆;朒鋿騎荼质毆饦谦巶荼质毆
団谛塷 𝐿𝑝碽衟鐜褯浣狶;

９;３８;０ 踄栦篒囦簽荼质毆

牝迹 ９;０３ <踄栦篒囦簽荼质毆+ 趑 𝑥𝑖 % ５｜𝑦𝑖 % ５ｅ𝑖 " ３? ０? … ? 𝑛Ｉ｜𝑝 % ３｜鴸

<
𝑛

∑
𝑖"３

<𝑥𝑖 \ 𝑦𝑖+𝑝+
３
𝑝

≤ <
𝑛

∑
𝑖"３

𝑥𝑝
𝑖 +

３
𝑝

\ <
𝑛

∑
𝑖"３

𝑦𝑝
𝑖 +

３
𝑝

<９$１+

质镎冚壿栔冚 𝑥𝑖褡 𝑦𝑖晫涿鮲龩晫嗲;冚 ５ } 𝑝 } ３龩荼质毆鸼萐;

麀茡 柤椛 <𝑥𝑖 \ 𝑦𝑖+𝑝 " <𝑥𝑖 \ 𝑦𝑖+𝑝−３ ⋅ <𝑥𝑖 \ 𝑦𝑖+｜鲥塗ｉ

∑<𝑥𝑖 \ 𝑦𝑖+𝑝 " ∑ 𝑥𝑖<𝑥𝑖 \ 𝑦𝑖+𝑝−３ \ ∑ 𝑦𝑖<𝑥𝑖 \ 𝑦𝑖+𝑝−３

麘纺紦慏團菹廒靿賣朒鋿騎荼质毆ｅ缉 ３
𝑝 \ ３

𝑞 " ３｜𝑞 " 𝑝
𝑝−３Ｉｉ

∑ 𝑥𝑖<𝑥𝑖 \ 𝑦𝑖+𝑝−３ ≤ <∑ 𝑥𝑝
𝑖 +

３
𝑝 <∑<𝑥𝑖 \ 𝑦𝑖+𝑝+

３
𝑞

柗迹閯迹起湗團;慏毆蟳挻猡慏饘炏碴 <∑<𝑥𝑖 \ 𝑦𝑖+𝑝+３`𝑞｜厈賣 ３− ３
𝑞 " ３

𝑝 踺襮 <９$１+;
□

缉 𝑝 " ０｜踄栦篒囦簽荼质毆竸鈽√∑<𝑥𝑖 \ 𝑦𝑖+０ ≤ √∑ 𝑥０
𝑖 \ √∑ 𝑦０

𝑖｜踺 𝐿０注
页荼质毆;养惤犍｜𝑛 " ０研呅翪饦注页呅慏饘饲塗放禡起注饘褯钫澞鼣掑;
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起魿穻 荼质毆 １３７

９;３８;１ 报脺懞壇荼质毆

牝迹 ９;００ <报脺懞壇荼质毆+ 麘 𝑛茭翪裱赋 𝑥３? … ? 𝑥𝑛塗饊壇 𝛼𝑖 ≥ ５ｅ∑ 𝛼𝑖 "
３Ｉ｜牝踨 𝑝占报脺懞

𝑀𝑝 " <
𝑛

∑
𝑖"３

𝛼𝑖𝑥𝑝
𝑖 +

３
𝑝

钴 ５ } 𝑝 } 𝑞｜鴸𝑀𝑝 ≤ 𝑀𝑞｜质镎冚壿栔冚 𝑥３ " ⋯ " 𝑥𝑛龩晫嗲;

麀茡 趑 𝑟 " 𝑞
𝑝 % ３;麘∑ 𝛼𝑖𝑥𝑝

𝑖 靿賣 Јеｎѕеｎ荼质毆ｅ𝑡 ↦ 𝑡𝑟団 𝑡 % ５犍譽砲蛳儬赋Ｉｉ

<
𝑛

∑
𝑖"３

𝛼𝑖𝑥𝑝
𝑖 +

𝑟

≤
𝑛

∑
𝑖"３

𝛼𝑖<𝑥𝑝
𝑖 +𝑟 "

𝑛
∑
𝑖"３

𝛼𝑖𝑥𝑞
𝑖

慏饘缉 ３
𝑞 占报踺襮𝑀𝑝 ≤ 𝑀𝑞; □

缉 𝑝 " ３｜𝑞 " ０ 襮奮穦脺懞荼嗔陞脺轘脺懞;缉 𝑝 → ５ 褯嵀冫襮养惤脺懞
𝑀５ " ∏ 𝑥𝛼𝑖

𝑖 ｜禡饦𝑀５ ≤ 𝑀𝑝麘谛覞 𝑝 % ５晫嗲｜埸翪饦挻饊懞壇荼质毆;

９;３８;６ 栗紴荼质毆

牝迹 ９;０１ <栗紴荼质毆+ 団△𝐴𝐵𝐶 鐜｜麘僢翆裱赋 𝑥。𝑦。𝑧｜駨

𝑥０ \ 𝑦０ \ 𝑧０ ≥ ０𝑦𝑧 соѕ𝐴 \ ０𝑧𝑥 соѕ𝐵 \ ０𝑥𝑦 соѕ𝐶 <９$６+

质镎冚壿栔冚 𝑥 ∶ 𝑦 ∶ 𝑧 " ѕіｎ𝐴 ∶ ѕіｎ𝐵 ∶ ѕіｎ𝐶 龩晫嗲;

麀茡 港亻萐薆 𝑢⃗ " <𝑥? 𝑦? 𝑧+｜鈩厈賣湗占馲膱吖舾;闹 <９$６+褯纺紦跢笋饙紦ｉ

𝑥０ \ 𝑦０ \ 𝑧０ − ０𝑦𝑧 соѕ𝐴 − ０𝑧𝑥 соѕ𝐵 − ０𝑥𝑦 соѕ𝐶 ≥ ５

埸饦稺禡 𝑥。𝑦。𝑧褯湗占馲;涰 𝐴 \ 𝐵 \ 𝐶 " 𝜋｜玴湗占馲褯苢赋晈嵄褯北釮毆譽璩
ｅ婻譽 <ѕіｎ𝐴? ѕіｎ𝐵? ѕіｎ𝐶+饦踳鐜褯萐薆Ｉ｜壿謩鄢檫毆膱吖｜邔鳍翪牝｜荼质毆晫嗲;

质镎麠蚩ｉ湗占馲褯踳涰 ѕіｎ𝐴 ∶ ѕіｎ𝐵 ∶ ѕіｎ𝐶 竸鈽｜埸翪饦缉质麠蚩; □

鮲戓 ９;８８ <栗紴荼质毆褡谦巶荼质毆褯舿苢+ 団 <９$６+鐜缉 𝐴 " 𝐵 " 𝐶 " 𝜋
１

ｅ翪注页呅Ｉ｜襮
𝑥０ \ 𝑦０ \ 𝑧０ ≥ 𝑦𝑧 \ 𝑧𝑥 \ 𝑥𝑦
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１３２ ９;３４ 覞涿苭篒褡 Ѕсｈｕｒ荼质毆

埸质豎禡 <𝑥−𝑦+０\<𝑦−𝑧+０\<𝑧−𝑥+０ ≥ ５｜饦绵质毆 <𝑥\𝑦\𝑧+０ ≥ １<𝑥𝑦\𝑦𝑧\𝑧𝑥+
褯质豎呅毆;

鮲戓 ９;８４ <賣栗紴荼质毆麀茡注页呅荼质毆+ 団△𝐴𝐵𝐶鐜麀茡 𝑎０\𝑏０\𝑐０ ≥
６
√

１ 𝑆ｅＷеіｔｚеｎｂþсｋ荼质毆Ｉ;

呪 団栗紴荼质毆 <９$６+鐜缉 𝑥 " 𝑎｜𝑦 " 𝑏｜𝑧 " 𝑐ｉ

𝑎０ \ 𝑏０ \ 𝑐０ ≥ ０𝑏𝑐 соѕ𝐴 \ ０𝑐𝑎 соѕ𝐵 \ ０𝑎𝑏 соѕ𝐶

涰睸鮙牝迹 ０𝑏𝑐 соѕ𝐴 " 𝑏０ \ 𝑐０ − 𝑎０质｜浪紴猡纺饘" 𝑎０ \ 𝑏０ \ 𝑐０ − <𝑎０ \ 𝑏０ \ 𝑐０+ \
<𝑎０ \ 𝑏０ \ 𝑐０+ " 𝑎０ \ 𝑏０ \ 𝑐０｜埸竸鈽绵质毆;默缉 𝑥 " 𝑦 " 𝑧 " ３ｉ

１ ≥ ０<соѕ𝐴 \ соѕ𝐵 \ соѕ𝐶+

踺 соѕ𝐴 \ соѕ𝐵 \ соѕ𝐶 ≤ １
０ ;棼多元 𝑆 " ３

０ 𝑎𝑏 ѕіｎ𝐶褡翪鮙牝迹｜栦浣鈽Ｗеіｔｚеｎｂþсｋ
荼质毆 𝑎０ \ 𝑏０ \ 𝑐０ ≥ ６

√
１ 𝑆;

９;３４ 覞涿苭篒褡 Ѕсｈｕｒ荼质毆
起９;３６凥竸鈽鹹覞涿苭篒荼质毆褯裤閾呅毆鈩賣覼麘鲥塗麀茡｜起９;３０凥趤

紴鹹 Ѕсｈｕｒ荼质毆 𝑟 ≥ ５褯呅毆;楷凥竸鈽覞涿苭篒荼质毆褯颗閾畗凟呅毆｜钊煟
屴髡锵筆荼质毆 <起９;８凥+浣鈽ｐ棼蜍 Ѕсｈｕｒ荼质毆媸晫谛塷急赋 𝑡 % ５褯呅毆｜餽
嗲 𝑡 " ３龩褡注页呅荼质毆褯舿苢;

９;３４;３ 覞涿苭篒荼质毆褯颗閾呅毆

牝迹 ９;０６ <覞涿苭篒荼质毆+ 趑 𝑎３ ≥ 𝑎０ ≥ ⋯ ≥ 𝑎𝑛褡 𝑏３ ≥ 𝑏０ ≥ ⋯ ≥ 𝑏𝑛譽慏
噯柗筆裱赋｜鴸

𝑛
𝑛

∑
𝑖"３

𝑎𝑖𝑏𝑖 ≥ <
𝑛

∑
𝑖"３

𝑎𝑖+<
𝑛

∑
𝑖"３

𝑏𝑖+ ≥ 𝑛
𝑛

∑
𝑖"３

𝑎𝑖𝑏𝑛\３−𝑖 <９$９+

质镎晫嗲冚壿栔冚 𝑎３ " ⋯ " 𝑎𝑛衉 𝑏３ " ⋯ " 𝑏𝑛;

起９;３６凥麀茡鹹纺鳍荼质毆∑ 𝑎𝑖𝑏𝑖 ≥ ３
𝑛 <∑ 𝑎𝑖+<∑ 𝑏𝑖+;埸璗賣锵筆荼质毆竸鈽

颗閾褯鳖谛麀茡;
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起魿穻 荼质毆 １０５

麀茡 匊子 𝑏３? 𝑏０? … ? 𝑏𝑛褯 𝑛茭傭郦跢薼;麘 𝑘 " ５? ３? … ? 𝑛 − ３｜邋

𝑆𝑘 "
𝑛

∑
𝑖"３

𝑎𝑖𝑏𝑖\𝑘?

謩鐜砲澞 𝑖 \ 𝑘牠 𝑛缉壇｜踺 𝑏𝑛\𝑗 " 𝑏𝑗;𝑆５ " ∑ 𝑎𝑖𝑏𝑖 饦柗筆塗｜𝑆３? … ? 𝑆𝑛−３ 饦称筆
塗;涰锵筆荼质毆｜𝑆𝑘 ≤ 𝑆５麘谛覞 𝑘晫嗲;闹埸 𝑛茭荼质毆蟳挻ｉ

𝑛−３
∑
𝑘"５

𝑆𝑘 ≤ 𝑛 𝑆５ " 𝑛
𝑛

∑
𝑖"３

𝑎𝑖𝑏𝑖;

饙紦麘円茭鬽牝褯 𝑖｜𝑏𝑖\𝑘ｅ𝑘 " ５? … ? 𝑛 − ３Ｉ缉嚼 𝑏３? … ? 𝑏𝑛貯谛占｜邔
𝑛−３
∑
𝑘"５

𝑆𝑘 "
𝑛

∑
𝑖"３

𝑎𝑖
𝑛−３
∑
𝑘"５

𝑏𝑖\𝑘 " <
𝑛

∑
𝑖"３

𝑎𝑖+<
𝑛

∑
𝑗"３

𝑏𝑗+ ;

纺鳍荼质毆襮麀;
饙鳍荼质毆ｉ闹筆釮 <𝑏３? … ? 𝑏𝑛+慶籅譽 <−𝑏𝑛? −𝑏𝑛−３? … ? −𝑏３+｜钊褡 <𝑎３? … ? 𝑎𝑛+

柗筆;麘埸慏噯赋靿賣僝麀褯纺鳍荼质毆ｉ

𝑛
𝑛

∑
𝑖"３

𝑎𝑖<−𝑏𝑛\３−𝑖+ ≥ <∑ 𝑎𝑖+<∑<−𝑏𝑛\３−𝑖++ " − <∑ 𝑎𝑖+<∑ 𝑏𝑖+ ?

踺 −𝑛 ∑ 𝑎𝑖𝑏𝑛\３−𝑖 ≥ −<∑ 𝑎𝑖+<∑ 𝑏𝑖+｜慏饘郓 −３襮饙鳍荼质毆;
质镎麠蚩ｉ纺鳍质镎楀鲥罛駨 𝑆𝑘 " 𝑆５｜踺円茭傭郦跢薼怬掑笋柗筆塗;涰锵

筆荼质毆褯质镎麠蚩｜埸楀鲥 𝑎３ " ⋯ " 𝑎𝑛衉 𝑏３ " ⋯ " 𝑏𝑛; □

涣 ９;１５ <Аｂеｌ鲥塗麀呤+
覞涿苭篒荼质毆晖栦賣 Аｂеｌ菹趣鲥塗麀茡;邋 𝑎̄ " ３

𝑛 ∑ 𝑎𝑖｜̄𝑏 " ３
𝑛 ∑ 𝑏𝑖｜鴸

𝑛
∑
𝑖"３

𝑎𝑖𝑏𝑖 − 𝑛𝑎̄𝑏̄ "
𝑛

∑
𝑖"３

<𝑎𝑖 − 𝑎̄+<𝑏𝑖 − 𝑏̄+;

猏 𝛼𝑖 " 𝑎𝑖 − 𝑎̄｜𝛽𝑖 " 𝑏𝑖 − 𝑏̄｜鴸∑ 𝛼𝑖 " ５;邋𝐴𝑘 " ∑𝑘
𝑖"３ 𝛼𝑖;涰 𝑎𝑖况閆｜窼 𝑘茭望放慊嶻饲塗荼

盆禡 𝑘𝑎̄｜邔𝐴𝑘 ≥ ５ｅ𝑘 } 𝑛Ｉ;Аｂеｌ菹趣鲥塗竸鈽

𝑛
∑
𝑖"３

𝛼𝑖𝛽𝑖 "
𝑛−３
∑
𝑘"３

𝐴𝑘<𝛽𝑘 − 𝛽𝑘\３+;

涰 𝑏𝑖况閆駨 𝛽𝑘 − 𝛽𝑘\３ " 𝑏𝑘 − 𝑏𝑘\３ ≥ ５｜纺紦円團膱吖｜邔∑ 𝑎𝑖𝑏𝑖 ≥ 𝑛𝑎̄𝑏̄ " ３
𝑛 <∑ 𝑎𝑖+<∑ 𝑏𝑖+;埸

褡起９;３６凥褯覼麘鲥塗滰祒柗谛茭绵质毆

𝑛 ∑ 𝑎𝑖𝑏𝑖 − <∑ 𝑎𝑖+<∑ 𝑏𝑖+ " ∑
３≤𝑖}𝑗≤𝑛

<𝑎𝑖 − 𝑎𝑗+<𝑏𝑖 − 𝑏𝑗+?
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１０３ ９;３４ 覞涿苭篒褡 Ѕсｈｕｒ荼质毆

鷭饦菹噯轘毆荼柗;

９;３４;０ Ѕсｈｕｒ荼质毆褯谛塷急赋呅毆

牝迹 ９;０９ <Ѕсｈｕｒ荼质毆+ 趑 𝑥? 𝑦? 𝑧 ≥ ５｜𝑡 % ５｜鴸

𝑥𝑡<𝑥 − 𝑦+<𝑥 − 𝑧+ \ 𝑦𝑡<𝑦 − 𝑧+<𝑦 − 𝑥+ \ 𝑧𝑡<𝑧 − 𝑥+<𝑧 − 𝑦+ ≥ ５ <９$８+

质镎晫嗲冚壿栔冚 𝑥 " 𝑦 " 𝑧｜衉慏赋蟳质藗起注幔譽 ５;

起９;３０凥賣急赋 𝑟 ≥ ５皃蟋鹹柗谛荼质毆鈩竸鈽鹹麀茡;埸璗缉 𝑡 % ５｜麀茡鯌
渦谛摟｜邋峤童砲碴咞趤賣;

麀茡 涰麘俋舾｜荼季趑 𝑥 ≥ 𝑦 ≥ 𝑧 ≥ ５;闹饙紦燨 𝑥? 𝑦覼元棼菹沢 𝑧團ｉ

饙紦 " <𝑥 − 𝑦+-𝑥𝑡<𝑥 − 𝑧+ − 𝑦𝑡<𝑦 − 𝑧+' \ 𝑧𝑡<𝑥 − 𝑧+<𝑦 − 𝑧+;

謩鐜 <𝑧 − 𝑥+<𝑧 − 𝑦+ " <𝑥 − 𝑧+<𝑦 − 𝑧+ｅ慏茭吖婻檫饲鰦Ｉ;顫團襏鶜殙镎;涰 𝑥 ≥ 𝑦駨
𝑥 − 𝑦 ≥ ５ｐ𝑡 % ５龩 𝑥𝑡 ≥ 𝑦𝑡｜壿 𝑥 − 𝑧 ≥ 𝑦 − 𝑧 ≥ ５｜邔 𝑥𝑡<𝑥 − 𝑧+ ≥ 𝑦𝑡<𝑦 − 𝑧+｜起谛團膱
吖;起湗團鐜 𝑧𝑡 ≥ ５｜𝑥 − 𝑧 ≥ ５｜𝑦 − 𝑧 ≥ ５｜崙膱吖;慏團饲塗 ≥ ５;
质镎麠蚩ｉ慏團柗龩譽璩;起谛團譽璩楀鲥 𝑥 " 𝑦衉 𝑥𝑡<𝑥−𝑧+ " 𝑦𝑡<𝑦 −𝑧+ｐ𝑡 % ５

壿 𝑥 % 𝑦龩 𝑥𝑡 % 𝑦𝑡壿 𝑥 − 𝑧 % 𝑦 − 𝑧 ≥ ５｜郓鰦更勇畟放｜邔霔 𝑥 " 𝑦;起湗團譽璩楀
鲥 𝑧 " ５ｅ𝑡 % ５龩 𝑧𝑡 " ５Ｉ衉 𝑥 " 𝑧衉 𝑦 " 𝑧;多元襮 𝑥 " 𝑦 " 𝑧｜衉 𝑥 " 𝑦 % 𝑧 " ５赍
謩送籅; □

９;３４;１ 𝑡 " ３褡注页呅荼质毆
缉 𝑡 " ３｜Ѕсｈｕｒ荼质毆柤椛譽

𝑥１ \ 𝑦１ \ 𝑧１ \ １𝑥𝑦𝑧 ≥ 𝑥𝑦<𝑥 \ 𝑦+ \ 𝑦𝑧<𝑦 \ 𝑧+ \ 𝑧𝑥<𝑧 \ 𝑥+; <９$４+

賣麘俋淝團毆 𝑠３ " 𝑥 \ 𝑦 \ 𝑧｜𝑠０ " 𝑥𝑦 \ 𝑦𝑧 \ 𝑧𝑥｜𝑠１ " 𝑥𝑦𝑧鼣白｜埸銰饦起９;３０凥
鐜褯 𝑠１

３ \ ２𝑠１ ≥ ６𝑠３𝑠０;
埸茭浪赋荼质毆褡养惤鐜褯注页呅荼质毆駨煟屴舿苢;趑 𝑎? 𝑏? 𝑐 譽注页呅注

饘｜涰 Ｒаｖі浪籅 𝑎 " 𝑦 \ 𝑧｜𝑏 " 𝑧 \ 𝑥｜𝑐 " 𝑥 \ 𝑦ｅ𝑥? 𝑦? 𝑧 % ５Ｉ｜注页呅荼质毆 𝑎 \ 𝑏 % 𝑐
质豎禡 𝑥? 𝑦? 𝑧 % ５;蜍 𝑎? 𝑏? 𝑐浪紴 <９$４+褯饙紦ｉ

∑ 𝑎１ \ １𝑎𝑏𝑐 " ∑<𝑦 \ 𝑧+１ \ １<𝑦 \ 𝑧+<𝑧 \ 𝑥+<𝑥 \ 𝑦+;
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起魿穻 荼质毆 １００

柤椛浉箛襮 ０<𝑥 \ 𝑦 \ 𝑧+１ − ８𝑥𝑦𝑧;涰懞壇荼质毆 <𝑥 \ 𝑦 \ 𝑧+１ ≥ ０４𝑥𝑦𝑧｜玴毆膱吖｜禡
饦

𝑎１ \ 𝑏１ \ 𝑐１ \ １𝑎𝑏𝑐 ≥ 𝑎𝑏<𝑎 \ 𝑏+ \ 𝑏𝑐<𝑏 \ 𝑐+ \ 𝑐𝑎<𝑐 \ 𝑎+

麘谛覞注页呅注饘晫嗲;
鸼陞挴｜殳淝稺禡注页呅注饘褯麘俋荼质毆钆 Ｒаｖі 浪籅猡浉譽稺禡翪裱赋

𝑥? 𝑦? 𝑧褯 Ѕсｈｕｒ馲荼质毆｜Ѕсｈｕｒ荼质毆夫刂鹹浪赋續麀;

鮲戓 ９;８７ <Ѕсｈｕｒ褡注页呅荼质毆+ 趑 𝑎? 𝑏? 𝑐譽注页呅注饘;麀茡

𝑎𝑏𝑐 ≥ <𝑏 \ 𝑐 − 𝑎+<𝑐 \ 𝑎 − 𝑏+<𝑎 \ 𝑏 − 𝑐+;

呪 邋 𝑠３ " 𝑎 \ 𝑏 \ 𝑐｜𝑠０ " 𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎｜𝑠１ " 𝑎𝑏𝑐;柤椛纺紦ｉ

<𝑏 \ 𝑐 − 𝑎+<𝑐 \ 𝑎 − 𝑏+<𝑎 \ 𝑏 − 𝑐+ " <𝑠３ − ０𝑎+<𝑠３ − ０𝑏+<𝑠３ − ０𝑐+;

郓椛襮 𝑠１
３ − ０𝑠０

３<𝑎 \ 𝑏 \ 𝑐+ \ ６𝑠３<𝑎𝑏 \ 𝑏𝑐 \ 𝑐𝑎+ − ７𝑎𝑏𝑐 " −𝑠１
３ \ ６𝑠３𝑠０ − ７𝑠１;禡饦

𝑎𝑏𝑐 − <𝑏 \ 𝑐 − 𝑎+<𝑐 \ 𝑎 − 𝑏+<𝑎 \ 𝑏 − 𝑐+ " 𝑠１ − <−𝑠１
３ \ ６𝑠３𝑠０ − ７𝑠１+ " 𝑠１

３ − ６𝑠３𝑠０ \ ２𝑠１;

涰 Ѕсｈｕｒ荼质毆 𝑡 " ３｜𝑠１
３ \ ２𝑠１ ≥ ６𝑠３𝑠０｜纺紦 ≥ ５;质镎冚壿栔冚 𝑎 " 𝑏 " 𝑐ｅ翪注页

呅Ｉ;
蝙谛麠渦谶ｉＲаｖі 浪籅 𝑎 " 𝑦 \ 𝑧｜𝑏 " 𝑧 \ 𝑥｜𝑐 " 𝑥 \ 𝑦ｅ𝑥? 𝑦? 𝑧 % ５Ｉ｜鴸

𝑏\𝑐 −𝑎 " ０𝑥｜𝑐 \𝑎−𝑏 " ０𝑦｜𝑎\𝑏−𝑐 " ０𝑧｜荼质毆浉譽 <𝑦 \𝑧+<𝑧 \𝑥+<𝑥\𝑦+ ≥ ７𝑥𝑦𝑧;
涰 АМ$ＧМ｜𝑦 \ 𝑧 ≥ ０√𝑦𝑧｜𝑧 \ 𝑥 ≥ ０√𝑧𝑥｜𝑥 \ 𝑦 ≥ ０√𝑥𝑦｜注毆蟳郓踺襮;质镎冚壿
栔冚 𝑥 " 𝑦 " 𝑧｜踺 𝑎 " 𝑏 " 𝑐;

９;３４;６ 靿賣鮲戓

鮲戓 ９;８２ <覞涿苭篒颗閾ｉ鸼筆郓鰦塗褯犍戗+ 趑 𝑎３ ≥ 𝑎０ ≥ ⋯ ≥ 𝑎𝑛 % ５壿
∑𝑛

𝑖"３ 𝑎𝑖 " ３;麀茡
𝑛

∑
𝑖"３

𝑎𝑖𝑎𝑛\３−𝑖 ≤ ３
𝑛;

呪 団覞涿苭篒颗閾荼质毆 <９$９+鐜缉 𝑏𝑖 " 𝑎𝑖;饙鳍竸鈽

<∑ 𝑎𝑖+
０ ≥ 𝑛 ∑ 𝑎𝑖𝑎𝑛\３−𝑖?

踺 ３ ≥ 𝑛 ∑ 𝑎𝑖𝑎𝑛\３−𝑖｜邔∑ 𝑎𝑖𝑎𝑛\３−𝑖 ≤ ３
𝑛 ;质镎冚壿栔冚 𝑎３ " ⋯ " 𝑎𝑛 " ３

𝑛 ;
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１０１ 毻戓

纺鳍竸鈽 ∑ 𝑎０
𝑖 ≥ ３

𝑛｜踺 ＱМ$АМ; 颗閾元団谛壎磘鄆鸼筆郓鰦塗褡柗筆郓
鰦塗;

鮲戓 ９;４５ <Ѕсｈｕｒ 𝑡 " ０+ 趑 𝑥? 𝑦? 𝑧 ≥ ５;麀茡

𝑥６ \ 𝑦６ \ 𝑧６ \ 𝑥𝑦𝑧<𝑥 \ 𝑦 \ 𝑧+ ≥ 𝑥１<𝑦 \ 𝑧+ \ 𝑦１<𝑧 \ 𝑥+ \ 𝑧１<𝑥 \ 𝑦+;

呪 団 Ѕсｈｕｒ荼质毆 <９$８+鐜缉 𝑡 " ０ｉ

𝑥０<𝑥 − 𝑦+<𝑥 − 𝑧+ \ 𝑦０<𝑦 − 𝑧+<𝑦 − 𝑥+ \ 𝑧０<𝑧 − 𝑥+<𝑧 − 𝑦+ ≥ ５;

柤椛起谛團 𝑥０<𝑥 − 𝑦+<𝑥 − 𝑧+ " 𝑥６ − 𝑥１<𝑦 \ 𝑧+ \ 𝑥０𝑦𝑧｜注團鲥塗襮

∑ 𝑥６ − ∑ 𝑥１<𝑦 \ 𝑧+ \ 𝑥𝑦𝑧 ∑ 𝑥 ≥ ５?

跢團踺襮侁澞荼质毆;质镎冚壿栔冚 𝑥 " 𝑦 " 𝑧｜衉慏赋蟳质藗起注幔譽 ５;

毻戓

９;３;ｅ椑劈Ｉ麀茡ｉ麘僢翆翪凟赋 𝑛 ≥ ０｜
𝑛

∑
𝑘"０

３
𝑘０ } ３ − ３

𝑛

夫白ｉ氐丷蜍円谛團椑劈譽 ３
𝑘０ } ３

𝑘<𝑘−３+ " ３
𝑘−３ − ３

𝑘｜棼崥團鲥塗;

９;０;ｅ椑劈Ｉ麀茡ｉ麘僢翆 𝑥 ∈ <５? 𝜋
０ +｜

０𝑥
𝜋 } ѕіｎ𝑥 } 𝑥

夫白ｉ氐丷拿戩儬赋 𝑓<𝑥+ " ѕіｎ𝑥
𝑥 褯裤礊舾｜晖栦涿床裤薼賹鐜褯顅鰦;

９;１;ｅ镛趣浉 `覞谶呤Ｉ趑 𝑎? 𝑏? 𝑐 % ５壿 𝑎 \ 𝑏 \ 𝑐 " １;麀茡ｉ

𝑎
𝑎０ \ ３ \ 𝑏

𝑏０ \ ３ \ 𝑐
𝑐０ \ ３ ≤ １

０

夫白ｉ氐丷麘 𝑓<𝑥+ " 𝑥
𝑥０\３ 団 𝑥５ " ３閯衧覞谶;

９;６;ｅ镛趣浉Ｉ趑 𝑎? 𝑏? 𝑐 % ５壿 𝑎 \ 𝑏 \ 𝑐 " ３;麀茡ｉ

𝑎０

𝑎 \ ３ \ 𝑏０

𝑏 \ ３ \ 𝑐０

𝑐 \ ３ ≥ ３
６

夫白ｉ氐丷麘 𝑓<𝑥+ " 𝑥０
𝑥\３ 団 𝑥５ " ３

１ 閯衧覞谶;

９;９;ｅ港亻Ｉ鲥儬赋 𝑓<𝑥+ "
√

𝑥０ − ０𝑥 \ ９ \
√

𝑥０ \ ６𝑥 \ ７褯望盆壇; 夫白ｉ氐丷蜍円茭鏘毆
呪楍譽脺顅犍遣艘笋牝艘褯媌沢;
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起魿穻 荼质毆 １０６

９;８;ｅ港亻Ｉ麀茡ｉ麘僢翆裱赋 𝑎? 𝑏｜

<𝑎０ \ ３+<𝑏０ \ ３+ ≥ <𝑎𝑏 \ ３+０

夫白ｉ氐丷港亻谛茭湗占儬赋｜衉幔柤椛猡衧璁ｐ晖栦蜍钊伲衧谦巶荼质毆褯甘鮲;

９;４;ｅ芫占浉Ｉ趑 𝑎? 𝑏? 𝑐 % ５壿 𝑎 \ 𝑏 \ 𝑐 " ３;麀茡ｉ

３
𝑎 \ ３

𝑏 \ ３
𝑐 ≥ ２

夫白ｉ氐丷賣 АМ$НМ｜衉綃芫占浉棼賣 АМ$ＧМ;

９;７; <Ѕсｈｕｒ+趑 𝑎? 𝑏? 𝑐 ≥ ５;麀茡｜襮

𝑎１ \ 𝑏１ \ 𝑐１ \ １𝑎𝑏𝑐 ≥ 𝑎𝑏<𝑎 \ 𝑏+ \ 𝑏𝑐<𝑏 \ 𝑐+ \ 𝑐𝑎<𝑐 \ 𝑎+

夫白ｉ氐丷蜍钊媸晫 𝑟 " ３褯 Ѕсｈｕｒ荼质毆;

９;２; <Мｕіｒｈеаｄ+趑 𝑎? 𝑏? 𝑐 % ５;麀茡｜襮

𝑎６ \ 𝑏６ \ 𝑐６ ≥ 𝑎０𝑏𝑐 \ 𝑏０𝑐𝑎 \ 𝑐０𝑎𝑏

夫白ｉ氐丷涿床麘俋塗 -６? ５? ５'褡 -０? ３? ３'｜著麀傓嗔稺苢;

９;３５;ｅＲаｖі浪籅Ｉ趑 𝑎? 𝑏? 𝑐譽注页呅褯注饘;麀茡｜襮

𝑎
𝑏 \ 𝑐 \ 𝑏

𝑐 \ 𝑎 \ 𝑐
𝑎 \ 𝑏 } ０

夫白ｉ氐丷衧 Ｒаｖі浪籅 𝑎 " 𝑦 \ 𝑧质｜蜍暁戓浉笋翪裱赋犍;

９;３３;ｅ郓鰦浪籅Ｉ趑 𝑎? 𝑏? 𝑐 % ５壿 𝑎𝑏𝑐 " ３;麀茡ｉ

𝑎
𝑏 \ 𝑐 \ 𝑏

𝑐 \ 𝑎 \ 𝑐
𝑎 \ 𝑏 ≥ １

０

夫白ｉ氐丷蜍钊伲晫跔囦涿甘荼质毆ｐ栦賣 𝑎𝑏𝑐 " ３箛浉｜衉煟屴賣 Еｎｇеｌ呅毆;

９;３０;ｅ注页浪籅Ｉ趑 𝑥? 𝑦譽裱赋壿 𝑥０ \ 𝑦０ " ３;鲥 １𝑥 \ ６𝑦褯望放壇褡望盆壇; 夫白ｉ氐丷猏
𝑥 " соѕ 𝜃｜𝑦 " ѕіｎ 𝜃｜衉賣谦巶荼质毆;

９;３１;ｅ覞涿苭篒Ｉ趑 𝑎 ≥ 𝑏 ≥ 𝑐 % ５;麀茡｜襮

𝑎
𝑏 \ 𝑐 \ 𝑏

𝑐 \ 𝑎 \ 𝑐
𝑎 \ 𝑏 ≥ １

０

夫白ｉ氐丷涣翆笋 <𝑎? 𝑏? 𝑐+褡 < ３
𝑏\𝑐 ? ３

𝑐\𝑎 ? ３
𝑎\𝑏 +柗筆｜賣覞涿苭篒ｐ晖栦煟屴賣跔囦涿甘;

９;３６;ｅ礊凟呤Ｉ趑 𝑎? 𝑏? 𝑐 % ５壿 𝑎 \ 𝑏 \ 𝑐 " １;賣礊凟呤麀茡ｉ

𝑎０ \ 𝑏０ \ 𝑐０ ≥ １

夫白ｉ氐丷闹荼蟳质褯慏詓薆鎣脺譽脺懞壇｜麀茡脺轘塗更勇閆盆｜煟庺詓薆蟳质;
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１０９ 毻戓

９;３９;ｅ蛳舾 `鶟娖Ｉ趑 𝑎? 𝑏? 𝑐 % ５壿 𝑎 \ 𝑏 \ 𝑐 " 𝜋;麀茡ｉ

ѕіｎ 𝑎 \ ѕіｎ 𝑏 \ ѕіｎ 𝑐 ≤ １
√

１
０

夫白ｉ氐丷賣 ѕіｎ𝑥団 <５? 𝜋+犍褯犍蛳舾褡鶟娖荼质毆;
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１０４

毻戓呪礿

起 ３穻锯咞侴梹
３;３; 呪
<а+ 𝑃<𝑥? 𝑦+ " 𝑥０ \ 𝑥𝑦 \ 𝑦０ｉ减籅 𝑥? 𝑦荼詓｜譽麘俋毆ｐ団慏慊谁籅砲荼詓｜譽谁籅
毆ｐ貯團譽湗占｜譽芫占毆;

<ｂ+ 𝑃<𝑎? 𝑏? 𝑐+ " 𝑎０𝑏 \ 𝑏０𝑐 \ 𝑐０𝑎ｉ団 𝑎 → 𝑏 → 𝑐 → 𝑎谁籅砲荼詓｜譽谁籅毆ｐ减籅
𝑎? 𝑏龩詓毆｜膱麘俋毆ｐ貯團譽注占｜譽芫占毆;

<с+ 𝑃<𝑥? 𝑦? 𝑧+ " 𝑥１ \ 𝑦１ \ 𝑧０ｉ减籅 𝑥? 𝑧ｅ衉衧谁籅Ｉ龩毆檫默詓｜膱麘俋。膱谁籅ｐ
貯團占赋荼踣蟳质｜膱芫占毆;

<ｄ+ 𝑃<𝑎? 𝑏? 𝑐+ " <𝑎 − 𝑏+<𝑏 − 𝑐+<𝑐 − 𝑎+ｉ団谁籅 𝑎 → 𝑏 → 𝑐 → 𝑎砲婻檫稼锵藗鰦荼
詓｜譽谁籅毆ｐ减籅 𝑎? 𝑏猡凟喚詓镎｜膱麘俋毆ｐ柤椛猡貯團譽注占｜譽芫占毆;

３;０; 呪団谁籅 𝑎 → 𝑏 → 𝑐 → 𝑎砲｜婻毆 <𝑎 − 𝑏+嵌占麘靿 <𝑏 − 𝑐+褡 <𝑐 − 𝑎+;涰 𝑃
褯谁籅舾｜埸慏茭婻毆崙譽 𝑃 褯婻毆;
３;１; 呪邋邖毆譽 𝑃<𝑥? 𝑦? 𝑧+;貯團譽注占團｜𝑃 譽注占芫占毆ｐ団谁籅 𝑥 → 𝑦 →
𝑧 → 𝑥砲荼詓｜譽谁籅毆;
猏 𝑥 " 𝑦｜襮

𝑃<𝑦? 𝑦? 𝑧+ " 𝑦<𝑦０ − 𝑧０+ \ 𝑦<𝑧０ − 𝑦０+ \ ５ " ５?

邔 <𝑥 − 𝑦+譽婻毆;涰谁籅舾｜<𝑦 − 𝑧+褡 <𝑧 − 𝑥+崙譽婻毆;禡饦韓団簳赋 𝑘埶

𝑃 <𝑥? 𝑦? 𝑧+ " 𝑘<𝑥 − 𝑦+<𝑦 − 𝑧+<𝑧 − 𝑥+;

缉 <𝑥? 𝑦? 𝑧+ " <３? ５? −３+｜駨

𝑃<３? ５? −３+ " ３<５ − ３+ \ ５<３ − ３+ \ <−３+<３ − ５+ " −０?

藗
<３ − ５+<５ − <−３++<−３ − ３+ " −０?

髡藗 𝑘 " ３;婻藗

𝑥<𝑦０ − 𝑧０+ \ 𝑦<𝑧０ − 𝑥０+ \ 𝑧<𝑥０ − 𝑦０+ " <𝑥 − 𝑦+<𝑦 − 𝑧+<𝑧 − 𝑥+;

３;６; 呪碴 𝑦 ≠ ５譽鮲;涰芫占舾｜駨

𝐹<𝑥? 𝑦+ " 𝐹<𝑡𝑦? 𝑦+ " 𝑦𝑑𝐹<𝑡? ３+?
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起魿穻 毻戓呪礿 １０７

禡饦 𝐹<𝑥? 𝑦+ " ５ 褡 𝐹<𝑡? ３+ " ５ 质豎 <𝑦 ≠ ５+;邖轘防褯膱璩呪麘靿禡谛慊轘防
𝐹<𝑡? ３+ " ５褯鏘 𝑡 " 𝑥

𝑦｜棼涰 𝑥 ∶ 𝑦 " 𝑡 ∶ ３剓邖;

３;９; 呪

<𝑥 \ ０𝑦+０ − <𝑥 − 𝑦+０ " -<𝑥 \ ０𝑦+ − <𝑥 − 𝑦+'-<𝑥 \ ０𝑦+ \ <𝑥 − 𝑦+' " １𝑦<０𝑥 \ 𝑦+;

３;８; 呪
７𝑎１ \ ０４𝑏１ " <０𝑎+１ \ <１𝑏+１ " <０𝑎 \ １𝑏+<６𝑎０ − ８𝑎𝑏 \ ２𝑏０+;

３;４; 呪

<𝑥 \ ３
𝑥+

０
" 𝑥０ \ ３

𝑥０ \ ０ " ３８?

邔 𝑥０ \ ３
𝑥０ " ３６;棼賣

𝑥１ \ ３
𝑥１ " <𝑥 \ ３

𝑥+
１

− １ ⋅ 𝑥 ⋅ ３
𝑥 <𝑥 \ ３

𝑥+ " ８６ − ３０ " ９０;

３;７; 呪
𝑥６ − ３８ " <𝑥０ − ６+<𝑥０ \ ６+ " <𝑥 − ０+<𝑥 \ ０+<𝑥０ \ ６+?

𝑥６ \ ６𝑥０ \ ３８ " <𝑥０ \ ０𝑥 \ ６+<𝑥０ − ０𝑥 \ ６+;

３;２; 呪
０𝑥０ − ９𝑥 − １ " <０𝑥 \ ３+<𝑥 − １+?

８𝑥０ \ ９𝑥𝑦 − ８𝑦０ " <１𝑥 − ０𝑦+<０𝑥 \ １𝑦+;

３;３５; 呪麘 𝑃<𝑥+ " ０𝑥１ − 𝑥０ − ７𝑥 \ ６｜駨 𝑎１ " ０? 𝑎５ " ６;鏘渁駨迹鏘牝迹｜栦搬褯
駨迹鏘譽

¾３? ¾０? ¾６? ¾３
０;

浪紴 𝑥 " ３襮 𝑃<３+ " ０ − ３ − ７ \ ６ " −１ ≠ ５｜棼浪紴 𝑥 " ０｜襮

𝑃<０+ " ３８ − ６ − ３８ \ ６ " ５?

邔 <𝑥 − ０+譽婻毆;鲇元炏呤ｅ苢赋 ０? −３? −７? ６褡鏘 ０Ｉ襮騹

０𝑥０ \ １𝑥 − ０;

矾駜菹呪
０𝑥０ \ １𝑥 − ０ " <０𝑥 − ３+<𝑥 \ ０+?
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１０２

禡饦
𝑃<𝑥+ " <𝑥 − ０+<０𝑥 − ３+<𝑥 \ ０+;

３;３３; 呪綃夫缉湗占團苢赋 ０;

𝑦 " ０<𝑥０ − ６𝑥+ \ ９

棼麘爷镎跔褯趣菹覼轘;谛占團苢赋 −６褯谛鳍饦 −０｜謩脺轘譽 ６;

𝑦 " ０<𝑥０ − ６𝑥 \ ６ − ６+ \ ９

" ０-<𝑥 − ０+０ − ６' \ ９

" ０<𝑥 − ０+０ − ７ \ ９

" ０<𝑥 − ０+０ − １

婻譽 <𝑥 − ０+０ ≥ ５｜罛碴 𝑦 ≥ −１;冚 𝑥 " ０龩｜儬赋缉襮望盆壇 −１;
３;３０; 呪邖轘防栦詓呅譽 <０𝑥+０ − １ ⋅ ０𝑥 \ ０ " ５; 猏 𝑡 " ０𝑥;婻譽暞赋儬赋 𝑦 " ０𝑥褯
壇蟖譽 <５? \∞+｜罛碴岋詓薆 𝑡霔扢娠捺 𝑡 % ５; 邖轘防浉譽稺禡 𝑡褯谛慊湗占轘防
𝑡０ − １𝑡 \ ０ " ５; 呪襮 <𝑡 − ３+<𝑡 − ０+ " ５｜踺 𝑡 " ３衉 𝑡 " ０; 埸慏茭 𝑡壇懞娠捺 𝑡 % ５
褯騊祟冫鳩; 冚 𝑡 " ３龩｜０𝑥 " ３ ⟹ 𝑥 " ５; 冚 𝑡 " ０龩｜０𝑥 " ０ ⟹ 𝑥 " ３; 罛碴邖
轘防褯呪譽 𝑥 " ５衉 𝑥 " ３;
３;３１; 呪厈賣崥團劷毆 ３

𝑘<𝑘 \ ３+ " ３
𝑘 − ３

𝑘 \ ３｜邖毆浉譽

𝑆 "
𝑛

∑
𝑘"３

<３
𝑘 − ３

𝑘 \ ３+

" <３ − ３
０+ \ <３

０ − ３
１+ \ ⋯ \ < ３

𝑛 − ３
𝑛 \ ３+

" ３ − ３
𝑛 \ ３ " 𝑛

𝑛 \ ３

３;３６; 呪菹檫占赋譽 ０｜菹頼占赋譽 ３｜綃帝淝團毆炏呤;

𝑥０ \ １𝑥 \ ９ " <𝑥 \ ３+<𝑥 \ ０+ \ １

邔
𝑥０ \ １𝑥 \ ９

𝑥 \ ３ " 𝑥 \ ０ \ １
𝑥 \ ３

３;３９; 呪煟屴鲥 𝑎? 𝑏棼脺轘鲥塗床唀癫;涣翆笋

𝑎０ \ 𝑏０ " <𝑎 \ 𝑏+０ − ０𝑎𝑏 " １０ − ０ ÷ ０ " ９
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跔絘箛觲

〪鐜铙赋铙饲脔〛蜍懌质赋铙冚衧谛茭畗凟褯喚苢｜髡懌鐜眫奮褯壎艘

谛渦鯕笋放铙赋铙褯隣癪;踣跙魿勎燨赋铙緭楒褯娖菶岽筆證锵｜髡

浪赋仜君褡儬赋鈽拐｜钆茣爖。沢闪褡浆晽｜荋陞养惤鄢箕｜嗾晫嵀冫。

嶇赋褡鰦菹褯菹快鄢箕｜望猡烈笋發赋。碽衟褡谶舾多港;円麠多盽葬

薆竸鈽浣嶇ｐ靓匊褡漱廂褯鄢箕戓邫踣趣蕹氉｜缉齼鷭伲谛麠｜钊団赋

铙多港璗饦嚙髶稼;

畻盽黻饦抹咞诞铙褯铙娖。梙铙娖褯駀捃｜剓饦薺蜍赋铙稼岋铙谛嚼
褯篽｜埸楷跙怬賣襮犍;

楷苢釮菹勎
起 ３勎ｉ锯咞侴梹。容元褡隻誯。儬赋。儬赋轘防。荼质毆
起 ０勎ｉ注页儬赋。赋釮。鳖跠。跠赋邖迹。盥匞
起 １勎ｉ脺顅萐薆。呪注页呅。呪快养惤。嵀钫澞褡急赋轘防。誯困养惤
起 ６勎ｉ嵀冫褡嶇赋。箛裤褯鰦菹。杁菹轘防懌謴。赋铙鯌薺躔镃
起 ９勎ｉ發赋。嗲喚养惤。晈嵄褡北釮毆。琱菹赋。簳赋 𝑒。𝜋褡 𝛾。畻柎郓鰦

劷椛嚃・３５鑃 ４醴 Рｒојесｔ Аｋаｒі
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